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keeping system must be maintained to monitor the status of the job. In addi- 
tioUj a simulation must be performed whose output specifies the expected time 
of arrival and the updated priorities for these new arrivals. The completed 
schedule will therefore include jobs which are to be found in machine centers 
and jobs which are expected during the day. Data on the priorities for all jobs 
and the expected time of arrival for new jobs ensure a more effective sequence 
decision. 

The third function of this system is to prepare daily status reports which 
can be used to control the jobs in process. Once the job is released to the 
shop, its progress is reported daily. A comparison can then be made between 
its planned and its actual progress, and appropriate expediting can be initiated 
if required. 

The final function that this system performs is to forecast the shop loads 
for each machine group. The forecast is updated vreekly and shows the load 
for the next 10 weeks. In this way, the shop utilization can be monitored 
and necessary short-term changes in capacity can be planned. 

ISfext we turn to a closer look at the process of generating a daily schedule 
for each machine group. 


PRIORITY RULE 

For every job in the central information file a priority rating is computed. To 
accomplish this, two files must be set up and maintained. These include: 

1. Planning and Standards Library 

2. Fabrication Open-order Master File 

The Planning and Standards Library includes setup and run time standards 
for parts built in the shop. Whenever changes occur, the file can be up¬ 
dated. The second file contains the information shown in Fig. 15-43. The sec¬ 
ond section of the Header record is updated daily by information received 
through remote terminals located in the shop. Here is where the status of the 
job is recorded. The next section of the record, Open Operations, specifies the 
sequence of steps required for job completion. 

From this information, the priority of the job can be calculated. As we 
have seen, there are several rules which can be used to determine this priority. 
The particular rule chosen by this shop was the ininmium slack time per operation 
rule. First, a slack time per operation is computed: 

Slack time _ RT — ROT 
per operation NOR 

where = remaining calendar time to due date 

= remaining operation time to order completion 
NOR = number of operations remaining 
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PREFACE 


This book is intended for use in a quarter or semester introductory cmme in 
operations management. With the inclusion of Appendix A it requires no back¬ 
ground in statistics and operations research. If^ however, the student does have 
this background, the appendix can be omitted. 

The organization of the text is along functional lines and therefore ap¬ 
proaches the subject from a traditional point of view. First the problems of 
systems design are considered and then the problems of operation and control. 
Because of this, the text is problem-oriented and not tool-oriented. 

In recent years the disciplines of operations research, statistics, mathematics, 
and behavioral science have given some valuable insight into these problem areas. 
These insights, when relevant, are woven into each chapter. The objective of 
this strategy is to illustrate to the student the problems commonly encountered 
in the design, operation, and control of a complex system and the role that these 
management sciences can play in their resolution. 

Originally the study of operational systems was limited to the factory 
environment, ilore recently, however, as our economy has shifted from a manu¬ 
facturing to a service orientation and as the public sector has absorbed an in¬ 
creasing,share of our resources, attention has broadened to include the management 
problems found in these areas. Although the content of the problems found in 
these diverse organizations may be quite different, we often find that the general 
form of these problems is quite similar. It is therefore quite reasonable to 
hypothesize that the insights both descriptive and quantitative which we have 
accumulated can be effectively extended to these non-factory situations. Con¬ 
sequently you will find that the text is not solely factorj^-oriented. Instead the 
concepts are developed without a restricted focus, and case studies found through¬ 
out the text are intended to illustrate the application of these concepts in the 
factory, service, educational, hospital, and government spheres. 

These case studies are intended for illustration and motivational purposes, 
and they may be utilized by the instructor as short cases or as a springboard 
for other material which he might like to include in the chapter. 

Sprinkled throughout the text are sections preceded and followed by a slash 
ornament (////). They are intended for those who wish some additional 
exposure to more advanced ideas. Their omission will be at little sacrifice to the 
continuity of the text. 

The book has also been designed to encourage the use of the computer. In 
several chapters the student will have the opportunity to use canned computer 
routines to solve linear programming, integer programming, and transportation 
problems. There is also an opportunity for writing programs, especially for the 
problems which require simulation models. Countless other opportunities exist 
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throughout the text' for those who wish to integrate computer, model building, 
and application skills. When course time does not permit, these side trips can 

be omitted at no loss to the continuity of the material 

No text can be written alone. I would like to thank Professors Howard E. 
Thompson and Christoph Haehling von Lanzeiiauer for their suggestions and 
encouragement. For her help in typing the manuscript Sue Skalder deserves a 
special thank vou, as do all my graduate students who labored over my rough 
drafts and took the time to point out mistakes and make countless suggestions 
in tlie interest of clarity and ease of reading. To my wife Charlotte and childreiij 
Tonnie and Denisej my appreciation for their patience, understandingj and 

encouragement. 


BARRY SHORE 
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Operational Processes and Their 
Associated Decisions 


INTRODUCTION 

THE FACTORY SETTING: WHERE IT ALL BEGAN 

In 1919 Frederick Taylor’s classic work entitled Principles of Scientific Manage¬ 
ment was published. From that date on, the management of production proc¬ 
esses was never to be the same again. The scientific era had indeed begun. 

The major focus of Taylor’s book was in the area of work standards and 
wage incentives. He showed that the outcome of both systematically conceived 
work standards and wage incentives could materially improve productiv¬ 
ity. These work standards were set either by the careful observation of workers 
or by predetermined standards. Then wage incentive plans were tied to these 
standards in such a way that the higher-than-average worker would receive 
better-than-average pay. 

What Taylor succeeded in doing was to link the engineering process of 
the plant with human nature. With a well-designed plant and a reasonable 
set of standards, the worker was motivated to achieve a high level of produc¬ 
tivity. The payoff to him Tvas higher wages, while the payoff to the firm was 
larger profits. Everyone could prosper under this new system. 

This approach became known as scientific management theory, since it 
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was based on the science of engineering and the “science^’ of human nature, 
which drew from psychology, ethics, and even physiology. Although by today^s 
standards one might question how much science "was in scientific management, 
one is easily comdnced that Taylor's approach was quite scientific when com¬ 
pared with management practices which preceded him. 

From a methodological point of view, of major importance was the way 
in which Taylor supported his hjqDothesis. His was not based, as were so many 
others^ on armchair theorizing. His hypothesis was based on actual studies 
undenaken at Bethlehem Steel yards. He therefore employed one of the central 
ideas of the scientific method as we know it today: first the objective investiga¬ 
tion of a phenomenon, then the formulation of a hypothesis, then its repeated 
proof by experimentation, and finally its establishment as a theory. 

TMs successful application of the scientific approach wms eventually fol¬ 
lowed by studies directed toward other operational problems. Soon a scientific 
body of knowledge started to emerge with application to equipment investment, 
replacement analysis, process design, plant layout, plant location, inventory, 
scheduling, and quality control. Since many of these applications required the 
processing of large quantities of data, it was not until the computer arrived 
that the Ml potential of this growing body of knowledge became apparent. This 
realization sparked an intensified level of interest from theoreticians and prac¬ 
titioners alike. Today the interest continues at this pace. 

Not only is Taylor’s scientific management approach credited with being 
the father of the production management school, but his experiments also served 
as the basis for the behavioral science school. After his study came the Haw’*- 
thome studies at Western Electric and then countless others which have subse¬ 
quently contributed to a framework within which organizational, group, and 
individual production-oriented behavioral problems can be analyzed. 

Both the scientific management and the beha\doral science school have 
something to offer those who manage operational s^^stems. System skills are 
not enough by themselves. It takes skills with both systems and human beings 
to effectively manage an operation, and frequently skills with human beings 
are the dominating requirement. The student, therefore, must acquire both. He 
must become aware of what each has to offer, understand how- they interact, 
and learn their advantages and shortcomings. These then become his tools of 
the trade. 

APPLICATIONS OUTSIDE THE FACTORY SETTING 

Although the traditional focus of this field has been on the factory, the manage¬ 
ment scientist has discovered that its potential is certainly not limited to this 
environment. The framework can also be applied to any process w'hose purpose 
is the transformation of inputs to outputs; included wmuld be applications di¬ 
rected toward a bank, airline, hospital, government, public utility, pollution 
control agency, automotive repair shop, supermarket, library, public education, 
police department, and on and on. 

Among these seemingly diverse fields, there exist several problems w^hich 
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are quite similar in form although quite unlike in content. For example, if 
we define inventory as any stock of goods which has potential economic value, 
then inventory theory can be applied to problems found in many fields. In 
a bank, cash stored for customer demand can be considered as an inventory', 
and seats on an airplane, seats and classrooms in a school, beds in a hospital, 
and switching and transmission facilities of a telephone compan}^ can all be 
considered im^entories which are stored for future use. Our vast body of inven¬ 
tory theory should therefore be capable of giving some insight into the appro¬ 
priate level at which these resources must be maintained. 


OPERATIONS MANAGEMENT 

You should now understand why the discipline originally^ called production man¬ 
agement became known as operations management. The change in name merely 
reflected the increase in its range of applicability^ 

In defining operations management one should therefore be as general as 
possible. We might say that it is the management 0 / any operational system 
which transfor77is inputs into outputs. 

A very general graphic portrayal of such a system is shown in Fig. 
1-1. Common to all systems are inputs, a process, outputs, and controls. Inputs 
usually consist of people, materials, or objects, while the process is composed 
of plant, equipment, and personnel. 

The purpose of a system is to transform an input into an output. Gen¬ 
erally there is some degree of repetitiveness to this procedure. That is, once 
the process is designed and constructed, it will be used over and over again 
for the same purpose. 

There are two major flows in such a system. These include material and 
information flows. In a hospital, for example, the input would consist of the 
patient. He would then represent the material flow from one work center in 
the process to the next. Accompanying this material flow would be a substantial 
volume of medical records and billing information. These constitute one part 
of the information flow. Other information Aoto include data which are neces¬ 
sary to manage and control the system. 

We now take a closer look at systems design, operation, and control. 


PROCESS DESIGN, OPERATION, AND CONTROL 

PROCESS DESIGN 

A process can be classified as being either continuous, intermittent, or project. 
In a continuous process the facilities are devoted exclusively to the transforma- 
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tion of one tjpe of product or service. Flow is serial and usually accomplished 
by conveyor. Equipment is special-purpose and has little flexibility for use 
elsewhere. x41so prevalent is a high level of labor specialization. T^^pical of 
continuous-flow processes are automotive assembly lines and chemical and 
petroleinn processing. 

Intermittent processes contain a variety of equipment which is shared 
among several jobs. ISTo job is of sufficient volume to warrant the exclusive 
use of one or several pieces of equipment. At the extreme no two Jobs would 
be scheduled through the same sequence of equipment and in the same 
order. The equipment in these processes is usually general-purpose. The classic 
example of an intermittent process is a job shop. 

The project process is employed whenever a sequence of operations is per¬ 
formed once and not repeated. Examples of this include the construction of 
a new building; a research and development effort designed to develop a new 
drug; and the designj manufacturCj and deplo3niient of a communications satellite 
network. 

The decision as to which process orientation is best usually hinges on eco¬ 
nomic analysis. Whenever the volume is anticipated to be high and the process 
is expected to be long-lived, continuous processes are generally chosen. On the 
other hand, if the volume is expected to be low and the life of the process uncer¬ 
tain or short, the balance shifts to an intermittent-process orientation. 

After this major choice is made, other process design decisions must fol¬ 
low. These include selection of equipment, detailed design of the process, and 
major make or buy decisions. Focus then shifts to the work that will be included 
at each work station. At this point human factors must be considered: should 
the orientation be toward job specialization, in which each person continuously 
performs a few routine steps, or toward job enlargement, where the worker per¬ 
forms more steps, has a more interesting task, and has more control over his 
environment? 

If a project orientation is employed, the full set of jobs that comprise 
the project must be carefully sequenced. Of concern are those jobs which if 
delayed could delay the entire project. These critical jobs must be identified 
and carefully monitored. If some delay should occur, perhaps additional re¬ 
sources could be channeled in their direction. 

The way in which the process facilities are laid out can certainly influence 
the effectiveness and efficiency of the process. A fresh look at the layout should 
be undertaken not only when new facilities are opened, but also w^henever the 
process is altered, when there is a significant change in volume, or when the 
mix of jobs processed through the facility changes. 

Facility location problems can be quite complex. For example, either the 
location of a thermonuclear power plant, an addition to a municipal airport, 
or the location of a steel mill would certainly be expected to create problems. In 
addition to the usual factors, such as taxes, construction costs, labor pool, land 
costs, and transportation costs, environmental problems represent a new dimen¬ 
sion with which management must contend. 
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SCHEDULING, OPERATING, AND CONTROLLING THE PROCESS 

Once the process has been designed, it must be scheduled, operated, and con¬ 
trolled. So that intelligent schedules can be drawn, a forecast is necessary. 
Sometimes the forecasting proce^ is quite informal and relies heavily on judg¬ 
ment and experience. This is especially true for new products or products in a 
dramatically changing marketplace. In other circumstances, where the product 
or service has been offered for several years and historical demand data are 
available, statistical forecasting techniques may be employed. It is not uncom¬ 
mon, however, to find even these statistical forecasts tempered with good 
judgment. 

After the forecast has been made, an aggregate plan is usually devised. 
This is a plan, for the next 12 months or so, which sets overall work force and 
production levels. Planning, however, at this stage does not entail much detail. 
It is a broad plan which sets the constraints vdthin which the detailed production 
schedule must fit. For example, the manufacturer of a full line of TV sets 
would first forecast the aggregate demand for all TV sets. Then he would de¬ 
termine overall work force and production level strategies to meet this demand. 
Detail, such as the quantity of each of these models to build, when to build them, 
what category of labor is required, and how much of each category, represents 
decisions which are made at a later time when the actual production phase is 
closer at hand. 

With thousands, hundreds of thousands, or even millions of items in stock 
some routine inventory planning and control s^^stem must be employed. The 
system must be capable of determining when forecasted orders can be met from 
stock, when they cannot, at what levels it is appropriate to institute replenish¬ 
ment orders, and how much should be ordered. 

For the month in which processing is scheduled to take place, a full, detailed 
schedule is compiled. In manufacturing, for example, this would include the 
identification of all required parts, subassemblies, assemblies, and final assembly. 
The schedule would show when each of these is to start and when it is expected 
to be completed. This information is usually provided upon the job's release 
to the processing system. 

Once the job is dispatched to the processing system, it becomes essen¬ 
tial to monitor its progress to ensure that its completion will meet the due date. 
To accomplish this, elaborate computer-based data collection and processing 
systems are frequently employed. The job's progress is monitored by remote 
data input terminals located at convenient points throughout the process. In 
this way the most up-to-date information is assured in the control of the 
schedule. 

Finally, the quality of the product or service must be periodically sampled 
to ensure that the actual output complies with process objectives. This sampling 
activity can take place not only at the end of the process, but also at several 
stages in the process. In this way, whenever a section of the process is dis¬ 
covered to be out of control, the appropriate corrective action can be taken 
before a substantial quantity of useless output is accumulated. 


S DESIGN OF THE SYSTEM 

MAMAGEMENT iNFORMATlON SYSTEfiS 

Almost every stage in the design^ operation, and control of a system requires 
the collection, processing, and presentation of data. These data serve as an 
essential ingredient in the decision-making process. Without them decisions 
can be reached only by liuncii, guess, and intiiition. 

When these data are part of a well-designed and integrated information 
system whose purpose it is to meet management's information needs, we have 
a manageinent information system. The system should focus on the routine 
and oecasioiialiy on the not-so-routine decisions that fall under management's 
responsibility, for in these lies the most promising payoff. Above all it should 
be so designed that it collects, processes, and presents data which are relevant 
to these decisions. Then the decision maker can combine this source of informa¬ 
tion with any imponderables and reach a decision. 

Frequently mathematical models are employed in these systems. Their 
function is to process all of the relevant data in a structured way and eventually 
find the best or good solutions to the problem. 

An example of this can be seen in a job shop situation where mathematical 
models are used to solve production-schedulmg problems. Remote input devices 
are often used to collect and forward data on the current status of jobs and 
machines in the shop at the close of each day. Then the central computer, 
with the help of a mathematical model proceeds to compute a schedule. The 
output then serves as the foreman’s schedule for the next day. 

Before any management information system can be designed, it is abso- 
iutely essential that a careful study be made of the decision environment for 
each particular problem included as part of the information system. Good pre¬ 
liminary design assures that only necessary data will be collected and only 
useful information will be supplied to the decision maker. Accordingly, the 
approach that this book will take will be to analyze decision problems associated 
with the design, operation, and control of operational systems. Then the focus 
will shift to the development of a management information system. 


THE STRUCTURE OF DECISIONS 
COMMON CHARACTERISTICS 

Regardless of whether the decision problem concerns a design, operation, or 
control problem, and regardless of whether the problem occurs in a factory, 
hospital school, or bank, there seem to be common characteristics that extend 
across all decision situations. We can postulate that any such situation displays 
the foiloving five characteristics: 

1. Alternative strategies for employing one's resources 

2. Environmental states which are out of the control of the decision maker 

3. Outcomes that result from a combination of a strategy and an emdronmental 

state 
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4. A decision criterion which is used as the basis for comparing outcomes 

5. Predictions of the likelihood that each environmental state will occur 

Strategies If there were only one way in which to accomplish a task, no problem 
would exist. However, it is very infrequent that such is the case. In the usual 
situation the decision maker has to make a choice from among several strate¬ 
gies. For example, in the physical layout of facilities, countless different ar¬ 
rangements can be imagined. The decision maker must determine which of 
these arrangements will be most effective. 

Often the alternatives are not quite so obvious, and then the decision maker 
must creatively generate a set. An example of this can be found in iiew-product 
development decisions. It is not obvious which products should be included 
in such a set. 

Environmental states and outcomes The outcome of each strategy" usually de¬ 
pends upon the prevailing environmental state. If I choose, as today's strategy", 
to carry an umbrella, then the outcome of this strateg}" will depend on whether 
or not it rains. If it rains, I am protected and pleased with my action. How¬ 
ever, if it does not rain, the umbrella proves to be a nuisance. In this example 
the environmental states were characterized by two possible types of weather. 
Environmental states are those factors which affect the outcome of a particular 
strategy and over which the decision maker has Htfle or no control. Other 
common environmental factors include the life of a project, competitors’ strategy, 
market share, and economic conditions. 

Frequently some knowledge exists about the likelihood of each emdron- 
mental state. One might, for example, subjectively feel that the likelihood of 
a 10-year project life is 10 percent, of an 8-year life, 80 percent, and of a 
6-year life, 10 percent. This knowledge may be based on either a subjective 
evaluation or historical observation. 

Criterion The strategy which is finally selected is the one associated with the 
most attractive outcome. The degree of attractiveness, of course, depends upon 
the criterion by which the decision maker is comparing outcomes. It is much 
easier if the comparison is based on a single dimension, such as cost, profit, 
or sales. Whenever there are multiple objectives and the weighing of each one 
is unclear, it becomes quite difficult to draw comparisons. 

In the management of an operational system, the criterion chosen is usually 
the minimization of cost. This can be defended on the grounds that the genera¬ 
tion of sales revenue is usually out of the control of operational decision 
makers. Therefore, the focus of operations management is on the only variable 
over which control can be exercised: cost. 

KNOWLEDGE OF THE DECISION ENVIRONMENT 

One way of categorizing decision problems is by the state of knowledge about 
the environment. One of three situations can prevail: decision making under 
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certainty, under risk, and under uncertainty. In decision making under cer¬ 
tainty, it is assumed that only one emironmental state will exist. That is^ 
the state of the environment is known with certainty. For examplej if you 
somehow the word'' and knew that it was going to rain today, our problem 
would be considered a decision problem under certainty. As you will shortly 
seej decision making under certainty is not always a trmal exercise. , 

In decision making under risk, the probability distribution of the possible 
environmental states is known. For example a decision maker might have the 
subjective feeling that there is a 10 percent chance that the life of a project 
will be 5 years, an 80 percent chance that it will be 6 years, and a 10 percent 
chance that it vill be 7 years. 

Finally, in decision making under uncertainty, it is assumed that nothing 
is known about possible states of the environment. It is rare, however, that 
the decision maker is this ignorant of the future. 

Xow we will take a closer look at these three categories and illustrate 
them with a sample of the kinds of problems that will be covered in the following 
chapters. 

Decision making under certainty Decision making under certainty occurs when 
there is only one possible environmental state. A decision matrix illustrating 
this situation is shown in Table 1-1. Here the decision maker must choose 
from among four alternatives. The outcomes represent the total cost for each 
strategy. If the objective is to minimize total cost, strateg}^ 3 is chosen. 

In this example only four strategies had to be searched to find the optimal 
one. Frequently the problem is much more complex: there can be a very great 
number of relevant strategies which should be examined. 

Consider an inventory problem in which the quantity ordered at any one 
time can be from 1 to 1,000 pounds. With each strategy there is a cost conse¬ 
quence. To search each of these strategies for the best one is prohibitive. A 
better way does exist. We will shortly see how mathematical models can sub¬ 
stantially improve our ability to make effective decisions under conditions such 
as this. 

Consider another decision problem under certainty. This time the problem 
is to schedule 10 Jobs through a chemical process. The setup time for each 
job depends upon its predecessor. When like products are sequenced in succes- 

Table 1-1 A dedsfon-makliid 
problem under certainty 


Strategy 

State of environment 

Si 

Oi = 4,000 

St 

Ot = 2,000 

Sz 

03 = 1,500 4 — 

s. 

Oi = 2,300 
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Table 1-2 Job setup times 


To 

job 


From 

job 


10 


1 


10 

9 

14 

12 

10 

6 

3 

16 

2 

2 

4 

— 

7 

5 

3 

4 

2 

17 

5 

1 

3 

7 

12 

— 

9 

7 

6 

4 

2 

12 

3 

4 

6 

6 

11 

— 

10 

9 

11 

14 

7 

4 

5 

4 

4 

7 

5 

— 

7 

4 

19 

6 

7 

6 

3 

7 

4 

6 

3 

— 

12 

11 

17 

4 

7 

5 

9 

8 

5 

2 

3 

— 

7 

6 

5 

8 

2 

2 

9 

10 

11 

10 

4 

— 

4 

9 

9 

7 

1 

2 

5 

6 

4 

1 

5 

— 

6 

10 

11 

5 

6 

9 

4 

3 

4 

1 

5 

"" 


sion, the setup time is small compared with a sequence of dissimilar jobs. The 
setup times for a particular set of 10 jobs are shown, in Table 1-2. We can 
see, for example, that if job 3 is followed by job 5, the setup time is 7 minutes. 

One feasible sequence for processing these jobs is: 1-* 3- 2- 4- 5- 6- 7- 

8- 10- 9; its cost is 76. Another feasible sequence is: 1- 2- 3- 5- 4- 6- 7- 

9- 8- 10 and its cost is 70. In fact, there are 10!, or somewhat over 3 million 
possible strategies for scheduling these 10 jobs, and each one may have a different 
total setup cost. As you can see, even though the state of the environment— 
setup time—is knovui with certainty, the magnitude of the problem is still 
overwhelming. 

Still another example of decision making under certainty can be found 
in production scheduling. Here the problem is to absorb fluctuations in forecast 
demand by some combination of hiring or layoff, subcontracting, overtime, and 
inventories. Even if the state of the environment—demand—is assumed to be 
known with certainty, there remain countless strategies which combine different 
levels of hiring, firing, overtime, and inventories. The decision maker’s objective 
is to uncover that strateg}' which minimizes production costs. 

Suppose, in the last example, that demand was not known with cer¬ 
tainty. Instead we had a good feel for the likelihood of various levels of de¬ 
mand, The problem would then be classified as decision making under 
risk. This would, in fact, manage to complicate the issue. Now we turn to 
a closer examination of these problems. 

Decision making under risk In decision making under risk, each strategy, Si, is 
associated with several outcomes, Of/, one for each state of the environment, Ej. 
The probability that any state ; will occur is Pj, and it must hold that all these 
probabilities sum to 1. 

Consider an inventory problem where four ordering strategies are under 
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review. One of three environmental states is likely to occur: demand for the 
product can be low^ medium^ or high. The likelihood that any of these states 
will exist has been estimated by management to be .1, .3. The outcomes 

represent the consequence of a particular strategy occurring together with an 
emdromnental state. They are measured by the dollar cost of operating the 
inventory system under those conditions and are shown in Table 1-3. Since it 
is possible for stockouts to occur, the proper adjustments have been made to the 
costs associated with each outcome. 

It is probably reasonable to expect that this kind of decision will be made 
over and over again, and that none of these strategies involves a substantial 
portion of the firm^s available resources. As a consequence, whichever strategy 
minimis es expected costs will be selected as the best. 

The expected cost of a strategy is simply the average cost that would 
be incurred if the process were repeated over and over again and if the likelihood 
of environmental outcomes was accurate. Following this rule, the expected costs 
(EC) for each of these strategies can be computed in the following way: 

ECi = .1(10) + .6(15) + .3(12) = 13.6 

ECs = .1(7) + .6(19) + .3(11) = 15.4 

ECs = .1(8) + .6(12) + .3(16) = 12.8 

EC4 = .1(12) + .6(7) + .3(20) = 11.4 ^ 

The selected strateg}^ is therefore strategy 4, w’hich has an expected cost of 
11.4. 

Suppose, however, that after the decision maker carefully analyzed the 
consequences of choosing strateg}^ 4, he had second thoughts. If on occasion 
his costs should run as high as 20 (and we would expect this 30 percent of 
the time), he felt his boss would strongly disapprove. He therefore preferred 
to choose strategy 3. In this case the decision maker has an objective which 
is more complex than the simple minimization of expected costs. Therefore, to 
maximize the decision maker’s utility, more than these costs must be considered. 
Frequently the objective is multidimensional, and this makes the analysis of 
outcomes quite complex. 


Table 1-3 A decision-making problem under risk 


Strategy 

Erwironmental state 

El 

{low) 

E2 

(med.) 

B, 

(high) 

81 

10 

15 

12 

Si 

7 

19 

11 

8 , 

8 

12 

16 

8 , 

12 

7 

20 
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This framework which we have developed for decision making under risk 
is probably appropriate for problems of the short-range to intermediate-range 
variety—^problems wdiere the actual occurrence of the environmental state is 
but a few months to a year away. As this time horizon becomes quite long, 
however, it becomes difficult to assess the likelihood of these environmental states. 

Decisioit making under uncertainty If nothing is known about the likelihood with 
which future states of the environment wdll occur, the problem is classified as 
a decision problem under uncertainty. Under this condition, expected values 
for each strategy cannot be computed. Instead several other approaches exist 
which are often used to select a strategy. Since it is rare that decisions are 
made in total ignorance of the future state of affairs, and since this concept 
is of little help for the kinds of problems which we will be analyzing, the reader 
is referred elsewhere for a complete development of these ideas,^ 


THE ROLE OF MANAGEMENT SCIENCE IN SOLVING STRUCTURED PROBLEMS 

The framework which we have just developed is often useful when structuring 
problems which decision makers face in the management of operating sys¬ 
tems. What we need, however, beyond this ability to structure the problem 
is a way to solve it. ^Management science serves just this purpose. 

FORMULATING THE MATHEMATICAL MODEL 

Recall that even in the simpler case of decision problems under certainty it 
was shown that there could be so many strategies from which to choose that 
some help was needed. By formulating the decision matrix as a mathematical 
model we can frequently reduce the problem to a manageable size. 

In this mathematical model, the outcome is called the dependent variable, 
while the strategy and state of the environment are independent variables. We 
generalize these relationships in the following w^ay: 

0 = ms) 

The interpretation is that the outcome is a function of (depends upon) the 
strategy selected and the state of the environment. Suppose we make this a 
little more explicit by considering an actual mathematical model of an inventory 
problem. It is not important at this stage for you to understand how” the model 
was generated. Later in the book you will have this opportunity. 

Someone tells us that the total cost of operating an inventory system can 
be computed in the following way: 

D 0 

TC = DC + -A+^CI 

^ See David W. Miller and Martin K. Starr, The Structure of Human Decisions, Prentice-Hall, 
Inc., Englewood Cliffs, N.J,, 1967. 
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where TC = total cost of operating the inventory system for a particular part 
D = yearly demand for the part under consideration 
C = per-piece cost of that part 
Q = order quantity 

A = fixed order costs incurred each time an order is placed. This "would 
include t>q}ing costs, inspection, and order-expediting costs 
I = cost to carry inventory in stock for 1 year as a percent of the per- 

piece cost 

The total cost corresponds to the outcome, while the order quantity—^the only 
variable which is totally under the control of the decision maker—corresponds 
to the strateg}’. The demand represents the state of the environment, and in 
this vTnalysis we assume that demand is knovm with certainty. The fixed order 
cost, per-piece purchase cost, and inventory carrying cost are called parame¬ 
ters. They are different for each firm, depend on its economic and managerial 
structure, and must be carefully estimated. These parameters are nece^ary 
to make the relationship complete between the outcomes, strategies, and environ¬ 
mental states, 

SOLVING THE MODEL 

Consider a situation where the following values were determined for each of 
the parameters: 

C = $1 

A = $20 per order 
I — 20 percent per unit 

In addition, demand is estimated to be 1,000 units. Now the outcome for any 
strategy" can be calculated. Take, for example, the strategy where Q = 100. 
The total cost can therefore be determined in the following way: 

TC = 1,000(1) + ^ (20) + ^ (1)(.20) 

TC = $1,210 

The outcome of a strateg}" which entails ordering 100 units at a time is $1,210 
per year. What about the outcomes of other strategies? We could compute 
the outcomes of many, many strategies and choose that one which has the lowest 
total cost. This approach, which is called total eriumeration^ would be very 
time-consuming and in this case very unnecessar^u 

Calculus By using the traditional tools of calculus, the point at which the total 
cost function of our inventory problem achieves its minimum can be deter¬ 
mined. Without going into any of the extensive detail, we will present only 
the results. The minimum total cost Q* will be achieved if the following quan- 
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tity is ordered: 


<?* = 


'2DA 


IC 


In our example the appropriate order quantity would be 




,000) (20) 


(.20) (1) 


Q* = 446 


The total cost of this strategy is 

1 non 44-6 

TC = 1,000(1) + (20) + ~ (1)C20) 

TC = $1,049.44 

The total cost of any other strategy would be greater. 

Now it should be clear how management science can resolve this complex 
inventory problem. Rather than searching for the best strategy, a mathematical 
formula for determining Q* can be used directly. 

There are, of course, other situations where calculus is a useful means 
of solving a complex model. For purposes of this text, however, it has limited 
usefulness and consequently appears in but a few optional sections. 

Mathematical programming Besides the calculus, there are other management 
science techniques which can be employed to resolve a variety of decision prob¬ 
lems. Another such technique—one which will be used several times throughout 
the text—is mathematical programming. It is useful whenever several factors 
constrain the choice of strategies. In the inventory problem which we have 
just considered, the objective was simply to minimize total cost. There were 
no constraints which limited our choice of strategies. Had there been con¬ 
straints, they might have limited either the space in which inventory could 
be placed, the funds which could be spent on inventory, or the maximum number 
of orders that could be placed by the purchasing department. This being the 
case, it would have become a problem in constrained minimization, and mathe¬ 
matical programming techniques could be used to find a solution. 

Simulation In some problems the outcome associated with a certain strategy" 
might be quite difficult to determine. Management science can also help us 
here. In a later chapter, for example, a case is presented where the decision 
maker is faced with a choice from among three alternatives. These include 
the purchase of a high-speed overhead crane, another medium-speed crane to 
operate alongside the present one, and retention of the status quo. The problem 
is to determine the outcome for each strategy. 
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Since the case is developeci as a decision probleni under riskj the determina¬ 
tion of the outcome for each of these strategies is complex. To help us, another 
management science technique, known as simulationj is employed. By simulat¬ 
ing the beha'^ior of each alternatiTe over several weeks, we can determine a 
measure of the performance for each strategy. These outcomes can then be 
compared and the best strategy’ chosen. 


HeiiristicS' Often simple rules of thumb, called heuristics, are used to solve com¬ 
plex problems. The solutions so obtained, however, are most likely not the 
best ones, but generally they are good enough. The heuristic technique is used 
whenever time and money do not allow for a better solution to the problem 
or whenever the problem is so hopelessly complex that better solutions are nearly 
impossible. 

Perhaps the most commonly used heuristic is the ^^first come, first served’'^ 
rule applied to many queueing situations. At a bank, for example, the customers 
at a teiier^s window are processed according to this rule. In a later chapter 
we will leam that, although this rule results in a quick solution to the problem, 
it does not generally provide the best answer. From a practical point of view, 
however, heuristics are often good enough. 

MAHAGEMENrS USE OF MANAGEMENT SCIENCE 

A characteristic of modeling is that only a limited number of factors from the 
real-world problem can be considered. As a result, a model of reality is created 
and not reality itself. In fact, it is yery seldom, if ever, that humans can 
think in terms of reality. In most eveiw'day situations we also model real¬ 
ity. For example, our tiews on cml disorders, campus unrest, war on poverty, 
pollution, polities, and supersonic aircraft are all based on models. No person 
has a neck long enough to stick out and thereby consider all the relevant facts, 
draw out all the necessary interrelationships, and finally reach a conclu¬ 
sion. This is be3’ond our capability" as human beings. No, not even the Presi¬ 
dent can think in terms of reality" on these major issues. What we actually' 
do is to observe the situation of interest and identify" what we consider to be 
the key" factors. These serve as the basis for our model. We then make use 
of the model whenever we need to analy"ze or process new" information or to 
discuss the issue with others. One must alway^s be sensitive to the fact, however, 
that liis analysis and opinions are based on a model and not on reality". It 
is quite possible that some of the key factors in the environment were overlooked 
when the model was created. The model itself might display no internal incon¬ 
sistency, but when used in the real world it may be well off the mark. All 
model users must therefore maintain a healthy^ respect for this source of research 
error. 

In operations management the same model-building process is employ^ed. 
First the situation is studied. Then the strategies, outcomes, states of nature, 
and parameters are identified. Next a model is constructed, the relevant 
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data collected, and the model solved. Finally that crucial step from model 
solution to real-world implementation must be taken. Here the decision maker 
quite often must take an active role. Based on Ms knowledge of the model 
and its assumptions, he may feel that it would be inappropriate on this occasion 
to blindly follow the modePs output. Perhaps this time one of those imponder¬ 
ables that was impossible to incorporate in the model is dominating the decision 
environment. His intervention is a necessary aspect of the decision process. It 
is unrealistic to expect that all of our models will be comprehensive enough 
to be left on their ovm. 

QUESTIONS 

Ql-1. Do the following types of organizations experience inventory problems? What 
kind? 

(a) airline (5) power plant 

(c) hospital (d) high school 

(e) ski resort (/) U.S. Army 

(g) commercial bank (h) Colorado Highway Department 

Ql-2. Describe the content of the scheduling problems that are likely to be found in 
the following organizations. What criterion (or criteria) could serve to guide the final 
selection, and what constraints might also prove relevant ? 

(a) hospital (h) automotive service center 

(c) airline (d) job shop 

(e) TV home repair service (/) urban public transportation system 


PROBLEMS 

Pl-l. A large Midwest power company must expand one of its power plants. Of primary 
concern is the operating cost that will be incurred to meet future pollution standards. 
Since the equipment which they purchase today vdli last for at least 25 years, there 
will be little they can do when control levels are finally established. If a thermonuclear 
plant is installed and final pollution control standards are low, the incremental operating 
costs will be zero. If standards are intermediate, costs will be $10,000 per year; and 
if they are high, costs will be $50,000 per year. If an oil-burning plant is installed, 
incremental operating costs will be $3,000 for low standards, $5,000 if standards are 
medium, and $30,000 if standards are high. Finally, if a natural gas facility is installed, 
incremental costs will be $10,000 if standards are low, $11,000 if standards are medium, 
and $12,000 if standards are high. 

(а) Structure the problem in terms of strategies, environmental states, and 
outcomes. 

(б) If management feels that the likelihood of high, medium, and low standards 
is .20, .70, and .10, respectively, what is the optimal strategy? 

(c) Do you have any reservations about the use of a cost minimization criterion? 
Pl-2. Sometimes the maxmnn method is used to select a strategy. Compared with 
expected value strategy, it is a cautious and pessimistic waj' in which to make a selec¬ 
tion. The method employed is to identify the worst possible outcome associated with 
each strategy. Finally the best of this lot is chosen. 
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Given the following table of profits by strategy and state N, solve for the 
masmin strategy. 


Strategy 

Ni 

A 2 

Nz 

Si 

—2 

3 

5 

Sz 

7 

2 

6 

Ss 

5 

6 

4 

s. 

5 

2 

1 


(h) If the likelihood of oecnrrence for states Ni^ and Ns is .20, .30, and .50, re¬ 
spectively, what choice will maximize the expected monetar^^ profit? 

Pl-3. On occasion the maxi-max method is used to select a strategy. It represents an 
optimistic approach to strategy selection. The method used to arrive at this choice 
is to identify the best possible outcome for each strategy. Finally, the best of this 
set is chc^en. 

(a) For the problem given in Prob. Pl-2, solve for the maximax strateg}^ 

(5) How does this solution compare with the maximin and expected monetary 
profit solutions? 

(c) If you were going to encounter this problem only once, and if your resources 
were vert^ fi,mit€d, which might you choose? 

Pl-4. The Ace Tracking Company must route one of its trucks through five major 
cities once ever}’ week. The driving times are given in the following table. 



A 

B 

€ 

D 

E 


A 


B 


D 


4 

5 

4 

7 


E 


(a) What co'nstitutes an alternative? 

(5) Is this a decision problem under certainty, risk, or uncertaint}’? 

(c) How many alternative strat^es are there? 

(d) Is there an implied criterion in the statement of the problem? What is 
it? !Might there be other criteria which could guide the final choice? 

Pl-5. The payoff for each given level of a particular investment will depend upon 
the market share acMeved. The likelihood of a 10, 15, 25, and 35 percent market 
share is .20, .30, .40, and. .10, respective!}’. Given the .following table of outcomes, 
which .strategy should be selected in order to maximize expected payoff ? 
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Inmsimeni 

level 


Market share 


Ni 

N, 

N, 

Ni 

Si = 1,000 

200 

400 

600 

800 

^2 = 2,000 

100 

300 

500 

600 

Sz = 3,000 

-300 

200 

800 

1,000 

Si = 4,000 

-100 

100 

1,000 

2,000 


Pl-6. Chris Houvras has spent 175 straight days at the track waiting for his favorite 
horse to run. Today is the day. Just before post time he rereads The Turf carefully 
and estimates that his horse has a 70 percent chance of winning, a 20 percent chance 
of placing, a 5 percent chance of showing, and a 5 percent chance of losing. The 
table below shows the consequence of placing a S2 win, place, or show bet. 


Bet 


Result 


TFm 

Place 

Show 

Lose 

Win 

12 

— 2 

-2 

-2 

Place 

8 

8 

~2 

-2 

Show 

4 

4 

4 

-2 


(a) Based on the expected profit criterion, which strategy should he choose? 
(h) Have any strategies been left out? 

(c) What conclusion would have been reached had* the maximin method been 
used? Do you think it likely that gamblers would act in this way? 

(cf) Suppose this horse runs every day for several weeks. Further assume that 
all the numbers do not change. What should Chris be wilhng to pay for ^‘perfect 
information” before the race starts? 

Pl-7. Three jobs, 1, 2, and 3, must be processed on two machines. Each job must 
pass through first A and then B. Process times for each job are given in the following 
table. 


Job Machine A Machine B 


12 6 

2 4 2 

3 3 4 


(a) What are the alternative schedules? 

(b) Which one minimizes the elapsed time? 
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(c) Can you suggest criteria other than elapsed time that could guide the choice 
of a strat^T? 

Pl-8. The Pure Hogan’ Hog Farm purchases its feed monthly. It can choose any com¬ 
bination of mixes A and B that meets the nutritional requirement of the hogs. Hsually 
the price for each mix varies from month to month. This month mix A sells for 
12 cents per pound while mix B' is 10- cents per pound. The following table gives the 
nutritional content of each mix and the minimum requirements for the four-week plan¬ 
ning period. 


Mix A Mix B Minimum requirement 


Titamin no. 1 
Yitamin no. 2 
^Minerals 


10 Timts/no. 4 units/no. 

12 6 

4 8 


1,000 units/month 
1,200 
800 


(a) What constitutes the alternatives? 

(b) What are the constraints? 

(c) Is the criterion a reasonable one? 

(d) How many pounds of mix A and mix B should be purchased this month? 
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2 

Capital Investment Decisions in 
Process Design 


INTRODUCTION 

Many decision situations which occur during the process design stage require 
the evaluation and comparison of capital expenditure proposals. The purchase 
of machinery for a new assembly line is one example of this. It is therefore 
essential that the basic concepts of investment analysis be understood before 
we delve into the topic of process design. 

Investment decisions have traditionally been at the center of atten¬ 
tion. There are, of course, good reasons for this. First, it is the allocation 
of capital that starts the process which eventually leads to the commitment 
of labor and materials. Second, once capital has been allocated, the investment 
is irreversible; and third, the usually large magnitude of the capital outlay 
makes the investment decision a major influence on the future profitability of 
the firm. In fact, it is the very mix of these capital investments and their 
relative riskiness that plays a large role in establishing the value that stockholders 
place on the stock. Therefore a firm with a rather conservative mix of invest¬ 
ments and with relatively slow growth prospects might receive a low" price-to- 
earnings multiple in the stock market. It appears, then, that the concerns in 
capital management are to maintain an adequate rate of return on investment 
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SO that the future profitability of the firm is assured and to maintain the current 
policy regarding the risk complexion of the present set of investments. 

In this chapter, we will look at the way in w'hich the productivity of 
investments—as measured by the payback, benefit/cost ratio, and internal rate 
of return—is determined, then at a systems approach for selecting a set of invest¬ 
ments in the face of capital budget and manpower constraints, and finally at 
lie way in which risk can be considered. 


CAPITAL BUDCETiHG PROCESS 

Consider the decision problem faced by the Getwell Electronics Company. It 
is a firm which manufactures electronic patient-monitoring equipment used by 
hospitals in intensive care wards and in operating rooms. Recently several 
new-product suggestions have been made to the president, Mr. Pacemaker. 
These products he feels would be complementar\" to those now in the product 
line, and at first glance they all look promising. Since they all require the 
purchasing of new production machinery, a substantial investment would have 
to be made in each case. The benefits accruing from these investments, on the 
other hand, include streams of product revenues extending well into the future. 
Each of these products, therefore, has both benefits and costs. 

The capital that ilr. Pacemaker has allotted to these new investments is 
limited. It will therefore be impossible to accept all of them this year. Selec¬ 
tion must therefore take place in such a way that efficient use is made of these 
scarce funds, and ilr. Pacemaker decides to set up a meeting with his finance 
department to discuss the problem. 

At the meeting Mr. Windfall, the vice president of finance, proves to be an 
excellent source of help. He feels that the projects should be ranked according 
to their profitability, and suggests using the benefit cost method to accomplish 
this. First the total costs and revenue streams must be estimated. With this 
adiice ilr. Pacemaker proceeds to collect the relevant data. 

In this parable we can see the three major steps in the capital-budgeting 
process: 

1 . The generation of investment alternatives 

2. The estimation of benefits and costs 

3. The selection of the alternative 

Although there is no magic formula for the generation of investment alter¬ 
natives, it is necessary for management to make a conscious effort to channel 
effort in this direction. For vithout a substantial set of investment alternatives 
from which to select, the long-run profitability of the firm is seriously jeopardized. 

A veiy^ difficult but nonetheless necessary task is to estimate the benefits 
and costs associated with each investment. Benefits usually accrue over several 
time periods, and it may therefore be necessary to consider the uncertainty of 
the future in our analysis. This, however, makes things rather complicated, and 
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this aspoC't/ of dtHosion iiiakiiig imdcr risk will be considered later in the chapter. 
First will a,ssunK‘ that futnrci benefits are known with certainty. Although 
in the jv^al world t/liis scildom occurB^ some UBcful insights and many times ade¬ 
quate answcirs (‘-iin be fo\irid in tins way. 

Tlui final st/(‘|) is to select the alternative, and it is on this step that 
we now turn our focus. Tlie selection of the appropriate alternative depends, 

of course, on the criterion chosen. We assume here that the objective of the 

firm is to inaxirnizie the value of the jfirrn to its shareholders, and this value 
can be nK^asuiTMl by the average share price of the stock. The average is used, 
since day-to-day fluctuations are not considered important, and the interest 
is in the long run rather than the short run. Decisions, of course, can be made 

to benefit the short run at the expense of the long run. For example, research 

and development exixmditures could be curtailed so that a short-run profit in¬ 
crease could be shown. The long-run implications of such a policy, however, 
may be disastrous. Used properly, the discounted cash flow methods will achieve 
this objective, and we will shortly turn our attention to them. First a simpler 
and widely used method for selecting alternatives will be considered. 


PAYBACK 

Perhaps the simplest and most i)oi)ular nurthod used l)y industrial practitioners 
is the pa/yhack nKith()(l Tlici payl)ack is sitn})ly the nurnljer of years it takes 
to recover the initial invcistment. ConsidtT one of the investments being con¬ 
sidered by Mr. l-^accniakcT’ of tlui Getwell Elecdronics Company, an electronic 
cardiograph machine used to ivK^ord the |)atient’s heartbeat for diagnosis. It 
is estimated that the product will gcmerate revenues for at least 4 years. Since 
this is in a field of rapid teclmological change, any forecast beyond the 4-year 
period would be considered of questionable value. Profit contribution, Zn, in 
year n is defined as the revenue in that year less expenses. The estimates 
for this product are 


n 

Zn 

1 

$100(000) 

2 

200 

3 

200 

4 

100 


If the project costs $400(000), the payback period is 2^2 yoars. That is, it takes 
2^2 years to recover the cost. 

The decision to accept or reject the proposal depends upon how the com¬ 
puted payback figure compares with a standard. For example, if the payback 
standard were 3 years, the proposal would be accepted; with a computed payback 
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of 2^4 yearSj it takes even less time to recoup the investment than the standard. 
Therefore^ the decision rule is: accept if the computed payback is less than the 
standard; otherwi^sey reject it. 

There are,, howeverj two serious shortcomings in the payback method. 
Both are best il,Iustrated by examples. First consider that we have a choice 
between investments A and B. 


Imedmmi. A 

Imestmeni B 

n 

Zn 

n 

Zn 

1 

50 

i 

50 

2 

im 

2 

100 

3 

200 

3 

20) 



4 

100 



5 

50 



6 

50 


Both investments cost $150 each; therefore the payback period for each is 2 
yearn. If the payback standard is 4 years, the payback criterion tells us that 
we should be indifferent between the two. It is clear that we should not be 
indifferent. Although the payback period for both is identical, investment B 
has cash lows that extend well beyond the payback period. Therefore the first 
shortcoming of the payback method is that no consideration is taken of flows 
past the pat’back i^ear. 

The second problem can be seen from another example. Consider two 
investments, A and B. The flows from these investments are shown in Table 
2-1. If we assume that both investments cost $450, the payback will be the 
same for both of them, 3 years. Are we, in fact, indifferent to both invest¬ 
ments? We should iiot„be, because the bulk of investment B is recovered earlier 
than the bulk of investment A. And since monet' now is more valuable than 
an equivalent sum later, investment B would be a better choice. Why is money 


Table 24 Payback example 


Immimeni A Imesimeni B 


n Zn n Zn 


1 

50 

1 

300 

2 

100 

2 

100 

3 

300 

3 

50 

4 

100 

4 

100 

5 

100 

5 

100 

6 

100 

6 

100 
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now more valuable tlian an equivalent sum later? Because a dollar can be 
placed in a savings bank and at the end of a year be worth $1.05 if the interest 
rate is 5 percent. Money, then, has time value. This is the second shortcoming 
of the payback method; it does not consider the time value of money. 

Before jumping into the techniques that do take into account the time 
value of money, perhaps a few good w'ords might be said about the payback 
method. First, it is simple to understand and simple to use. Secondly, it en¬ 
courages projects with, short payback; therefore the risk associated with ac¬ 
cepting projects which take a long time in paying off is reduced. Finally, a 
firm that is pressed for cash might use this as a method to ensure rapid cash 
recovery. There are better methods to handle these problems, and we will see 
some of them shortly. First things first; let us overcome the problem associated 
with the time value of money. 


TIME VALUE OF MONEY 

It is characteristic of most investments that benefits will flow’ over several 
years. Since a dollar today is not the same as a dollar received one year from 
now, some adjustment must be made to these flows. 

FUTURE VALUE OF A PRESENT AMOUNT 

To illustrate the time value of money, consider a dollar placed in a savings 
account at the beginning of a year. At the end of the year, with the interest 
rate at 5 percent, the value of the initial sum is 

Pi == 1 + .05(1) = 1.05 

ivhere Pi represents the value of the sum at the end of the first year. In general 
terms, this can be written as 

Pi = Po + iPq 
or 

Pi = Po(l + i) (2-1) 

where Po = initial sum 
i = interest rate 

If the process continues and the $1.05 is put aw^ay for another year, 

P. = 1.05 + .05(1.05) = 1.10 

In general notation, 

P 2 = P1 “h iP 1 

or 

P 2 = Pi(l + i) 

Since Pi = Po(l + f), we can write Eq. (2-2) as 

P 2 = Po(l + i)(l + i) 

P 2 = Po(l + ^)^ 


(2-2) 
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In facty tlie future value in any ye.ar n can be written as 

p, = Po(i + ty I 


(2-3) 


PRESENT VALUE OT A FUTURE AMOUNT 

We have just determined the future value of a present amount. For our purposes 
the more relevant question is the present value of a sum received in the fu¬ 
ture. For example we might be interested in the present value of a dollar 
to be received in 1 year. Using the notation of Eq. (2-1) we are interested 
in Fo, the present value of a sum to be received in the future, P^. Therefore 
the fonnula for present value can be written as 


F« = Fi 


(1 + iy 


As an example, suppose that the interest rate is 10 percent. Then the 
present value of a dollar received at the end of 1 year vill be 


L(i. + .io)^J 



1 (.909) = .909 


In general terms, the present value for a sum received in any year, n, can 
be written as 


Fi = Fb I 

(1 + ty 1 

The ratio 1/(1 + is called the dhcount factor^ and values for it can be 
read from the discount table (Table B-2) found in Appendix B. 

Example: Find the present value of $150 received at the end of 5 years 
if the interest rate is 8 percent. 

The discount factor for 5 years at 8 percent can be read from the table 
as .^1, 


® (1 + .08)^ 

Pq = 150(.6S1) 

Fo = 102.15 


DISCOyNTED CASH FLOW METHODS 
PR,ES,ENT VALUE METHOD 

There are two variants to the discounted cash flow method: the present value 
and the internal rate of return methods. In the present value method, future 
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flows are discounted to the present and then compared with the cost of the 
investment. The interest rate used to discount this flow is the firm^s cost of 
acquiring funds: more will be said about this later in the chapter. 

As an example of this method, consider a project with the following stream 
of benefits extending from year 1 through year 4. 


1 

2 

3 

4 


50 

100 

150 

200 


If the cost of obtaining funds is 10 percent, the relevant discount factors can 
be read from the foliovdng table. 


71 

a) 

Zn 

(2) 

1 

U) X (s) 

(1 -f 

1 

50 

.909 

45.45 

2 

100 

.826 

82.60 

3 

150 

.751 

112.65 

4 

200 

.683 

136.60 




PV = 377.30 


Next the present value of each of the flows is determined, (1) X (2), and finally 
the present value of the project PV is determined by summation. 

Before we make any decisions about this investment, let us write out this 
present value method, using general notation. At this point it is necessary to 
introduce sigma (S) notation. The sign S means “sum what follows.” For 

4 

example, ^ Zn means that Zn is to be summed from n — 1 to n = 4. There- 

fore the figure at the bottom of the summation sign tells us where to begin, while 
the figure on top tells us where to end. Writing this out, we have 

4 

^ Zti^ = Z\-\- Zfi + ^3 + ^4 

n = 1 

In our example 

4 

X = 50 + 100 + 150 + 200 = 500 

71 = 1 
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To get the present value of the flow we did the following: 

4 

PV = 2 

8 

1 . _ 1 - 1 


n = l 


1 

(1 + 0 ” 


PV = Zx 


(1 + 1 ) 




Therefore the general form of the present value formula for a series of flows up 
to year V is: 


PV 


i\ 

I 


(i + %r 


If there is plenty of cash aroundj then we accept all projects whose present 
value exceeds their cost. In our example the cost of the project is $300. There¬ 
fore the present value of the benefits is greater than the cost incurred. The 
decision is to accept. 

Another way of stating this decision rule is to define net present value 
as present value less the cost C of the project. 


V 

Npv = y Z, 

n = l 


_ 

(i -h i)” 


- C 


and if the NPY is greater than zero^ accept the investment. 
ISTPY = 377.30 — 300.00 = 77.30. 


In our example 


IHTERNAL RATE OF RETURN METHOD 

The second variant of the discounted cash flow method is the internal rate 
of return. The internal rate of return r is a very special interest rate. It 
is that interest rate which equates the present value of the benefit stream to 
the cost of the investment. Returning to our example, we found that an interest 
rate of 10 percent reduced the benefit stream to 377.30. Since this is in excess 
of our cost, we must increase our discount rate so as to reduce the present 
value of the stream. There is no way to determine the “right” interest rate 
beforehand. Only the frustrating method of trial and error will give us the 
answer. So let us try 16 percent. 


n 

■ 

ie% 


18% 

20% 

1 


1 


1 

Z ^ 

(1 + f)« 

" (1 + z)" 

{1 + z)” 

" a + i)" 

(1 + z)" 

” (1 + z)» 

1 

50 

.862 

43.10 

.847 

42.35 

.833 

41.65 

2 

100 

.743 

74.30 

,718 

71.80 

.694 

69.40 

3 

150 

.641 

96.15 

.609 

91,35 

. 579 

86.85 

4 

200 

.552 

110.40 

.516 

103.20 

.482 

96.40 




323.95 


308.70 


294.30 
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Still not large enough. Let's try 18 percent. Again we are not exactly at $300 
but very close. Try 20 percent. Now we are under $300 at $294.30. Therefore 
we conclude that the internal rate of return of this project is approximately 
19 percent. 

If we assume once again that there is no capital-budget constraint, our 
decision rule will be to accept all projects whose internal rate of return is greater 
than the cost of acquiring funds. In this case the internal rate of return at 
19 percent is greater than the cost of additional funds at 10 percent. Therefore 
the internal rate of return method agrees with the conclusion of the present 
value technique: accept. 

METHODS OF RANKING INVESTMENTS 

The decision rules just developed apply only if there is unlimited capital. Since 
this is usually not the case, it is necessary to rank investment alternatives in 
order of profitability and proceed dowm the list, selecting investments until the 
budget is exhausted. 

Using the present value method, investments are ranked as the ratio R 
of benefits to costs C, or 


% Z.[l/(1 + i)"] 


R = - 


C 


If the ratio is greater than 1, the project is profitable, and of course, the larger 
the ratio, the better. In our example the benefit/cost ratio is 377.30/300.00 = 
1.24. Given a set of investment alternatives, the investments are ranked in 
order of their benefit/cost ratios, and projects are selected from this list until the 
capital budget, is exhausted. 

In the internal rate of return method, the projects are simply ranked by 
their internal rates of return r. Projects wuth the highest internal rates of return 
are selected first, and selection from the list is continued until the budget is 
exhausted. 


//// COST OF CAPITAL 

In theory, the firm's cost of acquiring funds, or its cost of capital, is that rate 
of return on a project that wull not change the market price of the firm's 
stock.^ In the selection of an investment it therefore becomes the minimum 
rate of return allowed on a prospective investment. A rate larger than this 
wull increase the market price of the stock wdiile a rate lower wull reduce it. The 
importance, then, of determining the cost of capital for the firm cannot be over¬ 
emphasized. 

A way in which the cost of capital is measured is to take a w^eighted 
average of cost of all the sources of funds. This places a cost on the pool 
of money from which investments are financed. 

^ James C. Van Home, Financial Management and Policy, Prentice-HaU, Inc., Englewood 
CHffs, NJ., 1969, p. 110. 
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These funds are generated from at least three sources. They include (1) 
debtj (2) equityj and (3) retained earnings. The cost of each of these sources 
is that discount rate which equates the value of the funds received to the present 
value of the expected outflows. 

The cost of debt is easiest to determine and can be generalized as that 
rate kg that will discount the future contractual obligations of the bond to 
equal the proceeds of the issue. 


+ 


(1 + kd) (1 + kd)^ 


+ 


In 


+ 


Rn 


(1 + kd)- (1 + kd)^ 


where Pd = funds received from debt issue 
In = interest payment in period n 
Rn = repayment of capital in period ri 


In the case of equity capitalj the dividends represent payment for the 
use of funds. The cost can be determined as the rate ke which will equate 
the present market price of the stock vuth the future stream of expected dividends 
plus the market price of the stock when the investor sells it at the end of 
period n. 


Pe 


■Qt , , 

(1 + h) ^ (1 + hr- ^ 


Pn 

(1 + hr (1 + hr 


where Pe = present market price of stock 
Dn == dividends in period n 
Pn = market price at end of period 


The cost of retained earnings represents the dhidends that are forgone by com¬ 
mon stockholders. Thereforej at a minimumj the cost of retained earnings is 
the cost of equity capital. 

Now a weighted cost of capital can be determined. Suppose that the firm^s 
capital structure looked like the following: 



Amount 

Proportion 

Debt 

$ 25 mfllion 

25% 

Common stock 

25 

25 

Retained earnings 

50 

50 


SI00 minion 

100% 


Furthermorej the costs for these methods of financ 

Cost (%) 

Debt (kd) 4.5 

Common stock (ije) 10.0 

Retained earnings J 10.0 

The weighted cost of capital can then be determined in the followung way. 
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a) 

Fradion of total 

(S) 

Cost (%) 

(1) X (2) 
Weighted cost (%) 

Debt 

0.25 

4.5 

1.1 

Common stock 

0.25 

10.0 

2.5 

Retained earnings 

0.50 

10.0 

5.0 

Cost of capital 



8.6% 


The practical problems involYed in determining the cost of capital can 
he OYerwhelming. Consider the problem of estimating the expected dividend 
stream in the cost of equity capital, or the problem of whether the book value 
or the market value should be used in determining the proportions. These and 
other problems are beyond the scope of this book. For our purposes, we will 
assume that the hard 'work has already been undertaken and that we have in our 
possession the cost of capital k. I//f 

CONSISTENCY BETWEEN DISCOUNTED CASH FLOW METHODS 

If the outcomes of the present value and internal rate of return methods agreed, 
which one was used would simply be a matter of taste. Unfortunately this is 
not the case. 

When a single investment is being evaluated, the present value and internal 
rate of return methods generally lead to the same conclusion. This can be 
seen by looking at the net present value profile. The net present value profile 
is a plot illustrating the way in which the NPV of the investment varies with 
changes in the interest rate. The net present value profile for our example 
is shown in Tig. 2-1. At a zero rate of discount the net present value is simply 
the undiscounted sum of the cash flows less the cost of the project. The re¬ 
mainder of the points represent the net present values at 10, 16, 18, and 20 
percent. The curve drawn through these points is the net present value pro- 
fi.le. Since the internal rate of return is that interest rate which reduces the 


200 


150 


^ 100 


^ 50 


o 

2 


-50 h 


N 

J_L 

10 15 

t 

k 


20 

t 

r 


Discount 

rate 


Fig. 2-i Net present value. 
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investment flow to the cost of the investmentj the net present value is zero 
at this point. Therefore the internai rate of return can be read from the net 
present value curve at the point where the curve crosses the discount rate 
axis. It can be seen that this occurs at about 19 percent. For most investments, 
the net present value profile will look like Fig. 2-1. The point at which the 
curve crosses the discount axis r will lie to the right of the cost of acquiring 
funds In addition the net present value at k will be positive. Only when 
both of these are true will the two methods lead to the same conclusions for 
a single investment. 

Multiple rat^ of return When the net present value profile is not nearly as 
well behaved, the conclusions between the two methods can disagree. For exam¬ 
ple, if benefits in any future T^ear are negative, there may be more than 
one internai rate of return. This situation occurs in the extractive industries 
such as mining, where net outflows of cash are common during the end of a 
project’s life. The excess of expenses over revenues might stem from the closing 
costs associated with mines. Consider the following project, which costs 200 
and has the pattern of cash flows shown in Fig. 2-2. 

If the net present value profile is drawn, it becomes apparent that there 
are two places at which the curve crosses the discount axis. Therefore we have 
internal rates of return at 3 percent and 29 percent. If the cost of capital 
is 10 percent, a 3 percent rate of return merits rejection while a 29 percent 
rate of return warrants acceptance. 

To overcome this dilemma we simply resort to the present value approach. 
We can see from the net present value profile that the net present value is posi¬ 
tive at a cost of acquiring funds of 10 percent. Therefore if we accept the 
project, it will add to the profitability" of the firm. It can therefore be concluded 
that if the pattern of cash flows is such that there are one or more reversals in 

n Zn 
i 50 



Fig. 2-2 Net present value pro¬ 
file of a project with multiple 
rates of return. 


CAPITAL INVESTMENT DECISIONS IN PROCESS DESIGN 


33 


the signSj there may be multiple rates of return. In situations like this, the 
present value method should be used. 

Ranking of mytoaily exclusive investments The second situation when the present 
value and internal rate of return methods lead to conflicting results occurs when 
two mutually exclusive investments must be ranked. Mutually exclusive invest¬ 
ments are those where the selection of one rules out the selection of other alterna¬ 
tives ill the set. For example, suppose that you are considering the purchase 
of a new car. Your alternatives include a Ford, a Chevrolet, and a Plym¬ 
outh. The choice of one eliminates the other two investments automatically. 
The three are called a mutually exchmve set of investments. 

Consider the following tw’o mutually exclusive investments wdiere capital 
costs C are $900 in both cases. 


Investment .4 

C = 900 

Investment B 

C = 900 

n Zn 

n 

Zn 

1 100 

1 

900 

2 200 

2 

100 

3 500 

3 

100 

4 800 

4 

100 


First the investments will be ranked by the present value criterion. If 
the cost of acquiring funds is 10 percent, for investment A w^e have 


t ^„[i/(i + iy] 


1,176 

900 


1.31 


The rank for investment B would be 1,047/900 = 1.16. Therefore by the present 
value method w’e w’ould rank A first and then B.t How’eA^er, if we look at 
the net present value profile in Fig. 2-3, w’e see that the internal rate of return 
method ranks the investments as B-A. The reason for this discrepancy is that 
the internal rate of return method assumes that cash generated from the invest¬ 
ment is reinvested at the internal rate of return. In this case it is assumed 
that cash generated from investment B w’hen reinvested will earn 23 percent. In¬ 
termediate cash flow’s from investment A are assumed to earn 20 percent. The 
present value approach, on the other hand, assumes that reinvestment will earn 
10 percent or the cost of acquiring funds. Since it is nearly impossible to deter¬ 
mine exactly w’hat rate of return will be earned wiien cash is generated from 
investments, it is difficult to rationalize the use of the internal rate of return 


t Since the cost of both investments is the same, the present value ranking can be observed 
directly from the present value profile. The profile with the highest net present value at the 
cost of acquiring funds receives the highest rating. 
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Fif. 2-3 Net present value profile for two mutually exclusive 
investments. 


method for ranking these investments. If we use the present value method, 
at least we are assured that cash flows from the investment under consideration 
can be reinvested at the cost of acquiring funds. In fact, the chances are that 
we will do even better than that. Therefore, present value tends to be a con¬ 
servative ranking technique but one generally considered to be theoretically 
superior. 

A SYSTEMS APPROACH WITH LINEAR PROGRAMMING 

Now that the present value approach has been settled upon as the most appro¬ 
priate, a more systematic method of handling all capital expenditure proposals 
will be developed. Suppose that we are faced with determining which of nine 
alternative investments should be undertaken. The net present value of each 
of these investments is given as: 


IfmeMmeni 

1 

2 

3 

4 

0 

a 

7 



NPV 

12 

15 

19 

11 

35 

10 

15 




Capital outflows, however, occur in both the first and the second jesi of the 
investment. In large projects this is a common situation. For example, in 
the first year a building is erected and in the second equipment is installed. The 
capita! outflows for the first period and the present value of the outflows for 
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the second period are: 


Investment 

1 


3 

4 

5 

6 

2= 

3 

9 

First period 

10 

32 

5 

6 

27 

5 

37 

32 

17 

Second period 

2 

6 

5 

3 

27 

7 

12 

2 

2 


Outflows ill the first period have not been discounted, since they are incurred 
at the beginning of the period. The capital constraint in the first period is 
50 while the present value of the capital constraint in the second period is 
20. Using the benefit/cost ranking method, the present value of benefits could 
be divided by the present value of costs. Investments could then be selected 
in order of rank until capital in the first period is exhausted. This assumes, 
however, that sufiScient capital will be available to meet the capital demands 
in the second period, and such may not be the case. The method that will 
be presented takes these multiperiod cash flows into consideration when it selects 
that investment mix which will maximize present value. 

Our objective in building a general investment model will be to maximize 
the net present value of the investment mix—the value added to the firm. The 
choice of investments in the final mix is constrained by the capital budgets 
available in each of the two years. It sounds like a problem in constrained 
maximization. In fact, we shall first develop it as a linear programming 
problem. 

A LINEAR PROGRAMMING MODEL 

Since the objective is to maximize the net present value, the objective function 
can be written as 

Maximize NPV = 12Zi + I 0 X 2 + l9Xs + IIZ 4 

+ 35Z5 + lOZe + I5Z7 + 9Xs + IIZ9 

where Xi is called a decision variable. If Xi takes on the value of 1 in the final 
solution, the project will be undertaken. If Xi is zero, the project will not be 
undertaken. We will refer to the value which this decision variable takes on 
as the intensity of the project. 

The capital constraints can be written for each of the two years as 

Subject to lOZi + 32 Z 2 + 5 Z 3 + 6 Z 4 + 27 Z 5 + dZe 

+ 37 Z 7 + 32Z8 + I 7 Z 9 < 50 

2Zi + 6Z2 + 5 Xz + 3Z4 + 27Z5 + 7 Z 6 

+ I2Z7 + 2Z8 + 2Z9 < 20 

The first inequality states that the cash requirements for each investment multi¬ 
plied by their respective intensities must not exceed the capital budget of 
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available in that year. The second equation has a similar interpretation for 
the second year. Consider a possible solution where the following projects are 
undertaken: 

Xi = 1 Zs = 1 
X4 = 1 X9 = 1 

Ail other projects are rejected. 

X, = 0 X, = 0 Ze = 0 
Zi = 0 Zs = 0 

Checking to see if this solution is feasible in the first budget period, we have 

10 ( 1 ) + 32 ( 0 ) + 5(1) + 6(1) + 27(0) + 5(0) + 37(0) + 32(0) 

+ 17(1) = 38 

This is less than the budget constraint of 50; therefore the plan is feasible 
in the first budget period. What about the feasibility of this plan in the second 
period? Checking out the second constraint, we have 

2(1) + 6(0) + 5(1) + 3(1) + 27(0) + 7(0) + 12(0) + 2(0) + 2(1) = 12 

This is well within the capital constraint of the second period, and it can there¬ 
fore be concluded that this plan is feasible. Whether or not it is optimal cannot 
be determined without further work. This, of course, is the job of the linear 
programming model; it essentially checks all these alternative sets of investments 
until the optimal one is found. 

Specification of the model is not yet complete. Consider the situation 
where one of the projects is a bridge. It makes little sense for the intensity 
of the project to be 10 , indicating that 10 identical bridges should be built, 
ilany investment proposals are like this; at the most, j’ou want just one of 
them. Incorporating this into our constraint set, we liaA’e 


Zi < 1 

X 2 < 1 
Zs < 1 
Z4 < 1 
Zs < 1 

Zfi < 1 

Z7 < 1 
Zs < 1 
Z9 < 1 


Therefore each of the Z^s can take on a maximum value of 1. Recalling the 
iionnegativity conditions common to all mathematical programming models, w^e 
include 


Zi, Z., Zs, Z4, Zs, Zs, Z7, Zg, Z9 > 0 
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This completes the model. But before we discuss its solution, let us write 
it out, using general notation. The objective function can be written as 

n 

ilaximize NPV = X 

i=i 

w^here KPY = net present value of investment mix 
di = net present value of project i 
Xi = level of intensity of project i 

In all, there are 7i such projects under consideration. The capital constraints 
can be VTitteii as 

t < -Bi 

a = l 

n 

= 1 
n 

X CuXi < B,- 

1 = 1 

where Ci,i = capital expenditure associated with investment i in year 1 

Cx -,2 == present value of capital expenditure associated with investment i 
in year 2 

Cij = present value of capital expenditure associated with project i in 
year j 

Si = budget constraint in year 1 
B 2 = budget constraint in year 2, and 
Bj = budget constraint in year j 

If there are only two capital-budgeting periods that need be considered, as 
there w^ere in our example, only the first two of these inequalities w'ould be 
necessary for the capital constraint set. There are, then, as man^" capital-budget 
constraint equations as there are relevant budgeting periods. 

ISText w^e generalize the constraints that limit the intensity of each project 

to 1. 


Xi < 1 
Xs < 1 

X„ < 1 

Finally, the nonnegativity conditions 

Xi, X 2 , . . - , Xn ^ 0 
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The capital budgeting model for maximizing NPV can then be summarized as 


]\Iaximize IsPY = X 
1=1 

Subject to 

n. 

i=l 

n 

X Ci,iXi < Bi 

,■=1 


X < -Bi 

i=l 

< 1 

Z. < 1 


I Z. < 1 

j Zi, Zji . . . , Zn ^ 0 I 

SOLOTIOM OF THE LINEAR PROGRAMMING MODEL 

Now we can turn to the solution. First the objective function and constraints 
must be written in augmented form. Then the matrix is constructed and the 
solution process begins. The initial matrix is shown in Table 2-2, and it is 

Table 2-2 InlUal linear programming matrix 




12 

15 

19 

11 

35 

10 

15 

9 

11 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 



z. 

Zs 

Zs 

Z4 

Zs 

Zs 

Xt 

Zg 

Xs 

Si St 

s. 

S4 

Sb 

Ss 

s. 

Ss 

s. 

SlQ 

Su 


0 

Si 

10 

32 

5 

6 

27 

5 

37 

32 

17 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

50 

0 

St 

2 

6 

5 

3 

27 

7 

12 

2 

2 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

20 

0 

s^ 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

s. 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1 

0 j 

Ss 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

\ s. 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 ' 

1 S-j 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 ^ 

Sb 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

s$ 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

1 

0 

SlQ 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

0 . 

Sii 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 
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clear that only the very ambitious will attempt to solve it by hand. Fortunately 
there have been many linear programming codes VTitten for both batch and 
time-share computers. The use of these codes is quite easy and a problem 
of the sort just developed can be solved very quickly b}* means of them. It 
should become apparent now that hand solution of any significant linear pro¬ 
gramming problem is nearly impossible. Even our example in this chapter, 
with nine investment alternatives, is small compared with the size of the problem 
one is likely to find under actual conditions. 

The solution matrix for this problem is shovui in Table 2-3. From this 
table the following conclusions can be dravm. 


Xi = 1.0 

Ze = 1.0 

Si = 0 

Z. = 0 

Z, = 0 

Si = 0 

Zs = 1.0 

Zg = .1875 

Si = 0 

Z 4 = 1.0 

Zg = 1.0 

Si = 1 

Zs = .0370 


Ss = 0 
Ss = 0 


Si = .9630 
Ss = 0 
Ss = 1 
;SlO = .8125 
Sn = 0 


The net present value of this investment mix is S65.95. Projects 1 , 3, 4, 6 , 
and 9 are undertaken in their entirety, but projects 5 and 8 are fractional 
projects. Since it may be difficult to build .1875 of a bridge, one alternative 
would be to increase the budget so that all fractional projects could be under¬ 
taken in their entirety. Theoretically, however, this should not have to be done, 
for we should have some way to restrict the intensity of the activities to integer 
values of 0 and 1. In fact, we do. Recall that integer programming fills this 
bill very nicel 3 ^ Therefore, if we solve the problem as an integer programming 
problem, there will be no trouble in making sense of the answer. The values 
of the X^s will be either 0 or 1 . It is, however, a property of the linear program¬ 
ming model that at most the number of fractional projects in the solution will 
equal the number of budgeting periods in the model. In this case we have 
two budgeting periods and two fractional projects. Because the fractional prob¬ 
lem is relatively insignificant, the linear programming approach is often 
taken. Here is an illustration of the point made earlier that in many situations 
the simpler model will suffice. Nevertheless, it requires that we understand 
when and why these simplifications are appropriate. It is not enough to use 
the simplest model and hope for the best. 

The variables Si and 82 are the slack variables associated wuth the capital- 
budget constraint equations in periods 1 and 2. In the final solution 81 and 
So are equal to zero, indicating that the entire budget in both periods w^as used 
up. Slack variables 3 through 11 are associated with the constraints that limit 
the intensity of each project to 1 . For example, Xi-j-Ss = 1 . Therefore, when 
the slacks take on a value of zero, the intensity of each project must be 1 . Con¬ 
versely, if the slack takes on a value of 1 , then the decision variable for that 
project must take on a value of zero. Looking at the output, slack variable 
3 is zero, indicating that the project associated with slack variable 3, or project 
1, is undertaken. Likewise, slack variables 5 , 6 , and 8 are all zero, indicating 



d Tabla E4 Solution for linear programmlno problem 
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that projects 3^ 4, and 6 are undertaken. Slack Tariables 4 and 9 are 1, since 
projects 2 and 7 were not undertaken. Fractional values for slack variables 
indicate that a project is partiallv undertaken. Since Xs+^St = 1 and X 5 = 
0.37j then 1S7 = l.CXK) — .037 = .963, In addition to slack 7, slack 10 took on 
a fractional value, indicating that project 8 was fractionally undertaken. 

The shadow prices also provide some useful information. For example, 
the shadow prices associated with the capital-budget constraints indicate that 
if the capital budget in the first period w’ere increased by 1 , the net present 
value of the objective function would increase by .28. The shadow price for 
the capital constraint in the second period informs us that an increase in the 
capital budget of $1 would increase the net present value by $1.01. We might 
therefore conclude that a shift in funds from period 1 to period 2 might be 
desirable, 

SENSITIVITY ANALYSIS 

Perhaps the most beneficial insight into the problem can be gained by performing 
relatively simple sensitivit}" analysis. Through this analysis changes in any 
of the parameters can be investigated. For example, the consequence of more 
or less funds in any period can be determined. Or the decision maker might 
like to know which investment would be dropped if the budget were reduced 
by 20 percent. Since the present value of the projects under consideration is 
never known with complete certainty, it might be helpful to know the way 
in which changes in these net present values will alter the optimum set of 
investments. 

It is, of course, quite helpful to be aware of the sensitivity that the model 
exhibits to changes in any of these factors. If the model is relatively insensitive, 
there is a broad range of values for these factors that will not significantly 
change the best set of investments. If, on the other hand, the model is very 
sensitive to these data, the data collection phase becomes more critical. 

MUTUALLY EXCLUSIVE INVESTMENTS 

Up to this point we have considered only independent investments. The exten¬ 
sion to a set of investments including both independent and mutually exclusive 
alternatives is simple. 

Consider that investments 1 and 3 are mutually exclusive. The^^ might 
represent two types of milling machines. Only the better of the two should 
be selected. We can therefore add the constraint 

Xi + Xs < 1 

Notice that if Xq = 1 , then X 3 must be 0 ; and if = 1, then Xi = 0 . Also 
permissible are Xi = 0 and X 3 = Q, but it is 7iof possible for both X"i = 1 and 
X 3 = 1 to be accepted. 

The addition of this constraint makes the unity constraints of the invest¬ 
ments in the mutually exclusive set redundant. We therefore can omit X^ < 1 
and Z 3 < 1 . 
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kampower constraints 
In scsie eases liie selection, of an investment set depends not only on the produc- 
ihitv of the investment and the capital availabilityj but also on the manpower 
availabilitv. Some projects^ although financially attractive^ may make such 
demands on the pool of labor that the investment cannot be undertaken. 

To ineorporaie manpower constraints into the LP (linear programming) 
model is relaiively simple. Let Lj be the number of man-hours available in 
reried *. and Oii be the number of man-hours of input required for project i in 
nerio-d The manpower constraint for the first period can be written as 

3f 

I '.i-T.- < Ii 

j = l 

and for the second period as 

M 

I fiiX.- < Li 

i = l 

If these coiisi,ra.mts are added to the investment problemj then in addition to 
coiiip.!yiiig with the budget constraints in both periodSj the optimal investment 
.set will be assured of an adequate labor force. 

THE illC0RPORATfON OF RISK THROUGH SIMULATION OF AN INVESTMENT PROPOSAL 

The overall risk faced by the firm is related to the expected stability of the 
future reiurns on all of its investments. If the firm maintains a risky set of 
.isvesiments which have associated with them an uncertain future stream of 
iifome, i,he risk complexion of the firm can be said to be high. 

Fp to now we have assumed that the risk complexion of the firm would not 
be afecied by the acceptance of any proposal. Since some proposals are in- 
hereiiily more or less riskt" than others, this may not be true. If the firm re¬ 
duces or increases the riskiness of its investment mix, the risk complexion of the 
Una may indeed be altered and the investors may change their valuation of the 

take, lor example, the situation where a firm is co.nsidering an i.nvestmeiit 
mm win ell has a higher average yield than the yield associated with its present 
set o: invesimenTs. The risk a,ssoeiated vuth this mi.x, however, is much greater. 
It :s tnereiore quite possible that in this shift to a riskier set of investments, the 
investors are likely to lower their valuation of the stock. In spite of the fact 
tnat tne average expected tield from the new portfolio of investments is higher, 
may not be enough to offset the higher risk. It becomes apparent, then, 
:na: the riskiness of an investment warrants closer scrutiny. 

Exactly what the overall implications of risk are on the valuation of the 
tirm ^s a bit outside the scope of this book. What is our concern, moreover, 
the riMt of the individual investment. Consider the example showm in Fig. 
--4 waere an investment has an 80 percent chance of j^ielding a benefit/cost ratio 
of 2.5, a lO percent chance of a 5 ratio, and a 10 percent chance of a zero ratio. 
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Fig. 2-4 Benefit/cost distribution. Fig. 2-5 Benefit/cost distribution. 


The average benefit/cost ratio is 2.5, and it was an average figure of this 
sort that we 'were content with using earlier in the chapter. The point to be 
made now, however, is that investments nearly always have some degree of 
risk, and this risk can be measured by the variability of outcomes about the 
mean. Consider another investment shown in Fig. 2-5 where this time there is 
a 90 percent chance of yielding a benefiV'cost ratio of 2.4, a 5 percent chance of 
a 2.8 ratio, and a 5 percent chance of a 2.0 ratio. Although the mean benefit/ 
cost ratio of 2.4 is lowor than the first investment, the variability around this 
mean is much less. In fact, it is certain that the benefit/cost ratio will be 2 or 
higher in the second investment, whereas in the first investment a ratio of 0 will 
occur 1 time out of 10. If you had to choose between these two investments, 
would the increase in benefit/cost ratio from 2.4 to 2.5 be worth this added risk? 
It is doubtful. The message, then, is that to base a decision on mean values 
alone is perhaps too superficial. The degree of risk should be considered, and 
it can be measured by the variability in the benefit/cost ratio about the mean. 
To disregard the issue of variability is tantamount to a non-swimmer attempt¬ 
ing to wade across a stream knowing only that its average depth is 2 feet. 

If the investment is large in relation to the assets of the firm, it is even 
easier to see 'why risk should be taken into consideration. Even a 10 percent 
chance of no return (0 benefit/cost ratio) could force the firm to reject the 
proposal, when a loss of this magnitude might lead to bankruptcy. 

THE SOURCES OF RISK 

The first step in risk analysis is to uncover the major factors wdiich contribute 
to the risk of the investment. In order to keep the example at a manageable 
size, let us consider just three factors that can account for the variability of a 
particular investment. These will include the cost of the project, the life of the 
proj ect, and finally its profit contribution. 

Cost of the project The exact cost of a project in many cases is not known 
in advance. There is always the chance that the actual cost will vary from 
the original estimate. One can never foresee exactly what the construction, 
debugging, design, and developmental costs will be. Rather than being satisfied 
with a single estimate, it seems more realistic to specify a range of costs and 
the likelihood of occurrence for each value within the range. Of course, the 
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less confidence the decision maker has in his estimate^ the wider will be the 
range. 

Consider the situation where a firm is about to invest in a project to 
manufaciure a new product. The production manager feels that there is about 
an 80 percent chance that this project will cost $10,000^; however, if things 
go exceedingly well and there are no training problems, it might cost as little 
as $8,000. He feels that the chance of this occurring is 5 percent. On the 
other haPxd. if there are either extended debugging or training periods, costs 
could go to 112,000. The chance of this is 15 percent. By using his intuition 
in developing the likelihood of possible outcomes, he has developed what we 
will call a subjective probability distribution of possible outcomes. It is shown 
in Fig. 2-6. 

life of the project As is always the case, the life of a project is never known 
vuth certainty. In this example, the production manager feels that the life 

of the project can be expressed as 


Life 

PmMMlitu 

5 

.10 

s 

.20 

7 

.40' 

8 

.20 

9 

.10 


It is further assumed that the equipment will have little salvage value at the 
end of its life, and this dimension can therefore be neglected. 

Profitability of the project The final consideration is the revenue-minus-expense 
S'lream iZi. For simplicity assume that this stream will be the same over the 



Cost Probability Cost fin thousands) 

S.OOO .05 
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Fig, 2-6 Investment cost. 
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life of the project once the level has been determined. The level can be repre¬ 
sented by 


Probability 


S2,000 .10 

3,000 .40 

4,000 .40 

5,000 .10 


That is, there is a 10 percent chance that the stream {Z) will be 12,000 each 
year, a 40 percent chance that the stream will be $3,000 each year, etc. 

PROCESS OF SIMULATION 

Now that the various distributions have been specified, the process of simulating 
a series of benefit/cost ratios can proceed. In each simulation run five steps 
will be undertaken. First, we will generate a cost of the project from the cost 
distribution. Second, we will generate a life of the project. Third, we will 
generate a revenue-minus-expense stream. Then the present value of this stream 
will be computed at the firm’s cost of capital, 10 percent. Finally the benefit/ 
cost ratio will be calculated by dividing the present value of the benefit stream 
fay the cost figure. The process is repeated as another sample is taken so that 
a range of benefit/cost ratios can be established to convey some measure of risk. 

To set the stage for the simulation runs, two-digit numbers must be assigned 
to the probability distributions (see Table 2-4). 

The first simulation run is started by generating three random numbers 
which are used to select a cost, life, and profit contribution from the probability 
distributions. The following random numbers are selected from the random 
number table: 74, 91, 33. These numbers correspond to a cost of $10,000, a 
life of 9 years, and a profit contribution of $3,000 per year. The present value 
of $3,000 received each year for 9 years is $17,161.20. 




1 

Z ^ 

n 

Zn 

(1 + iY 

” (r -h iY 


1 

S3,000 

.9091 

$ 2,727.3 

2 

3,000 

.8264 

2,479.2 

3 

3,000 

.7513 

2,253.9 

4 

3,000 

.6830 

2,049.0 

5 

3,000 

.6209 

1,862.7 

6 

3,000 

.5645 

1,693.5 

7 

3,000 

.5132 

1,539.6 

8 

3,000 

.4665 

1,399.5 

9 

3,000 

.3855 

1,156.5 

$17,161.2 
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Cost 


CorTesponding 

C P(C} iwoHiigit numi>ers 


S 8,0)0 

.05 

00-04 

10,000 

-80 

05-84 

12,000 

.15 

85-99 


Life 


L 

P(L) 

Corresponding 
two-digit numbers 

5 

.10 

0-9 

6 

.20 

10-29 

7 

.40 

30-69 

8 

.20 

70-89 

9 

.10 

90-99 

Profit contribution 

Z 

P{Z) 

Corresponding 
two-digit numbers 

$2,mo 

.1 

0-9 

3,000 

.4 

10-49 

4,000 

.4 

50-89 

0, OCM) 

.1 

90-99 


The benefit cost ratio is therefore ITjlbl/lOyOOO = 1.72. This benefit/cost 
ratio, however, is the result of a single replication of the model. Other replica¬ 
tions would be expected to generate different values. The results of twenty-five 
such replications are shown in Table 2-5. 

The average of these benefit/cost ratios was computed to be 1.64, and al¬ 
though by itself it might imply a profitable project, the use of all 25 replications 
will communicate the risk associated with this investment more effectively. One 
wa 3 " to accomplish this is to construct a frequency table and then plot a 
frequency histogram. This is done in Fig. 2-7. 

The distribution shows us not only the mean, but the likelihood that the 
benefit/cost ratio will go below 1 or some other value of interest. In this case 
there is a good chance (about 5 in 25) that the benefit/cost ratio could be 
below 1.30 and virtually no chance that it will be above 2.50. 

There are three ways in which risk can be communicated: (1) by specifying 
the range of possible outcomes, (2) by presenting the actual frequency distribu- 
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Table 2-5 Simulation results 


Run 

Benefit/cost 

Run 

Benefit/cost 

Run 

Benefit/cost 

1 

2.13 

11 

1.83 

21 

1.60 

2 

1-02 

12 

2.43 

22 

1.60 

3 

1.43 

13 

1.46 

23 

0.97 

4 

1.72 

14 

1.95 

24 

1.95 

5 

1.92 

15 

1.31 

25 

2.13 

6 

2.30 

16 

1.45 



7 

1.95 

17 

1.15 



8 

1.60 

18 

0.72 



9 

1.31 

19 

2.43 



10 

1.07 

20 

1.60 




tion of outcomes, and (3) by calculating the standard deviation. The range 
is the easiest one to use and in this case would be .72-2.43. The frequency 
distribution, however, communicates more information in that one can see the 
likelihood of attaining each value within the range of values. Using the range, 
on the other hand, it is impossible to determine the likelihood of each value 
within the range. The standard deviation is statistically more useful, especially 
in more advanced analysis. 


SENSITIVITY ANALYSIS 

If there were some question as to the actual shape of any of these input dis¬ 
tributions, life, cost, and revenue-minus-expense stream, other distributions could 
be used in their place. In this way the final benefit/cost distribution could be 


Interval Frequency 
.70- .89 1 

.90-1.09 3 

1.10- 1.29 1 

1.30- 1.49 5 

1.50-1.69 4 

1.70-1.89 2 

1.90-2.09 4 

2.10- 2.29 2 

2.30- 2.49 3 


"""^^.70 .90 1.10 1.30 1.50 1.70 1.90 2.10 2.30 2.50 

Benefit/cost 

Fig. 2-7 Frequency table and benefit/cost distribution. 
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examiiieci to so© the way in which it is affected by changes in the input 

di„stribiitio^BS. 


PMJECT RISK AMD THE FIRM'S RISK 

The relaiionsMp between the riskiness of the project, which we have just ana¬ 
lyzed, and ihai of the firm is a complex one. Of primary concern is the marginal 
contribution to the firm’s risk made by the proposed investment. The main 
point made in this section will be that the effect that a proposed investment 
will have on the firm cannot be analyzed in isolation from the firm’s current 
set of investments. There is- a significant interaction that must be taken into 
consideration. For example, when we combine two risky investments, it may 
be that the investment ^‘portfolio'’ so generated will be less risky than the riskiest 
of the two; in some eases it will be much less. When can this happen? When 
flucinatioris in the income stream from one investment are offset by fluctuations 
in the other direction for the second investment. Let us turn to an illustration 
of this in securities analysis. Consider two stocks with high yields. Their divi¬ 
dend streams hist-orically have had wide fluctuations. Therefore, if w^e use this 
historical information to estimate their dispersion of income, both stocks can 
be said to he riskjn We then have a mean value and a measure of the dispersion, 
which are all we need to evaluate the productmty and riskiness of the invest¬ 
ments considered singly, Bui in comhining investments, there is an extra dimen¬ 
sion that should be considered. The first stock’s fluctuations might coincide 
with the business cycle while the second stock might fluctuate in the opposite 
direction. That is, when dividends from the first stock have historically in¬ 
creased by 10 percent, dmdends from the second stock have historically de¬ 
creased by nearly the same percent. When both stocks are combined in a port¬ 
folio, the average yield remains the same but the risk is substantially decreased. 
This is precisely why investment portfolios are diversified. 

Therefore, in keeping with our objective to maximize the value of the 
firm to iis shareholders, it becomes necessary to look at prospective investment 
projects in the context of the present investment mix rather than by them¬ 
selves. From the firm's point of \dew, it should see the equipment selection 
process as part of iis job in managing an equipment portfolio. This is the 
same approach that a stock portfolio manager should take when either compiling 
a new portfolio or deciding which of many alternative stocks should be added 
to a present portfolio. 

What is the objective in desigmng such a portfolio of stock (or equip¬ 
ment)? That for a given level of risk, you get the maximum yield (net present 
value) , or conversely, for a given level of yield, you are subjected to the lowest 

possible risk. 

Let us be more explicit. For simplicity assume that we have two- projects, 
A and B. The flows from these projects are -expected to be as shown and plotted 
m Fig. 2-8, If both projects are selected, the combin-ed flow will be as showm 
in Fig. 2-Sc. What has been gained by combining the two investments? The 
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Project A Project B 


Year 

Flow 

Year 

Flow 

1 

10 

1 

10 

n 

12 


9 

3 

14 

3 

8 

4 

13 

4 

7 

5 

9 

5 

11 

6 

11 

6 

10 



24 

20 

16 

12 

8 

4 


(c) 


1 2 3 4 5 6* 

Fig. 2-8 Combination of risky investments. 

average flow from the combination of the two investments will be equal to 
the sum of the averages from each one. However, the variability of the invest¬ 
ment portfolio, as seen in Fig. 2-8c is much less than the variability of investment 
A or investment B. Therefore, by selecting these two investments, we have 
reduced our risk from what it would be if only one of them were selected. 

Why did this happen? Because when flows from investment 1 decreased, 
flows from investment 2 increased. We say they^ are negatively correlated. 
When flows from one investment increase while those from the other also 
increase, we have positive correlation. When the two series move in exact 
proportion, we say correlation is perfect or 1; and when they move in exact 
proportion in opposite directions, correlation is perfect in the negative direc¬ 
tion. If there is no relationship, then correlation is zero. The more usual case 
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is tO' have correlation between these extremes. We can therefore conclude that 
the variability of a combination of two or more investments depends upon the 
movement through time of one flow in relation to the others, as well as upon 
the variability of each investment taken by itself. 

It now appears that when the firm is considering the addition of an invest¬ 
ment to the existing set, it should compare the mean and standard deviation 
of the set before and after the addition. 

The precise methodology" for measuring this is beyond our scope. In gen¬ 
eral, however, to estimate the mean and standard deviation of the new set, 
it is necessary to know the mean and standard deviation of the proposed invest¬ 
ment, the mean and standard deviation of the existing set of investments, and 
the correlation between the proposed and existing investments. These are then 
combined to establish the mean and standard deviation of the new investment 
set. 

Now the major problem in utilizing this approach should become appar¬ 
ent. In the previous sections we saw that the mean and variability of an invest¬ 
ment could be estimated by simulation. But how are we to establish the correla¬ 
tion of one investment, flow vith another? When investments have some 
similarity to investments that have been undertaken in the past, these relation¬ 
ships can serve to estimate the correlation. Otherwise, judgment will have to be 
used to assess the magnitude of the relationship. 

Let us see how this analysis affects the way in w"hich w^e should look 
at portfolio decisions. Assume that the firm has a given set of investments 
in its portfolio and it would like to determine the consequence of adding one 
or more new investments. They may be risky investments by themselves, but 
when they are taken as part of the existing portfolio, the riskiness of the portfolio 
may be decreased. 

The task faced by the firm is to determine the mean and standard deviation 
of different’ combinatmis of investments, where a combination represents the 
present set of investments plus one or more new investments. Assume that 
the statistical analysis has been undertaken and that we now possess the mean 
and standard deTuation of several different portfolios. These are plotted in 
Fig. 2-9. Consider the combination represented by point A. By selecting in- 
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Fig. 2-9 Mean and variability of several different 
portfolios. 
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stead the combination represented by point C, we receive the same mean return 
but less dispersion. Therefore C is less risky at no sacrifice in yield. How 
about point B as contrasted with point With no sacrifice in dispersion, 
we can receive a higher yield by moving to B. In fact, all points along the 
line, or the ^^effieiency frontier/^ as Markowitz- calls it, represent the most efiS.- 
cient portfolios for various levels of mean yields. Where on this frontier to 
operate depends upon the particular preference or “utility function” of the de¬ 
cision maker. If he wants a higher yield, he must accept a higher risk. Once 
the point is chosen, the decision maker can be confident that any other combina¬ 
tion that gives the same average yield does so at an increased risk. 

In the simulation example, we looked at the riskiness of a single investment 
and we generated its beiiefit/cost ratio. However, now we have discovered that 
in managing a portfolio of investments, one has to look at the net effect of 
adding a project to the portfolio. The two measures of the project, its mean 
value and variability, by themselves cannot communicate how this investment 
will interact with the remainder of the investments in the portfolio. 

This idea of managing the portfolio of capital investments is a relatively 
new one and there are many problems to be overcome in its application. In 
this relatively basic presentation, the objective was simply to provide some in¬ 
sight into the effect that each investment had on the equipment portfolio of the 
firm. 


SUMMARY 

In this chapter both theory and practice were blended to provide some insight 
into the way in which money is allocated among competing alternatives. Both 
the present value and the internal rate of return methods w-ere presented first 
for the situation where capital is in unlimited supply and then for the capital- 
rationing case. We concluded that in general the present value method is 
preferred. 

When the firm must consider several alternatives, each of which requires 
cash outflows over many periods, the use of a linear programming model can 
be an effective w’ay of generating a feasible investment mix. In fact, this method 
can be employed whenever factors such as capital, labor, and equipment con¬ 
strain the im-estment choice. In a large firm, with man^^ investment proposals 
being generated each year, it is not hard to imagine how" such a linear program¬ 
ming model could get exceedingly large. 

It w^as assumed that the data required for the discounted cash floW' and 
linear programming methods w^ere knowm with certainty. This, how^ever, is 
rarely true. A more general approach to the anal 3 -sis of investments requires 
the introduction of the concept of risk. The distinguishing feature of models 
which incorporate this aspect is that the^^ take into account the full range of 
possible outcomes for each factor rather than just its expected value. Since 

®Hany M. Markowitz, Portfolio Selectionj John Wiley & Sons, Inc., New York, 1959, p. 20. 
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models of this son generally become quite complex, simulation techniques must 

be employed. . i ^ i ^ 

h is also easy to see how these simulation models might become quite 

large. Consider the simulation example presented in this chapter. It^ might 
be reasonable to expect that more than three factors account for the variability 

in the beneSt 'cost raiio. We could include 

L llarket size 

2. ilarket growth rate 

3. Share of the market 

4. Investmeni 

5. Besidual value of investment 

6. Operaiing costs 

7. Fixed costs 

8. Useful life of facilities^ 

As we introduce more and more variableSj the necessity for using a com¬ 
puter tx'comes apparent. This is especially true if you would like the oppor¬ 
tunity to vary some of the input distributions to determine just how sensitive 
the tenefit cost distribution is to changes in those factors. 

Building a large-scale simulation model is therefore not very diflScult. 
What is difficult is justiiying the fact that the incremental benefit associated 
with a more complex model is greater than the incremental cost. 

Finally, we looked at the implication that accepting risky investments 
had for the .firm. It became apparent that certain combinations of investments 
could oner high benefit cost ratios wh,ile at the same time subjecting the firm 
to only a modest risk. The search for these kinds of combinations or ^^port¬ 
folios'’ is familiar to security analysts but new to capital investment managers. 


QIIKHCMIS 

Q2-L What are the three major steps in the capital-budgeting process? Explain each 

one. 

Q2-2. Why has the payback been such a |xjpular capital-budgeting tool? 

CF-3,. What are the shonconaings of the payback method? 

Q2-4. Bo the benefit cost and internal rate of return metho^ds consistently rank invest¬ 
ments in the same order? E.xplain. 

Q2-5, What are mutuaHy exclusive i.nvestments? 

Q2-6. When are you likely to encounter multiple rates of return? 

Q2-7. When it :s tmpossible to allocate revenues to a general-purpose machine, what 

shotild be the basis for analyzing the investment? 

Q2-S. How is the cost of capital determined? 

Ba^.d B. Sisk Analj'sis in Capital Investment/^ Harvard Busifiess Review, voL 42, 

no. h Janiian-Febraaiy. pp. 95-106. 
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Q2-9. A large international electrical manufacturer lias a policy that investments which 
peld less than 15 percent should not be accepted. Where do you think they got the 
15 percent, and why does the average investment, when analyzed after the fact, actually 
yield less than this 15 percent ? 

Q2-10. How might you include the eight factors specified at the end of the chapter 
in a large-scale investment simulation? 


PROBLEMS 

P2-1. The manager of manufacturing for a large shop is considering an investment 
wdth the following flows (revenue less expenses): 


Year 

Flow 

Year 

Flow 

Year 

Flow 

1 

$ 0 

5 

S50O 

9 

S400 

2 

25 

6 

500 

10 

300 

3 

100 

7 

500 

11 

200 

4 

200 

8 

500 

12 

100 


The project will cost $450, The payback standard for the firm 

is 3 years. Should 

he accept or reject the proposal? 

What, if any, shortcomings in 

the payback method 

does this problem illustrate? 

P2-2. Find the present value for 
is 15 percent. 

the following investment when 

the cost 

of capital 


Year Flow 

Year 

Flow 


1 SlOO 

5 

S200 


2 200 

6 

100 


3 300 

7 

50 


4 300 

8 

— 50 


P2-3- Find the benefit/cost ratio for the following problem wkere the cost of capital is 
10 percent. 
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A capital expenditure of S60 is incurred at tlie banning of the first year. 

P2*4^ Find the benefit/cost ratio for the following problem where the cost of capital is 
15 percent. 


Year 

Flow 

Year 

Flow 

1 

$15 

5 

$20 

2 

20 

6 

10 

3 

40' 

7 

10 

4 

40 

8 

10 


A capital expenditure of $30 must be incurred at the begi^nning of the first year 
and an expenditure of $20 at the b^inning of the third. 

P2-5. Projects A and B are currently being re\iewed by the manager of manufacturing 
of BeHows^, Inc. The capital cost of project A is |S,000 and that of project B 
is I 85 CKX). The following is the expected stream of revenues less expenses. 


Year 

Flow (A) 

Flow (B) 

1 

$1,000 

$ 6,000 

2 

2,000 

2,000 

3 

3,000 

2,000 

4 

4,000 

2,000 

5 

6 ,(M )0 

2,000 


(a) Graph the net present value profiile for each of these projects. 

(b) What is the internal rate of return for each of them? What is their relative 
ranking? 

(c) For an S percent cost- of capital, what is the benefit/cost- ratio for each project? 
What are their relative rankings? 

(d) How can you account for the difference in rankings between (b) and (c)? 

(e) Which project would you select if you only had SS,0CM}? 

P2-6, The J. M. Wall Company is a large industrial sewing shop which manufactures 
such garments as aluminized asbestos suits for the iron industry, hea'^^-duty car-top 
carrier covers, industrial aprons, and so on. Essentially they have several different kinds 
of machines through which many different jobs pas. 

At present, tliej" are considering the purchase of a new machine. The first 
alternative is lower in price but will incur a higher .labor cost, while the second is 
higher in, price but requires less labor. In addition, the maintenance cost for the 
lower-priced machine is estimated to be $1,(XK) for the first year, increasing by IlCM) 
per year over the fife of the machine. The Mgher-piiced machine has an estimated 
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first-year maintenance cost of $1,500 and an increase per j'ear of $200. The other 
economic data are as follows: 


Machine A 


Machine B 


Capital cost $15,000 

Labor cost per year 14,000 

Salvage value 2 ,000 

Economic life 10 years 


$25,000 
7,000 
1,000 
10 years 


If their cost of capital is 15 percent, w^hich machine should they purchase? 

P2-7. The following tw^o macliines are being considered for purchase. Since they are 
multipurpose, it is impossible to allocate revenues to them. Which of the tw^o should 
be purchased? 



Machine A 

Machine B 

Capital cost 

$13,000 

$ 8,000 

Labor cost 

8 , 000 /year 

9,000/year 

Maintenance 

300/year 

400/year 

Economic life 

7 years 

7 years 

Salvage value 

$ 2,000 

$3,000 

Cost of capital 

10 percent 



P2-8- The Campbell Company is considering the purchase of one of two overhead 
cranes for their fabrication shop. For crane A the capital cost wuuld be S25,CX)0 
while for B it would be $18,000. Both have an expected life of 10 years. Labor 
costs for both would be the same, but maintenance costs w^ould not. For A, the 
maintenance would be $1,000 per year, w’hile for B it would be $500 the first year, 
and increase by $200 each year thereafter. The salvage value for A at the end of its 
economic life would be $8,000 w^hile for B it w^ould be $3,000. If the cost of capital to 
the firm is 15 percent, W'hich crane should be purchased? 

P2-9. Note: The text and problems up to this point have avoided the issue of 
taxes. This problem gives you the opportunity to see how’ this dimension affects 
the analysis. 

The Kelty Company must choose betw^een twm machines. Machine A will cost 
$10,000 and have a flow (revenue less expenses) of $4,000 per year for 5 years. Ma¬ 
chine B wrill cost $12,000 and it wdli have a flow of $6,000 per year also for 5 
years. Both machines have no salvage value. The company e.xpects to depreciate 
the machine on a straight-line basis. It pays a 50 percent tax rate and has a 
15 percent cost of capital. Which machine is preferred, and what is its after-tax 
benefit/cost ratio? 
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P2-10. 4. selection irom among 10 investments must be made for the upcoming 
fiscal year. The net present value of these investments and the capital outflows 

for S years are ^Ten is ilie foliowiiig table: 



i 

S 

4 

D 

<5 

7 

8 

9 

10 

HPT 25 

10 

14 

32 

16 

19 

37 

41 

14 

11 

Capiiai oniSow ( 1 .) 2 

17 

14 

12 

9 

16 

11 

12 

11 

6 

Capital outflow (2) 7 

11 

14 

7 

11 

14 

11 

16 

2 

3 

Capital outflow (3) 3 

6 

3 

15 

9 

2 

11 

2 

14 

3 

The capital cosstmint for the 
and for the third period it is 25. 

first 

period 

is 42, 

for 

the 

second 

period it is 

27, 


ffl’i Formuiaie an LP model of ibe problem. 

|5l How does the model change if inv^tments 1 and 4, 7 and 9, and S and 

10 are miiinally exclusive? 

|ri Inrorponie the folio wing manpower constraints in the model. 

The avaiaHe manpower is 35 in year 1 , 20 in year 2 , and 15 in year 3. 


iMvMmeni 

1 

B 

3 

rr 

5 

6 

7 

8 

9 

10 

^faa|»wer (year 1) 

7 

4 

3 

8 

5 

9 

11 

6 

14 

12 

^Manpower lyeir 2) 

11 

2 

4 

3 

4 

2 

4 

3 

2 

1 

[Manpower ijear 3) 

3 

2 

2 

3 

7 

2 

3 

3 

1 

1 


I d I How would yon change the model to reflect the fact that investment 2 

cannot be selected nnless 3 is also selects! ? 

ft*! Solve the problem, mdnding all the additional constraints, using a standard 
xine^r prcgramimnf computer code. What sacrifice has to be made when soMng 
this as an L? problem? 

P 2 - 11 . Jrnn Oblanas, manager of mannfaciuiing for Atwater Steel, w^ould like to 
aetermine not only the profiiabiBiy of a prospective investment but also its risk. He 
prelers net to accept i: if there is more than a 5 percent chance that it will \deld 
*ess than a ID percent internal rate of return. 

snoseqneni.y estimates that the chance that the project will have a life 
ui 10 }ears is 50 percent, a life of 9 years is 20 percent, a life of 8 years is 
*0 percen.. it n:e of 11 I’ears is 5 percent, and a life of 12 years is 5 percent. He 
aAo^estimates that there is a 40 percent chance that the capital cost will be $10,000, 
-.5 percent ^ efiance that it will be $11,(DO, a 10 percent chance that it ■will be 
a percent chance that it will be 19,000, a 10 percent chance that 
be SSAIO. ^and a 5 percent chance that it wifi be as low as $7,000. He 
estimate the yearly benefit stream (revenue le^ axpenses) in the following way: 
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50 percent chance of $3,000, 20 percent chance of $4,000, and 30 percent chance of 

$ 2 , 000 . 

On the basis of 20 replications, should he accept the investment? 
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Replacement Analysis 


INTTODllCTiON 

Replacenieiit decisions are more common than new-investment decisions. In 
laei, tliej occur every day. If a machine is retained for another day, a decision 
has been made against replacement. Very simply, the problem is that all ma¬ 
chines sufer from some kind of physical deterioration over time, and this in 
inrn leads lo iiiglier mainienance costs. In addition, newer machines with, lower 
operating costs eoniinually emerge, and it is the combination of increasing main¬ 
tenance costs and better machines that encourages replacement. If these were 
the only considerations in replacement, replacement would take place at frequent 
intervals. The missing factor is capital cost, and frequent replacement means 
a high average capital cost. It can then be said that replacement occurs when 
the operating and capital costs of the currently owned machine rise to overcome 
the average capital and operating costs of the replacement. 

One can, then, conclude that every piece of equipment in the firm is a 
candidate for replacement and that operating and capital costs of the old equip¬ 
ment as well as operating and capital costs of the new equipment must be 
continually reviewed. As you will shortly see, however, there are different ways 
in which this analysis can be performed. In fact, the use of one model might 
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lead to a decision quite different from that resulting from employment of an¬ 
other. The first set of models which we will consider come under the heading 
of coterminated plant ‘methods. Then a model developed by Terborgh will be 
presented. In general, Terborgh^s model is considered superior because he takes 
the future into account in a more explicit way than do the coterminated plant 
models. The coterminated plant models, however, must not be sold short. At 
present they are the most widely used models for making replacement decisions. 

Each of these models will determine only whether a machine is a candidate 
for replacement. If a machine is a candidate for replacement, it must take 
its place with all other investment alternatives to face the final selection proc¬ 
ess. Only if its benefit/cost ratio is high enough and there is sufficient capital 
will it be selected. The replacement of an asset is, in most cases, no different 
from the consideration of a new project, and both should stand the profitability 
test. Computing this benefit/cost ratio for replacement decisions, however, does 
present some special problems. These are considered in the last part of the 
chapter. 

There are occasions when a replacement decision does not have to take 
the profitability test, for example, the replacement of an X-ray unit in a hospital 
because it falls short of providing the kinds of services demanded by an increas¬ 
ingly sophisticated medical staff, or the ease where a lathe is replaced because the 
market demands a better finish or closer tolerances. Our replacement analysis is 
not directed at these situations, but at replacements which are under considera¬ 
tion for economic reasons. 

In most replacement problems the decision to continue with a project has 
already been made, and the piece of equipment being considered for replacement 
represents just one of many separate investments associated with the project, 
for example, a lathe in a production line or a car in a fleet of cars. In the 
process of evaluating the profitability of the replacement, it vrould be cumber¬ 
some if not altogether impossible to allocate revenues to these machines. In 
fact, the task of allocating expenses is not easy, but it is still more likely that 
the expense function can be estimated than the revenue function. Consequently 
the focus of interest will be on operating expenses rather than on profitability. 

We will therefore assume that the profitability of the overall project of 
which this machine is a part was considered as a separate issue, and that the 
task at hand is to determine a replacement strategy for a particular machine 
such that we thereby maximize the productivity of the available capital. Since 
we wfill look only at the expense side of the investment, the measure of benefits 
which accrue from the investment will be in the form of a string of cost savings: 
the savings wffiich would accrue if the new machine w^ere in operation instead 
of the one presently owned. The cost element of the benefit/cost ratio will 
also represent a difference. This time it wdll be the difference between the cost 
of the new^ machine and the cost associated wdth keeping the present ma¬ 
chine. For convenience, the new machine under consideration will be called 
the challengerj since it represents a challenge to the currently owned machine. It 
should be the best available machine. The presently owned machine, on the 
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other liandj mil be called the defender^ since it is defending its position against 
the challenger. 


COTERMIMATED PLANT MODELS 

Consider a defender with an estimated economic life of 4 years and a challenger 
with an economic life of 8 years. The defenderwiiich has been in operation 
for some timOj has a current resale value of $4,000. Since we could sell the 
defender and receive this |4,000, we will consider this to be the opportunity 
cost of continuing with the defender for 4 more years. Therefore, if we decide 
in favor of the challenger, the additional investment relevant for benefit/cost 
purposes will be the cost of the challenger, $16,000, less the resale value of 
the defender. 


$16,000 
-4,000 
Cost = $12,000 

The operating expenses for the defender and the challenger are given in Table 
3-1. It is from these that we generate the benefit stream. The problem, how¬ 
ever, is that when two streams are compared, selecting the appropriate number 
of years for comparison is made difficult if the projects do not terminate at 
a common period. This particular problem is referred to as coterminated 
plant, A popular approach is to choose a period of comparison in one of three 
ways: 

Model 1. Compare the equipment over the shortest life (in this case, 4 years). 
Model 2. Compare the equipment over the shortest life and include the estimated 
salvage or resale value of the equipment lasting longer than this period. 
Model 3. Assume a common denominator for all investments (in this case, 8 
years). 


Table 3-1 Operating expenses 



Bejender 


Challenger 

Year 

Operating expenses 

Year 

Operating expenses 

1 

$8,000 

1 

$i,000 

2 

8,000 

2 

4,000 

3 

8,000 

3 

4,000 

4 

8,000 

4 

4,000 



5 

4,000 



6 

4,000 



7 

4,000 



8 

4,000 
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Table 3-2 Calculations for alternative 1 


Year 

Savings 

Discount 

factor 

Present 

value 

1 

$4,000 

.9091 

$ 3636 

2 

4,000 

.8264 

3305 

3 

4,000 

.7513 

3005 

4 

4,000 

.6830 

2732 

112,678 


FIRST MODEL 

For our example, the first model suggests that we compare the difference in 
operating costs between the challenger and defender over a period of 4 years. At 
a 10 percent cost of capital, the relevant calculations are shown in Table 
3-2. The benefit/cost ratio is 12,678/12,000 = 1.06. At this point it is prema¬ 
ture to determine if this investment will actually be undertaken, for the bene¬ 
fit/cost ratio is now pooled with benefit/cost ratios for all types of investment 
alternatives. They are then ranked in order of decreasing magnitude, and from 
this list selection proceeds until the budget is exhausted. In our case it is highly 
unlikely that a benefit/cost ratio as low as 1.06 will be among those selected. 

SECOND MODEL 

Xow let us see the effects of model 2 on the benefit/cost ratio. If we assume 
that the challenger would have a value of $2,000 at the end of the fourth year, 
then the present worth of the savings would be 

12,678 + 2,000(.6S30) = 14,044 

and the benefit/cost ratio would increase to 14,044/12,000 = 1.17. 

THIRD MODEL 

If the third approach is used, 8 years becomes the common denominator. In 
the case of the defender, we assume that an expenditure of $4,000 is undertaken 
at the end of the fourth year, followed by a stream of $8,000 in expenses in 
years 5 through 8. This essentially duplicates the cost and expense pattern 
of the defender for 4 more years. The present value of the defender’s capital 
cost is 

4,000 + 4,000(.6830) = 6,732 
The difference in capital costs now becomes 

$16,000 
-6,732 
Cost == $ 9,268 
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TaWe 3-3 Cafciilatio.ns for alternative 3 


Fear 

Swings 

Discount 

factor 

Preseni 

worth 

1 

S4,000 

.9001 

S 3636 

2 

4,000 

.8264 

3305 

3 

4,000 

.7513 

3005 

4 

4,000 

.6830 

2732 

5 

4,000 

.6209 

2484 

6 

4,000 

.5645 

2258 

7 

4,000 

.5132 

2052 

S 

4,(m 

.4665 

1866 




121,338 


The present value of the savings stream is shown in Table 3-3, and the bene- 
fity'eost ratio becomes 21,338/9,268 = 2.30. 


PROBLEM OF FUTURITY AND ECONOMIC LIFE 

In the process of illustrating the use of these three altematives, we have gener¬ 
ated three different benefit/cost ratios: 1.06, 1.17, and 2.30. The natural ques¬ 
tion is, which is the correct ratio? From a theoretical point of view, none 
is correct. Consider the third alternative. In comparing the defender and chal¬ 
lenger, we had to make some adjustments because the lives did not terminate 
at the same time. We duplicated the cost and expense pattern of the defender 
in years 5 through 8. On closer observation this may not be a reasonable way 
of solving the problem. After all, at the end of the first 4 years machines 
at least as good as and perhaps better than the challenger should be avail¬ 
able. Why, then, assume the duplication of a defender which is already tech¬ 
nologically inferior? It would therefore be much more realistic to introduce 
the cost and expense stream of the best available challenger into the analysis 
in the beginning of year 5. For example, this challenger might have a capital 
cost of $20,CK}0, an operating cost per year of $3,000, and an economic life 
of 10 years. But now we have a defender’s stream running into year 14. Again 
we have a situation with no common termination. In fact, the way this example 
is proceeding, the alternatives might never have a common point of termination 
and the differences between the cost streams might have to be compared endlessly 
into the future. Without making some oversimplifying assumptions, you can 
see that it is only by accident that the two streams will terminate in a common 
year. This apparently realistic problem makes the process of comparison very 
cumbersome. A framework for handling it will be developed shortly. 

Another problem associated with our approach is that we have assumed 
an economic life. Why was the economic life given as 4 years for the defender 
and as 8 years for the challenger? What are the consequences of keeping the 
equipment for other than its economic life? It is these two problems, futurity 
and economic life, that we will consider next-. 
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THE CONCEPT OF ECONOMIC LIFE 

Our analysis in this and the previous chapter assumed that an economic life 
n was given. It will now be shown that the cost of a particular alternative 
is sensitive to the choice of economic life. That is, there is one economic life 
which minimizes the total costs associated with an investment. The use 
of any other life places a handicap on that investment. 

In an environment with no technological progress, one in which the ma¬ 
chines that come out next year are no better than those of last year, economic 
life is simply that life when the sum of discounted capital and operating 
costs are at a minimum. However, in a world where machines are continually 
improved upon, the economic life of a machine is much more difficult to deter¬ 
mine. At a minimum, this phenomenon which we will call obsolescence will 
seive to encourage earlier replacement, thereby reducing economic life. 

A DECISION TREE APPROACH TO ECONOMIC LIFE 

To see the magnitude of the economic life problem, a decision tree is drawn 
in Fig. 3-1, Each branch represents a decision period. In period 1 the decision 
can be to retain the defender D or to replace with the best available challenger 
Cl in period 1 . 

In period 2 , either the machine which is currently owned in that period 
can be retained or a new challenger Co can be purchased. Therefore the follow¬ 
ing sequences are possible by the end of the second period. 

Cl, Cl D, C, 

Cl, Co D, D 

The tree can be carried out indefinitely, and each path through the tree repre¬ 
sents one replacement strategy through time. Of course, with such a large tree, 
there are many, many paths through it. 

For each one of these paths, present values for all relevant costs can be 
computed. For example, in the branch Ci, Ci, Ci, C 4 j C 4 , . . . , the best avail¬ 
able challenger is purchased in the first period and held for three periods. The 
relevant costs here would be the present value of the capital cost plus operating 
costs over the three periods. To this is added the time-adjusted capital cost 
of the best available challenger which is purchased in period 4, plus the related 
operating costs for its life, followed by the time-adjusted capital and operating 
costs of the next replacement, and so on. The sum of these present values, 
then, represents the cost of that particular replacement strategy. 

Notice also how technological obsolescence enters into the analysis. Since 
the parade of technological progress is endless, better machines are always being 
developed. It is not, however, until a replacement has taken place that the 
firm can realize these benefits. When, in fact, this does occur, the usual phe¬ 
nomenon is for operating costs of the new machine to be lower than those of 
the old machine when it was new. 

If it would be possible to determine the present value of each path through 
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Fig. 3-1 Decision tree of replacement alternatives. 


the tree, the path with the lowest value would be chosen as the best strat¬ 
egy. This path would have associated with it a series of machines with certain 
“lives*' that would represent their economic lives. If any machine in the series 
were kept for other than its economic lifcj this would represent a suboptimai 
strategr with higher costs. The most practical piece of information is whether 
this chain is headed by the challenger or defender, because this tells us what 
immediate action should be taken: replace or keep the defender. Unfortunately 
we have just discovered that, to know whether this optimal chain starts with 
the present ehalienger or defender, we must evaluate every path through the 
tree. As it stands noWy this can hardly be called an operational procedure. 

THE ROIE OF THE FIITII.RE IN MAKING CURRENT DECISIONS 

From this framework it should now be clear that the future does affect the 
replacement decision. As a very intuitive illustration of this, consider the situa¬ 
tion where a new machine substantially better than an 3 rthing available now 
mill be marketed in 2 years. Not only is it expected to produce a product 
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of higher quality, but its operating costs will be much lower than those of 
machines ’which are currently available. It might be that the best simtegy 
is not to replace right now but to wait 2 years for this improved inacMiie. If, 
Iiowever, only the present challenger wms compared vdth the defender, it might 
be that replacement would have been strongly signaled. In summari-% economic 
life involves the future, and there is no determinable relationship between the 
defender and the present challenger that alone and by itself can signal replace¬ 
ment. Somehow, then, the future must be considered. 

Given the decision tree extending endlessly into the future, a solution for 
economic life seems hopeless. This can be attributed to the impossibility of 
looking ahead and determining the capital and operating costs of machines yet 
to be born. Secondly, even if we could estimate these costs, an infinite iiumbei 
of branches are quite a few to evaluate. It is therefore apparent that any 
solution to this problem requires some simplifying assumptions about the fu¬ 
ture. The most "widely accepted have been Terborgh s assumptions, to which 
we will turn shortly. 

FUTURE DECISIONS 

Once computed does the economic life of the present challenger, as well as its suc¬ 
cessors, commit us to a procurement plan extending into the future? Absolutely 
not. The future will usually unfold differently from what is expected. There¬ 
fore a new study with new forecasts must be undertaken periodically. Take 
the case where a computer has been in operation for 5 years. T^Tien the original 
economic analysis was performed 5 years ago, the economic life of the computer 
was expected to be 8 years. A recent analysis, however, shows that the machine 
should be replaced now. What is the point being made? Equipment decisions 
are ex ante decisions. They are made before the future unfolds. Once a deci¬ 
sion is made, this does not preclude economic analysis over the expected life 
of the machine. New- developments which were impossible to predict accurately 
are always occurring. As a result, a periodic review is necessary. In this case 
a periodic review was made every year, and in the fifth year replacement was 
signaled. 


TERBORGH^S MODEL 

Terborgh^ laid the foundation for an analytical analysis of the replacement 
problem. Before we plunge into his framework, the concepts of obsolescence 
and deterioration must be developed. 

DETERIORATION 

Deterioration is the decline in operating performance as compared with the per¬ 
formance that could be obtained from a new machine identical to the present 

^ George Terborgh, Dynamic Equipment Policy, Machinery and Allied Products Institute, 
Washington, D.C., 1949. 
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one. Another way to say this is that deterioration is the increase in maintenance 
costs OTer what these costs would be with an identical new machine. The be- 
ha'iior of this cost is shown in Fig. 3-2. The solid line represents the operating 
cost of the machine and is shown rising as a result of increasing maintenance 
costs. When replacement takes place^ the line drops down to reflect the improve¬ 
ment in operating costs associated with a new machine. 

OBSOLESCEMCE 

The second term to be defined is obsolescence. Obsolescence is the decrease 
in operaiing cost associated with the best new machine over the cost associated 
"niih an idemical replica of the present machine brand-new. This decrease in 
operating cost comes about as the result of technological progress, w^here better 
maeliines are developed each year. Graphically, the obsolescence factor can 
be seen in Fig. 3-2. It essentially represents an opportunity cost which is in¬ 
curred if the best machine is not used. Combining the effects of obsolescence 
and deterioraiion, we have an inferiority gradient. The gradient will then show 
the increase per year in operating cost and opportunity cost due to deterioration 
and obsolescence. 

ASSUMPTION 

Xext it is necessaiy* to make two assumptions which will render our cumbersome 
problem into one which is manageable. The first assumption states that the 
‘'preseni challenger will accumulate operating inferiority at a constant rate over 
its life."'- Consider a defender whose next year’s operating cost is estimated 
to be 47.CMXI. The best available challenger will have a next yearns operating 
cost of §5,IM), and this |2,0CX) difference can be attributed to the accumulation 
of deterioration and obsolescence over the 10 years during which the defender 

-Ibid., p. 65. 

Inferiority' gradient = deterioration + obsolescence 


. Eteierioration 



Life n 


R§. 3-2 Operating cost. 
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has been in service. The average increase in operating inferiority over the last 
10 3 ^ears can then be set at $200 per year. What is suggested by this assumption 
is that this average figure be used to estimate the way in which operating in¬ 
feriority will accumulate over the life of the new challenger. Is it reasonable 
to expect that future accumulation of maintenance and obsolescence will resemble 
the way in which it occuiTed over the past? In addition, is it reasonable to 
assume that it will increase at a uniform rate of $200 per year? Perhaps it 
would be more realistic to assume that obsolescence occurs, not imiforiiily over 
timCj but in steps. It is very possible to go for a year or more before a substan¬ 
tially new and better machine becomes available. When it does become avail¬ 
able, operating costs drop instantly. Our experience tells us that this is the 
way things happen; however, our ability to predict this type of operating cost 
function is usually very limited. The reason why we return to our uniform 
annual increase based on past behavior is that, in the absence of a crystal 
ball, it seems a reasonable thing to do. 

ECONOMIC LIFE OF CHALLENGER 

It is now possible to determine an economic life for a single challenger, while 
temporarily avoiding the problems of futurity. The two sets of costs that are 
affected the replacement decision include the cost of operating inferiority 
and the capital costs. ^Moreover, they move in opposite directions. As the 
life of the equipment increases, the average operating inferiority increases, 
whereas the average capital costs decrease. Adding both of these costs together, 
a life will be found where the sum is at a minimum. This will be the economic 
life. If we assume that the best available challenger costs $10,000 and that 
the inferiority gradient, as just determined, is $200 per year, we can then proceed 
to determine this life. 

In Table 3-4 we find the calculations necessary to determine economic 

life. In column 1 is found the year of service and in column 2 the operating 

inferiority that would be associated with a specified year of service. For exam¬ 
ple, in the fifth year of service, the challenger suffers $800 worth of inferior¬ 
ity. Since these operating costs occur in the future, it is necessary to discount 

them to the present. Therefore the discount factors at 10 percent are multiplied 
by the operating inferiority, and the product is found in column 4. 

The entry in column 4 represents the present worth of operating inferiority 
for a particular year, but what is of importance is the operating inferiority 
that will be incurred up to and including that particular year. For example, 
if the challenger is kept for 5 years, it would accumulate the present worth 
equivalent of $1,372 of operating inferiority. 

S 165 
300 
410 
497 


$1,372 



(B) X (Ji) Prmmt worth {G) X (^) 

Prmmi of opmitinff TinuMidj. 10,000 X (6') (7) + {H) 

Operating Prenvut worth of inferiority avg. oper. TiniCMidj. avg. Unif. ammal 

Year inferiority worth operating for period (Uipilal infer, for cap. eoni for egiiiv. for 
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Column 5 represents this accumulation of operating inferiority for the vari¬ 
ous years under consideration. 

If the machine is kept 8 years, we can then say that it will have accumu¬ 
lated the present value equivalent of $3,204 of operating inferiority. There 
is, however, another way to say the same thing. This other way is to express 
the present worth equivalent of $3,204 as an average amount which is ineiirred 
every year over the 8-year time horizon. To do this, the present worth equiva¬ 
lent is multiplied by a capital recovery factor which is taken from Table B-4 in 
Appendix B. In this example at 10 percent interest and an 8-year life, the 
capital recovery factor is .187. Capital recovery factors (CRF) for other lives 
can be found in the table and are in turn entered in column 6 of Table 3-4. Now 
we can determine the uniform annual equivalent (UAE) of $3,204 by multi¬ 
plying $3,204 X *187 = $600. In general notation, what we have done is the 
following: 


UAE = CRF\o X $3,204 
= .187 X 3,204 
UAE = 600 

The following interpretation can be placed on the UAE of 600: if $600 
were incurred each year for 8 years, the present value of this stream at 10 
percent would be $3,204. Since the $600 is a uniform amount, it is also referred 
to as an amiuity. In column 7 is found the uniform annual equivalents of 
operating inferiority for the years under consideration. 

Next we examine the behavior of the other cost that is affected by economic 
life: capital cost. Here we simply multiply the capital cost of $10,000 by the 
capital recovery factor found in column 6. Therefore, if we keep the clialleiiger 
8 years, we subject ourselves to a uniform eciuivalent cost of $1,870 per 
year. Again, we can interpret this as the uniform cost which, if incurred every 
year over an 8-year period, would have a jiresent value of $10,000. 

Now that the uniform annual equivalents for operating inferiority and 
capital costs have been calculated, they must be added together. The sum is 
found in column 9. We can see from this column that if the challenger were 
kept for 8 years, the uniform annual equivalent would be $2,470. That is, 
if it were kept for 8 years, the average yearly time-adjusted capital cost and 
operating inferiority would be $2,470. Our objective is to find the life which 
has associated with it the lowest uniform annual equivalent. In this case 
lowest is $2 j49 per year with a life ofH 2_years. We can therefore conclude 
that if the challenger is kept 12 3 "ears, it will incur a lower average capital 
and inferiority cost per year than for any other life. The challenger therefore 
has an economic life of 12 years. In addition, we call the uniform amount 
associated with the economic life the adverse mmimum of the challenger. In 
this case the adverse minimum is $2,349. In Fig. 3-3 the relevant costs are 
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2.000 




1,500 
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Year of service 


Fig. 3-S Uniform anniiai equivalent- 


plotted against life, n. Economic life ri* is the point at which the total cost 
cim^e reaches a miiiimmn. 

General form for uniform annual equivalent The uniform annual equivalent 
in any year T can be expressed as: 


UAE(r) = C(CRFf) + [ t - 1)(PWFD] CRFf 

i=l 


where C = equipment cost 

CRFf = capital recovery factor at i percent for T years 
g = inferiority gradient 

PWFf = present worth factor at i percent and T years 

The value of T which produces the lowest uniform annual equivalent is the 

economic life. //// 


SECOND ASSUMPTION 

We are now in a position to continue our consideration of futurity which was 
abandoned temporarily so that the adverse minimum could be defined. If we 
make a second assumption that all future challetigers have the*same adverse 
minima,^ we are absolved from the problem of looking at an infinite number 
of branches which are infinitely long. 

If in fact all future challengers have the same adverse mimma, then the 
best succession of machines which is headed by the present challenger is a chain 
of machines with like adverse minima. Therefore, in this example we assume 


® Terborgh, op. cit., p. 64. 
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that all future machines have an adverse miniimim of $2,349. This implies^ 
of course, that each machine is replaced when it reaches the end of its economic 
life. As a consequence, the optinr al path he rr d ed by the challenger has associated 
■^dth it an infinite stream of $2,349. 

For the challenger, the economic life is attained in 12 years. However, 
our second assumption does not require that future challengers have the same 
economic life. All it says is that the adverse minima will be the same, and 
from this we assume that the equipment will be kept for the necessary time 
to reach this economic life. Therefore, w'e cannot trace our chain past the first 
12 years, since we do not know the economic life of future machiiies. As we 
will see shortly, the knowdedge that the optimal chain is a series of like uniform 
annual equivalents is enough to absolve us from the problem of looking indefi¬ 
nitely into the future. 

Now to the succession headed by the defender. If we look at the best 
succession of machines after the replacement of the defender, w'e will see a 
sequence of machines with like adverse minima. This, of course, is true because 
%ve assumed that all future challengers wdll have the same adverse minima. This 
means that am" difference between the average adverse minimum of the chain 
headed by the challenger and the chain headed by the defender must occur 
in the period befoi'e the defender's replacement. Therefore it becomes necessary 
to compare only the adverse minimum of the defender with that of the challenger. 

Let us summarize how we resolved the problem of casting indefinite com¬ 
parisons into the future. We said that the challenger heads a chain of machines 
whose adverse minima are the same. In this case $2,349 per year is assumed 
to extend indefinitely into the future. Once the defender is I'eplaced. w’e said 
that the uniform annual equivalent associated with the optimal branch extended 
into the future can also be represented by $2,349 per \"ear, since all challengers 
will have the same adverse minima. 

Therefore, the only difference betw'een the chain headed by the challenger 
and that headed by the defender must occur in the period before the defender 
is replaced. Since the adverse minimum of the challenger has already been 
computed, it now remains to compute this figure for the defender. 

ECONOMIC LIFE OF DEFENDER 

In computing the adverse minimum for the defender, it will be assumed that 
the defender has a salvage value of $2,000 in the current period. The schedule 
of salvage values for future periods can be found in column 2 of Table 3-5. Re¬ 
call that in the case of the challenger, salvage values were assumed to be 
zero. Therefore in calculating the adverse minimum of the defender, the only 
change that wull take place in our methodology will be in the way w’e handle 
salvage values. This modification could also be incorporated into the calculation 
of the challenger’s adverse minimum in the event that salvage values apply. 

In the presence of salvage values, the capital cost of holding the investment 
for another year can be calculated as the loss in salvage value during that 
year plus the interest on the opening salvage value. This represents the oppor- 
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tiiiiity cost of holding the investment for another year. In the first year the 
loss ill salvage value is $1,000 and the interest on the opening salvage value 
is $2,0001.10) = $200. See Table 3-5. The capital cost for the year is the 
sum of these costs, or 11,000-f $200 = $1,200. The operating inferiority for 
the first year is $2,000. Recall that it was this level of operating inferiority 
which led to the calculation of the inferiority gradient. We had established 
that since it took 10 years to accumiilate an inferiority gap of $ 2 , 000 , the average 
armual accumulation of inferiority was $200 per year. 

In the second year the loss in salvage value plus interest on opening salvage 
value amounts to 

600 + 1,000(.10) = 700 

If the defender is kept for 2 years, it will accumulate a present value capital 
cost of $1,091 in the first year and $578 in the second (see column 7). At 
the end of the second year it will therefore have accumulated a total present 
value of $1,669 in capital costs (column 8l. This is equivalent to a uniform 
average annual capital cost of $961 per year for each of the 2 years icolumn 
10). The total present value of operating inferiority that is accumulated by 
the end of the second year is 1,818 + 1,817 (see column 12). Its sum is $3,635 
and is entered in column 13. The uniform average annual inferiority cost is 
then computed in column 14. It is $2,094. Finally the uniform average capital 
and inferiority costs are added in column 15. We can conclude that if the 
defender is kept for 2 years, its uniform average total cost will be $3,055 per 
3"ear. 

Calculations are shown for 1 to 6 years, and it becomes apparent that 
the adverse minimum of the defender occurs in the fifth year. The replacement 
decision, as we determined, hinges on the comparison of the adverse minimum 
of the challenger with that of the defender. Since ^ie challenger's minimum 
is $2,349 and the defender's is $2,891, replacement appears i^ofitajb le. This 
conclusion, however, does not take into consideration the productivity of the 
capital if it is used to replace the defender. Only if capital is unlimited is 
it reasonable to replace when the adverse minimum of the defender is lower 
than that of the challenger. What we need is a benefit/cost ratio so that replace¬ 
ment alternatives can take their place beside all other kinds of investment alter¬ 
natives in the final selection process. It is to this problem that we turn 
shortly. Before we do this, however, a shortcut method for finding the adverse 
minimum of both the challenger and the defender will be presented. 


TERBORGH’S SHORTCUT 

Terborgh also developed a shortcut method which is very useful in some situa¬ 
tions. First we look at the shortcut for determining the challenger’s economic 
life and adverse minimum, and then at the defender’s. 
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SHORTCOT: CHALLENGER 

Approximations to the adverse minimum of the challenger can be made by using 
a simple formula. The results turn out to be quite good. The uniform annual 
equivalent for the period ending with year n can be approximated as-^ 


2 n 2 


(3-1) 


where TTAE = uniform annual equivalent for period ending vith year n 
g = inferiority gradient 
C = capital cost 
S = salvage value in year n 
i = interest rate 


The first term g(n — 11,2 represents an approximation to the time-adjusted 
annual average of operating inferiority in year ii. In our example it would 
estimate this for year 5 as 


2(K)(5 - 1) 


= 


From Table 3-4 we can read that the actual amount is $363. 

The next two terms represent an approximation to the time-adjusted annual 
average of capita! costs in the year n. In our example the fifth-year estimate 
would be 


C -S ^' i(C + S) 

10,000 .10(10,0(X}) 

—- 'r —Vr-- = 2,500 

o 2 

The actual figure from Table 3-4 is $2,640. Combining these two estimates, 
we have CAE = $400 -f- $2,5(M) = $2,900. This is very dose to the actual value 
of $3,003. 

The question is, For what value of n is Eq. 3-1 at a minimum? Once 
this question is answered, we know the economic life and the adverse mini¬ 
mum. If we simplify Eq. 3-1 so that salvage value is zero, we have a function 

ill one variable n. 


UAE = 


d(ri 


- 1) , C , iC 

2 ^ ' 9 


* For a complete deTeiopment of the shortcut, Floyd Gills, Managerial EconomicSj 
Addia^n-Wesley PuhlsMng Company, Reading, Mass., 1^9. 



REPLACEMENT ANALYSIS 


75 


Using calculus the life n* which minimizes this expression can be found to be® 

/2C 


Returning to our example, the economic life of the challenger is 

g 

, / 2 ( 10 , 000 ) _ 

« = V—200— ^ 

This compares with 12 years we calculated using the exact approach. The ad¬ 
verse minimum can now be calculated 


UAE* = AM = 


g{n^ 


i)++£ 

I ^ cy 


71 ^ 


200(9) 10,000 .10(10,000) 

’ 2 + 10 + 2 
= 900 + 1,000 + 500 
AM = 2,400 

This estimate compares with $2,347 found with the exact approach. 


SHORTCUT: DEFENDER 

It usually happens that the defender has been in service for many years before 
the replacement decision is considered. Therefore it has been argued^^ that a 
reasonable assumption is that the adverse minimum can be approximated by 
the next-year sum of capital cost and operating inferiority. The implication 

^ The mmimuni of such a function can be found by taking its first derivative and then 
determining where this derivative is equal to zero. Taking the derivative, we have 

d(UAE) _g C 
dn 2 

Setting equal to zero, to find the value of n for which the function is at its minimum, 

2 

9 

2 

. 2(7 

= — 

9 

9 

^Terboigh, op. cit., p. 120. 
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is that the time-adjusted cost is already rising from year to year, therefore the 
value for next, year will be lower than for any other. The comparison under 
this short-cut methcxi is: 

of challenger AM of defender 

2,400 2,000 "t 1,200 = 3,200 

The decision, then, is the same under both methods: replace. 

In our shortcut formula for economic life we assumed that salvage value 
for the challenger was zero. What happens if salvage value is greater than 
zero? The adverse minimum for the challenger will be even lower. Therefore 
if replacement is signaled without the consideration of salvage values, the signal 
would have been even stronger had salvage values been included. We can there¬ 
fore conclude that if the shortcut analysis is undertaken with the assumption 
that salvage values are zero, and if replacement is signaled, then it is unnecessary 
to go further: replacement should take place. If, on the other hand, replacement 
in the ^ho salvage” ease is not signaled, then different values of life must be 
tried in Eq. 3-1 until trial and error shows that the minimum value has been 
reached. Terborgh states, however, . . that if salvage values are not effective 
during the first 5 years of the challenger's seiwice life they are most unlikely, 
even if effective later on, to produce an adverse minimum significantly below 
the no-salvage minimum.”'* 

//// BENEFIT/COST RATIO FOR REPLACEMENT ALTERNATIVES 

The economic-life approach can be extended to cover situations of capital ration¬ 
ing. In keeping with the approach developed in the first part of this chapter, 
we will proceed to generate a benefit/bost ratio for the problem just pre¬ 
sented. Eemember that the benefits represent the savings in costs associated 
with investing in the challenger. The costs represent those iiicreases in capital 
expenditures associated with the challenger over the costs of the defender. Let 
us assume that the two alternatives we face are: (1) replace the defender im¬ 
mediately, (2) replace the defender at the end of the fifth year, the end of its 
economic life. In order to make the mathematics of the analysis manageable, 
some additional assumptions will have to be made. In addition to the adverse 
minimum of all future challengers being the same, the life of the challengers and 
their capital costs will also be assumed to be identical. Therefore, if we choose 
the first alternative and replace the defender immediately, we will hold the chal¬ 
lenger 12 years, replace it, keep the next- new one 12 years, replace it, and so on. 

In the second aiteriiative, we assume that the defender is kept for 5 years, 
at the end of which it is replaced by the best available challenger. This chal¬ 
lenger, which is 5 years better, in terms of obsolescence, is kept for 12 years, 
replaced, the replacement kept for 12 years, replaced, and so on. To write 
out the stream of operating expenses, it is necessa:rY to know the initial level 
of operating expenses for the challenger. This information was not necessary 

’Ibid., p. 101. 
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in the economic-life approach, since we were interested only in the change in 
inferiority costs over time g. Therefore, let us assume that the operating cost 
associated with the challenger in the first year of operation is $5,000. In addi¬ 
tion, it is necessary to know the breakdown of deterioration and obsolescence 
in the inferiority gradient. Assume it to be $100 for deterioration and $100 
for obsolescence. We can now write out the stream of expenses for each 
alternative. 

EXPENSE STREAM: ALTERNATIVE 1 

First, consider the alternative where the defender is replaced immediately. Op¬ 
erating costs will be $5,000 in the first year. In the second year operating 
costs increase by $100 to $5,100. This increase can be attributed to the increase 
in maintenance costs, which we have labeled ^^deterioration.” In the next year, 


Year 

1 

2 

S 

A 

5 

6 

7 

8 

Operating 

cost 

5,000 

5,100 

5,200 

5,300 

5,400 

5,500 

5,600 

5,700 

Year 

9 

10 

11 

12 

IS 

14 

15 

16 

Operating 

cost 

5,800 

5,900 

6,000 

6,100 

3,800 

3,900 

4,000 

4,100 


costs increase by another $100 to $5,200. Operating costs increase in this manner 
until the beginning of the thirteenth year, at which time replacement occurs. It 
is important to realize that the $100 increase in operating costs per year can 
be credited to deterioration. Obsolescence has been quietly accumulating at 
the rate of $100 per year for 12 years. However, no impact from this phenome¬ 
non is felt on operating costs until a new machine is placed in operation. That 
is, every year machines are getting better, but it is only when replacement 
occurs that this benefit can be realized. In our example, operating costs would 
drop to $3,800 when replacement occurs at the beginning of year 13. This 
is $1,200 lower than the operating cost of the old challenger when it was new. A 
graphic illustration of this phenomenon is presented in Fig. 3-4. The cost func¬ 
tion increases every year until the new challenger is purchased, at which time it 
drops down to an operating cost associated with the best possible challenger. In 
year 14, maintenance costs resume their increase of $100 per year from the 
new base of $3,800. 

EXPENSE STREAM: ALTERNATIVE 2 

Now consider the pattern of costs for the second alternative, where the defender 
is kept for its economic life of 5 years and then replaced with the best available 
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:,iX»r 

1 

I 

10 !2 14 16 18 20 

Year Fig. 3-4 Operating cost function. 

challenger in the beginning of the sixth year. In the first year, operating costs 
are since we have already established that the operating inferiority of 

the defender in this year is $2,000. In fact, we used this operating inferiority 
that wm acciunulated over 10 years to arrive at an inferiority gradient of $200 

■per period. 


Fear 

1 

2 

S 

4 

5 

& 

7 

8 

Operating 


7,mo 

7,100 

7,200 

7,300 

7,400 

4,500 

4,600 

4,700 

Year 

9 

10 

11 

IB 

IS 

u 

15 

16 

Operating 

coat 

4,m 

4,900 

5,000 

5,100 

5,200 

5,300 

5,400 

5,500 


In the beginning of the sixth period, we replace with the best available 
challenger. The operating cost associated with this challenger is $4,500. We 
get this by reducing the operating cost of the best available challenger in period 
1 by $500, the obsolescence which has accrued over 5 years. Again the effects 
of deierioraiion cause operating costs to climb by $100 per period until the 
enaJenger is ready for replacement. Since we made the assumption that the 
economic lives of ail future machines must be identical, we keep this challenger 
for 12 years. Therefore in year 18 replacement with the new best available 
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challenger is undertaken^ and since we have assumed that obsolescence costs 
are predictable, the new operating cost in year 18 will be $4,500 — $1,200 = 
$3,3CK>, where $4,500 represents the operating cost of the old challenger and 
$1,200 is the improvement which has been generated by technological progress 
or what we have termed ^^obsolescence/^ Again after this replacement we see 
costs rising by $100 per year for the next 12 years, followed by replacement, and 
so on. 

BENEFIT STREAM 

In determining the benefits which are associated with this investment, it is the 
stream of savings that accrue from investing in the challenger that is rele¬ 
vant. Eemember that replacement buys a stream of savings and that this repre¬ 
sents the benefit. The additional outlay required to purchase the challenger 
represents the cost, and from these two we can generate a benefit/cost ratio. Our 
next task, then, is to formulate this stream of benefits and then the stream 
of costs. First the benefit stream. 

The differences in the benefit stream are presented in Table 3-6. It is 
apparent that a pattern is taking place: that is, a savings in the first 5 years 
because a new challenger is in operation, followed by a string of losses until 
replacement takes place in year 13. The losses can be attributed to the fact 
that in the sixth year the defender is replaced with the best available challenger, 
one which has operating expenses $500 lower than the operating expenses of 
the one that was available in period 1. 

This stream, which includes five periods of savings followed by seven pe¬ 
riods of losses, repeats from years 13 through 24, years 25 through 36, and 
so on. The only irregularity in this pattern is found in the first 12-year 
sequence. For here we have a string of $2,000 gains followed by a string of 
$1,000 losses. In the next sequence we have a string of $1,400 gains followed 
by a string of $1,000 losses, and so on into the future, with a series of $1,400 
gains followed by $1,000 losses. Therefore, in order to measure the benefit 
associated with investing in the challenger now- versus w^aiting 5 years, considera¬ 
tion must be given to this stream into the future. Fortunately, the discounting 
of the flows makes this task manageable. 

Taking into account the time value of money, we can write the present 
value of this stream. The approach taken will be to look at each 12-year 
sequence. Starting wdth the first, the present value can be written as 

2,000[PW(C/)f,o] - l,000[PW(!7):,o][PW(5)f,oJ 

The first term, 2,000[PW(L^)^io], determines the present worth of a uniform 
stream of $2,000 gains for 5 years at 10 percent. Rather than take the present 
value of each $2,000 sum over the 5 years individually, it is much more convenient 
to use an annuity table. Annuity tables can be used only w-hen the flows are 
identical from one year to the next. In this case, the flow of $2,000 is identical for 
the first 5 years. The table tells us the present value of a dollar received annually 
for n years. This can be written as PW(C/’)f, where i is the relevant interest rate. 
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For example, the present value of $1 received for 5 years at 10 percent is 
PW(C/)'io = 3.7908. Verify this from Table B^3 in Appendix B. Therefore, 
the present value of $2,000 received annually for 5 years can be written as 

2,000[PW(C/)?,o]- 

There are two steps in discounting the equal flows from period 6 through 
period 12. The first is to discount this uniform stream to the beginning of 
period 6, and the second is to discount this sum to the beginning of period 
1. Perhaps a graphic illustration of this two-step process will make the logic 
clearer. 

I 2 3 4 5 6 7 8 9 10 II 12 

___ / 

The present value at the beginning of year 6 for the uniform stream from period 
6 through period 12 can be written as - 1000[PW(LO;io]. Then taking this sum 
and finding its present value at the beginning of year 1, we have 

- l,000[PW(t7):,ol [PW(5)?,ol 

where PW(S)^io is the present worth factor for a sum received at the end of 5 
3 ’ears at 10 percent interest. 

The second sequence of flows can be wTitten as 

{l,400[PW(C7)fio] - AOOO[PW(LO!io][PW(S)f,o]HPW(5)^^o] 

The terms in the first bracket represent the discounted flow’s wdien looking 
from year 13 through year 24. The second bracket takes this sum and discounts 
it to the present period, which is 12 years earlier. The third sequence can 
be written as: 

!i,40o[PW(LO^io] ~ i,ooo[PW(tr).\o][PW(^)^o]l[PW(S):,^ 

The terms in the first bracket represent the discounted flow’s w’hen looking 
from year 25 through year 36. The second bracket takes this sum back to 
the present period, w4iich is 24 years earlier. 

The last two sequences are alike except for the term in the second 
bracket. In fact, w’e can write the sum for the last sequences as 

{l,400[PW(i7)?,o] - 1 + FWiSVso] 

Since this pattern extends into the future, w^e can w-rite 

{l,400[PW(LOao] ~ 

[1 + vwisru + PW(S)^:^o + PW(S),Yo + * • •] 

This represents the benefits extending from the second 12-year sequence on into 
the future. The only difficulty, of course, is that the evaluation of such a series 
extending into the future is a diflBcult task. How-ever, it can be shown that 
a series of the type 

1 + FW(S)^ + PW(5)f + PW(5)f + • • • + 
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conTerges to 


1 - PW(S)? 

as n approaches infinity. That is, as the number of terms in this series increases, 
the sum of the series can be represented as Eq. (3-2). In our example, h = 12 
and i = .10; therefore we can write our present worth of benefits, including 
the first 12-year sequence, as 

PW (Benefits) = 

2,000[PW(CO?io] - l,OOOIPW(LO!io][PW(S)%] 

-}- {l,400[PW(LOy - l,000[PW(L'):io][PW(S)^o]} 


[PW(5)y 


Substituting in the relevant PW factors, we have 

PW (Benefits) = 2,000(3.7908) - 1,000(4.8684)(.6209) 


Ll - PW(S)y 


-f- [1,400(3.7908) - 1,000(4.8684)(.6209)](.31S6) 
PW (Benefits) = $5,632 


(l - .SlSfi) 


COST STREAM 

ZStext we turn our attention to the cost stream shown in Table 3-7. If alternative 
1 is undertakeBj the cost incurred will be IIO^CKX) less the salvage value of the 
defendeij $2yCM}0y or IS^OCK). Since there are no salvage values associated with 
present and future challengerSj the cost incurred when the challenger is replaced 
in the Tears 13, 25,37, and so on, will be $10,(XX). 

If alternative 2 is undertaken, the cost stream will be headed by an expendi- 


Tafale 3-7 Stream of net costs 


I^r 

1 

§ 

3 

4 

5 

6 

7 8 9 

10 

11 

12 

Aitemative 1 
.Alternative 2 

8,000 





10,000 





Year 

13 

u 

15 

16 

17 

18 

19 20 21 

22 

23 

24 

Aitemative 1 
Aitemative 2 

10,000 





10,000 





Ymr 


26 

27 

28 

29 

so 

SI 




Aitemative 1 
.Alternative 2 

10,CMM3 





10,000 









REPLACEMENT ANALYSIS 


83 


ture of llOjOOO in the sixth year. Expenditures of $10,000 will then follow 
in years 18, 30, 42, and so on. 

The present value of the difference between these two cost streams is the 
figure of interest. Measuring this difference against electing alternative 1, we 
have 


PW (Costs) = 

8,000 - 10,000[PW(5).\o] + {10,000 - 10,000[PW(S)fxo]}[PW(S).^o] 

+ {10,000 - 10,000[PW(5).\o]}[PW(S)f/o + • • •] 

As we discovered before, w^e can WTite this as 

PW (Costs) = 8,000 - 10,000[PW(>S).\o] 

+ {10,000 ~ 10,000[PW(S)^o]}[PW(S).^fo] 

Substituting the relevant values we have 
PW (Costs) = 8,000 - 10,000(.6209) 

+ [10,000 - 10,000(.6209)](.3186) 

PW (Costs) = $3,561 

BENEFIT/COST RATIO 

It is now possible to measure the productivity of capital associated with this 
investment- The benefit/cost ratio can be computed as 

_ benefit 5,632 ^ 

cost 3,561 

It is important to realize that there is still no way to determine if the 
investment will be selected, for this benefit/cost ratio is placed in the pool of 
investment alternatives, and it is not until the final selection process takes place 
that it is apparent whether this benefit/cost ratio will be large enough to be 
among those selected. In the final analysis it boils down to the magnitude 
of the other benefit/cost ratios and the size of the capital budget. 

A generalized form for the benefit/cost ratio The present worth of the benefit 
stream can be generalized to 

PW (Benefit) = 

f-l n 

y (Ed - Ec)Di -Y 1(1- l)a + (I - l)b]D^ 

l-l 

12 ^ 4” (^ — Z “h 1)6]Z)-^ 

-lid- Da + (I- i)&]Z)4D"(3;::^„) 

j 1=1 \ / 


1 - PW(S).Yo 



S4 


DESIGN OF THE SYSTEM 


where i = alternative replacement year 
Mb = operating expense of defender 
Ec = operating expense of challenger 
D = discount factor 
?i = economic life of challenger 
a = obsolescence per year 
b = deterioration per year 

The present worth of the cost stream is 


//// 


PW (Cost) = (C - Si) - (C - + 0(1 -- 

where C = capital cost of challenger 

Si = present salvage value of defender 
Si = salvage value of defender in year I 


SyUMARY 

In this chapter we looked at the problems associated with equipment replace¬ 
ment, while in the last chapter we focused on new investments. Although we 
have separated them into two chapters, equipment replacement and investments 
actually belong in the same categorT\ That is, there is nothing that should 
make the consideration of a new investment any different from that of a replace¬ 
ment. True, our method for analyzing them might be difl'erent, but in the end 
each must stand up and face the capital-budgeting process. Only those invest¬ 
ments or replacements which most productively employ the firm^s resources 
should be selected. 

In replacement we are usually concerned with equipment that deteriorates 
over time. With increasing maintenance, however, the productive life of the 
equipment can go on and on and on. The decision to replace is therefore not 
a decision to continue or not continue. Rather it is a decision to incur a capital 
cost so that lower operating costs will follow. Unfortunately iliis requires look¬ 
ing into the future, and Terborgh’s assumptions were directed at coping with 
this problem. He was the first to make quite explicit the role that the future 
plays in making the replacement decision and w^hat assumptions will render 
this problem of futurity manageable. If his model is to be used, the foilowfing 
question should first be answered: Are the assumptions including like adverse 
minima and constant inferiority gradient reasonable? If not. perhaps another 
model is in order. However, the additional cost incurred in developing a more 
complex model may be greater than the additional benefits. 


QUESTIONS 

Q3-1. What is the economic rationale behind the replacement of an old but perfectly 
iiinctioioiDg machine? 
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Q3-2. How would you design, as part of a large management information system, 
a replacement analysis? What data would have to be stored, what data would have 
to be continually gathered, and how often would you review the firm’s portfolio of 
equipment? 

Q3.3. When an old machine is replaced, what are the benefits which accrue to the 
firm? 

Q3-4. What is the coterminated plant problem? How is this overcome by the Terborgh 
model ? 

Q3-5- What is the economic life of a project? Does it usually differ from its physical 
life? 

Q3-6. What basic assumption is necessary in order to compute the economic life 
of the challenger? Is it a reasonable assumption? 

Q3-7. Define the foUovdng: 

(a) Uniform annual equivalent 

(b) Capital recovery factor 

(c) Obsolescence 

(d) Deterioration 

Q3-8. Theoretically, the economic life of the challenger or defender is determined by the 
unknown economic lives of all future machines. How does the Terborgh model resolve 
this dilemma? 

Q3-9. In a capital-rationing situation, why is it unacceptable to simply invest in the 
challenger if its AM is lower than that of the defender? 

Q3-10. If the total cost function shown in Fig. 3-3 is very fiat in the vicinity of 
its minimum, what consequence might this have on replacement policy? 


PROBLEMS 

P3T. Find the adverse minimum and economic life for a challenger which has the 
following characteristics: 

Operating inferiority, S200 
Capital cost, 810,000 
Interest rate, 0 

Use both the long and shortcut methods. By how much do they differ? 

P3-2. A machine is under consideration for replacement. Its inferiority gradient is 
computed to be S400 per year. The capital cost of the new machine is $16,000. If 
the cost of capital is 15 percent, what is the challenger’s adverse minimum and economic 
life? Find the answer by using both the long and shortcut methods. 

P3-3. Solve Problem P3~l for an interest rate of 15 i)crcent. 

P3-4. Bob Kastle cannot seem to make up his mind. Last week the new cars were 
unveiled, and ever since he has been unable to sleep. That new Ford LTD looks 
too good to believe. Reason, however, has suddenly reasserted itself, and Bob decides 
to undertake an economic analysis of the problem. 

He is currently driving a 4-year-old Ford LTD with a value of SSbo. Next year 
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it will be vorth $500, the next^ year it will drop to $300, the following year to 
$200, and finaly to 1100, at which level it will remain indefinitely. The new’ LTD will 
cost him $3,SOO. Based on his experience with this model, he estimates the future resale 
%^.alnes to be the following: 


Mni of year 

Resale mkie 

1 

S2,900 

2 

2,KM 

3 

1,400' 

4 

800 

5 

500 

6 

300 

7 

2(M} 

8 and on 

100 


He estimates that the nmintenanee c(Bts associated with Ms 4-year-old car would 
run approximately S350 next year. The mamtenance on the new car, however, would 
be $50. 

If the opportunity cost of money to Bob is 10 percent, what action should 
he take? 

P3-5. Plot a total co^st function for a popular American automobile. Is the function 
relatively flat in the r^on of its minimum? If so, how should tMs influence your 
strategy as a car owner? Would jon expect the function to look any different for 
an imported car? 

Hint: To find r^ale values, use either the newspaper or blue-book values. Consider 
al costs wMch vary with auto value. Th^e might include insurance, registration 
and excise taxes. 

////' P3-6. The economic life of a particular challenger has been calculated to be 10 
years. It aecumulat:^ obsolescence at $2(X} per year and deterioration at $2CX) per 
year. For the first year of the comparison period, the challenger is expected to 
have an operating cost of $S,CIM} while the avaiable defender will have an 
operating cost of $10,000. The capital cost of the chalenger is $20,000 and it 
has no salvage value at the end of its -econoinie life. The salvage value of the 
defender, on the other hand, is $5,CK}0 in the beginning of the first 3 'ear, $2,000 
in the second year, and zero in the third. The economic fife of the defender is 
computed to be 2 j’ears. Using an interest rate of 10 percent, calculate the benefit-cost 
ratio associated with purchasing the challenger now rather than waiting for 2 j’ears. //// 
:P3-7. You are considering the replacement of a 10-3’ear-old macMne vrith one wMch 
is numerically’ controlled. The new machine costs $60,OCX! and will save you the 
following: 


Repairs S3, CM) 

Downtime 5,'000 

Rejects 3,000 

Power 1,000 
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The defender has a salvage value of $10,000 now, but that wiU decline to $6,000 
next 3 'ear and to $4,000 the next ; it will finally remain at $2,000 each year there¬ 
after. Should the new machine be purchased if the firm’s cost of capital is 12 
percent ? 

P3-8. A machine shop is considering the purchase of a new grinder to replace a 
15-year-old machine of the same kind. The new machine will cost $15,000. The present 
machine, on the other hand, is worth $7,000 now and will be worth $6,000 in one year. 

There are several advantages associated with the new machine. First there will 
be a direct labor sa\dngs of $3,100 per year. Then, because the machine produces 
a product of high quality, there wall also be a $1,000-per-year direct labor savings 
on subsequent operations. The maintenance that will be saved next year is estimated 
to be SSOO; and since the machine takes less floor space than its predecessor, 
there will be an additional $100-per-year saving. 

Using the shortcut method to determine the AM of the challenger and defender, 
choose a course of action for a 10 percent cost of capital. 

P3-9- The city of Bridgeport is considering the purchase of a new" snow^plow?" to replace 
a 10-year-old unit. The new" machine, how’ever, is much more versatile and also 
more productive. It can accomplish 20 percent more w"ork in the same period of 
time. This w’ould mean that the city w"ould save $5,000 in payments to contractors 
who plow- snow" for the city. In addition, the new" unit whii save about $1,000 next 
year in maintenance costs. 

The cost of the new- unit is $14,700 and the resale value of the old unit is 
$1,000 now" and wull drop to $500 next year. If the city’s cost of capital is 10 
percent, should they make the trade? 

P3-10. Solve Prob. P3-4 w"hen the opportunity cost of money is S percent. How 
sensitive is the decision to the opportunity cost of mone}"? 

P3-11. A large manufacturing firm is considering the replacement of a machine tool 
with one wdiich is numerically controlled. The new- machine wall cost $100,000. After 
careful consideration they decide that the assumption of constant inferiority accumulation 
is inadequate. Instead the 3 " predict that the inferiority^ gradient will be as follow^s. 


Year 

Inferiority 

0 

S 0 

1 

1,000 

2 

3,000 

3 

6,000 

4 

10,000 

5 

15,000 

6 

21,000 

7 

28,000 

8 

36,000 

9 

45,000 

10 

55,000 

11 

55,000 

12 

55,000 

13 

55,000 

14 

55,000 

15 

55,000 
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Process Design: Macro 


INTRODUCTION 

A transformation process can be defined as a set of operations that are performed 
at stations for the purpose of transforming inputs into outputs. For ex|.mple 
a TV manufacturer transforms material inputs into a TV set, a hospital trans¬ 
forms an ill patient into a healthy one, a school transforms a nonreader into 
a reader, a service station transforms a sluggish automobile into a well-running 
machine, and a loan department at a commercial bank transforms a loan request 
into either a loan or a rejection. In each of these situations an input was 
processed through the system and an output was generated. The processing 
systems were, of course, quite different, but nonetheless we will see that there 
are conceptual similarities that exist between them. 

The design of a transformation process requires that several questions be 
asked: What are the characteristics of the product or service being sup¬ 
plied? What is the expected volume of output? What kinds of equipment 
are available, or must the equipment be custom built? "Wliat is their 
cost? Wliat types of labor skills are available, in what quantities, and at what 
w^age rate? How much money can be spent on the process? Should the process 
be labor- or capital-intensive? Should the component parts be made or pur- 
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ciiased? And if material handling will be a problem., ho.w will it be solved? 
These and countless other questions must be asked and answered before the 

desisn of a facilirj is finalized. 

This chapter focuses on some of these issues. First a framework will be 
developed under which the topics of process design can be placed. Then we 
will lum to the first problemj that of work station selection. Here the decision 
is made as to whether the process will be capital- or labor-intensive. Next' 
we will examine the usefulness of schematic aids in the design process. Then 
:he focus shifts to work flow considerations and finally to the make or buy 
decision. 

A FRAMEWORK FOR PROCESS DESIGN 

Process design can be viewed as an iterative exercise. That is, problems are 
solved one at- a time and sequentially; then after each stage, or perhaps after 
several stages, the previous stages are reexamined to see if later steps have 
anected the best way in which these steps should have been designed. This 
pnif>edure is illustrated in Fig. 4-1. 

FROnUCT PLAN'NiNG 

PrcMiuct planning serves as an input to process design. However, in most cases 
the responsibility for this phase rests with groups, such as marketing and engi- 
neerag, which are generally found outside the domain of process design. It 
is earh’ in this stage that the perceived needs of the consumer are identified. If 
the process is sertice-orieni'ed, these needs will be reflected in the proposed qual¬ 
ity. speed, cost, and reliability of the service. If, on the other hand, the process 
will be manufacturing-oriented, then these needs will be reflected in the product's 
proposed quality, cost, function, reliability, and appearance. T\T 2 e,n these servdce 
or product parameters are transformed into a product design, it is essential 
that a eross-fiinciional alliance between product planni.ng .a,nd process design 
groups be established in order to ensure that the product objectives can indeed 
be profitably met. Otherwise only local goals may be pursued. For example, 
the marketing and engineering departments working alone may design a product 
whiei: is very costly to manufacture and very difficult to sendee. In short, 
the transformation process should be considered well before the design is final¬ 
ized. This can usually be accomplished in the following way. 

Iniormaiion from the product development stage can be directed to those 
responsible for process R&D, They in turn can determine if the process capabil¬ 
ity tor this product now exists within the firm, whether it exists outside the 
nrm. or wheilier research a.nd development effort^ would be necessary to meet 
tie speeified objectives. .Rough cost estimates would also be made for each 
auemative identified. In large firms a special process .R&D department may 
be organized just for this purpose. In smaller firms this function is less formal- 
:zec ana more reliance would be placed on outside suppliers of processing equip- 
meiii and company engineers. 
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Fig. 4-1 The process planning task, {From Howard L. Timms 
and Michael F. Pohlenj The Production Function in Business^ 
Richard D. Irwin, Inc., Homewood, III., 1970, p. 302.) 


As the process R&D phase progresses, information is fed back to the product 
development group. If the R&D group will be able to comply with the product 
specifications, then the pvoduct fundl des^ign stage can begin. If there are prob¬ 
lems, how^ever, in complying with product specifications, then modifications in 
the product development stage must occur. 

Information from both product final design and process R&D are inputs 
to the process design stage. The purpose of this stage is to generate alternative 
ways of meeting the objectives formalized in the final design stage, determine 
the criteria by "which they will be evaluated, and make the final selection. 


PROCESS DESIGN: MACRO 

Process design, macro is composed of tw’o aspects; the choice of w’^ork station 
and the choice of work flow. Work station selection involves the choice of 
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machines to be included in the process^ whereas work flow analysis concerns 
the flow of work between these stations. 

It is here that the decision is made as to whether the process will be 
eontinuouSj intermittent^ or some combination of both. In continuous processing, 
the process is in constant operation and usually involves a high capital-to-labor 
ratio. Typical of a continuous-process orientation are the automobile industry, 
chemical processing, plastics, some high-volume electronic manufacturers, and 
some utilities such as telephone, power, and gas transmission. Also characteristic 
of continuous-process industries is a product layout where all the work stations 
are devoted exclusively to a single product and are grouped according to the 
processing requirements of that product. In more cases than not, the machines 
found at these work stations are special-purpose and costly and have little versa¬ 
tility outside their own product line. Work flow is largely specified by the 
physical characteristics that the product layout takes. Often a conveyor system 
is used. An example of this kind of process is an assembly line for machining 
engine blocks at an automotive plant. 

At the other end of the spectrum we find intermittent processing. Here 
production or sendee for any one job is carried on intermittently, not continu¬ 
ously. There is a high mix of products which use the facility, and portions 
of the process may be in operation several times during the day or only occasion¬ 
ally during the month. Tsually the relatively low demand for each product 
or sendee does not warrant the high investment in a continuous process. Typical 
of intermittent processes are job shops, emergency rooms in hospitals, hospital 
laboratories, most office work, many educational processes, and most serv¬ 
ices. The predominant plant layout that one expects in intermittent processing 
is a process layout. In a process layout, machines or sendees of the same 
category are grouped together. We therefore find lathes, milling machines, in¬ 
spection stations, and so on, in one location. 

A eharaeteristic of the process layout is that the particular sequence of 
operations that one job follows is seldom repeated by other jobs flowing through 
the process. For example the sequence from admittance to discharge in a hospi¬ 
tal is seldom the same from one patient to the next. A patient may or may 
not have X-rays, may or may not have surgeiw\ may or-may not undergo physi¬ 
cal therapy, etc. Consequently the w^ork flow is not nearly as predictable as 
in the continuous-process case, and we therefore find variable-path equipment, 
such as forklift trucks, employed in processes of this type. 

The criteria used to make the choice between these two layouts include 
investment costs, material handling costs, direct labor costs, space require¬ 
ments, equipment flexibility in meeting changes in output quantity, system re¬ 
liability, and maintenance costs. These economic and noneconomic factors must, 
in turn, be w'eighed before making the final decision. 

PROCESS DESIGN: MICRO 

In the next stage attention shifts to the details that make up the work at each 
station. Concern is with the operational content and operational method of 
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the task. Operational content focuses on the appropriate combination of steps 
that should be assigned to a work station. Operational method, on the other 
handj is concerned with the efficient execution of these steps. 

PLANT-PLANNING SYSTEIM 

If a new plant will be built, then process planning proceeds in a relatively 
constraint-free setting. If, however, the process must be installed in existing 
plant, then a set of spacial constraints must be observed. Therefore the process- 
planning system must interact with the plant-planning system to ensure feasible 
la^^outs. 

PROCESS DESIGN AS AN ONGOING ACTIVITY 

Process design is not strictly limited to new design. Whenever the costs of inputs 
change by a substantial amount, or whenever output levels or quality objectives 
change, process review should be initiated. If the reason for the reexamination 
is a price change in an input factor, then a new input mix reflecting the different 
price ratio of the substitute inputs may be desirable. For example, if wage 
rates increase substantially as a result of a new labor contract, it might be 
possible that automated sequences in the production line which were inefficient 
uses of capital before might now be profitable. 

Process design, then, should be a continuous activity—^not one which is 
precipitated only when new products or sendees are introduced. Since it is 
continuous, the question of how much money to spend in its pursuit is of utmost 
importance. The amount which should be spent depends, of course, upon the 
benefits accrued. At the limit, effort should continue as long as the marginal 
benefits from the improvement are greater than the marginal costs. Again we 
use the wmrd marginal, since it is only those costs that change which are rele¬ 
vant. Fixed costs and some semivariable costs, to the extent that they are 
not affected by the redesign, are irrelevant. 

For firms at the continuous-process end of the spectrum, considerable effort 
can be channeled in this direction. Small improvements made in the process 
are magnified when the volume going through each stage is large. Cost savings 
in the automotive industry, for example, are measured in fractions of a cent 
per unit. In the service industries, on the other hand, savings are usually meas¬ 
ured in dollars, but the volume through each station is, of course, much less. 

If redesign requires investment, it seems reasonable to subject the invest¬ 
ment to the review of the capital-budgeting process. Therefore this investment, 
along with all the others which the firm is considering, must face the final 
selection process in which only the most profitable survdve. 

Case study: The process design of progressive patient care facilities The 

administrator for the Smithdale Hospital, Ken Swenson, has been quite 
concerned about the low level of occupancy and the inefficient service which 
have characterized several of his new facilities. Five years ago an inten¬ 
sive care zone was added, three years ago a coronary care zone was devel- 
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opedj and last year a self-care zone was added for patients who were 
beyond the need for the traditional intermediate care but were not well 
enough to be discharged. 

When the initial design was undertaken for each of these zones, they 
were considered as independent entities. What resulted was a group of 
small, exclusiye, independent sendees which had a low occupancy rate and 
which utilized staff rather inefficiently. 

In an effort to improve the efficiency of the zones, Mr. Swenson decided 
to take a fresh design approach. Rather than treat each section inde¬ 
pendently, he would take a systems point of view. He received his inspira¬ 
tion from a new concept called progressive patient care. 

In progressive care, the patient is initially admitted to a zone deter¬ 
mined by his health status. Each zone has predetermined medical criteria 
with which this status must be matched. For the Smithdale Hospital, 
Mr, Swenson has divided the zones in the following way: 

1. Intensive care 

2. Coronary care 

3. Intermediate care 

4. Continuing care 

5. Self-care 

6. Psychiatric care 

A central aspect of this concept is that the patient may be moved from 
one zone to the next according to his health status. From a design point 
of view, this means that when the capacity of the system is determined, 
the zones must be looked at, not singly, but as components of a system. 

The design problem is to determine the size of each zone that best 
meets, minimum sendee levels while not tdolating the available operating 
and investment funds. 

Mi. Swenson decided to call for help at this stage. He felt that 
a model could be built which would determine the fraction of his beds 
that should be assigned to each zone. After discussing this problem with 
several management consultants, he signed a contract with Crosby, Stills 
and Nash, Inc. 

Their approach was to simulate the consequence of several different 
strategies. In each of these strategies a different fraction of the total 
number of hospital beds was assigned to each zone. The simulation pro¬ 
ceeded by processing patients through the hospital, first admitting them 
to the appropriate zone and then transferring them to other zones as their 
health status changed or discharging them from the hospital. The data 
that the consultants used were taken from the hospital records. 

For each strateg}^, the output from the simulation summarized the 
percent of occupancy and the number of times that service levels were 
violated. From this output, Mr. Swenson chose what he thought was the 
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best strategy and began to prepare his case for presentation at the next 

trustees^ meeting. 


WORK STATION SELECTION 

After the product final-design stage has been completed, the selection of the 
equipment to be included at the work station must be made. In the usual 
case there is more than one way in which a part or a demand for service can 
be processed through the system. For example, if a hole has to be threaded, 
a turret lathe, engine lathe, or numerically controlled machine may be used. In 
the hospital laboratory, the blood samples can be analyzed by a technician 
or they can be analyzed by a machine. In the classroom the student can learn 
French by classroom instruction or by videotaped lectures or through pro¬ 
grammed instruction. 

SELECTION OF EQUIPMENT BY ECONOMIC COMPARISON 

Suppose that the criterion for process design is cost minimization. If the neces¬ 
sary equipment for these alternatives is already in use and if sufficient capacity 
exists to meet this new demand, the choice will depend upon the one which 
can process the forecasted volume at the lowest operating cost. The total oper¬ 
ating cost of processing a job on any alternative can be broken dovm into its 
fixed and variable components. Fixed costs include setup and tooling charges, 
whereas variable costs include material, labor, and power. Given several alter¬ 
natives, then, the most economical will have the lowest sum of these fixed and 
variable costs at the expected volume. 

Consider the following example. A part must be processed through one 
of three possible machines. These include an engine lathe, a turret lathe, and 
a numerically controlled machine. The fixed and variable costs associated with 
each machine are presented in Table 4-1. A breakeven chart is drawn in Fig. 
4-2, where the total costs over a range of outputs for each alternative are 
shovm. It can be seen that if volume is less than Fi, alternative 1 is the best; 
if volume is between Fi and then alternative 2 is the best; whereas a volume 
greater than Fo should lead to the choice of alternative 3. 

This simple least-cost comparison assumes that these machines are cur¬ 
rently owmed and operating and that capacity exists to accommodate this in¬ 
creased usage. If, on the other hand, the machines must be purchased, the 


Table 4-1 Fixed and variable costs for three machine alternatives 



Machine 

Fixed costs 

Variable costs 

1. 

Engme lathe 

SIO 

$0.30 

2. 

Turret lathe 

40 

0.15 

3. 

Numerically controlled machine 

75 

0.03 
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Fig. 4-2 Breakeven chart for three 
machine alternatives. 


breaktren analysis is irreleYant and an investment analysis, perhaps focusing 

on rhe benefit cost raiio> must be undertaken. 

MOfiECIWOHIC FACTORS 

^lecilon of the final process is many times not based on economic criteria 
.alone. Quality, speed, and precision represent other bona fide criteria. If, for 
exaniple, cost is ihe only criterion, the ranking of three alternative machines 
might be 3. 1, 2. Thai is, if machine 3 is used, the part will be produced 
ai lon'est msi. Xexi is machine 1 and then machine 2. If speed of manufacture 
was of utmosi importance so that a delivery date would be met, the priority 
inigiii I, 3. 2. Therefore the priority depends upon the criterion. In some 
eases the criierion for the same product or service from one run to the next 
might not be the same. For example, in a routine production run, the criterion 
for selecting a process might 1:^ strictly cost. If, on another occasion, this part 
is holding up a major shipment, the criterion becomes time, and machines which 
were out of the question during the previous run are just what is needed on this 
run. In a hospital entdronment, routine X-rays might be taken in Unit 1. This 
woiili ensure the lowest cost pier X-ray. In emergencies, however, if there is 
a waiting time at I nit 1, then Unit 2, usually reserved for more specialized 
eases, migii: be used. 

Tnertiore, when multiple criteria are likely to apply, it might be quite 
reasenarte to speeiiy more than one alternative on the routing sheet. This 
type 01 fexiDiiity can be uncovered in job shopis, sendee-oriented industries, 
iiospita.s, ana generally in the intermittent-process industries. The decision 
as :c vuia: saternative to take might be left until a particular job is dispatched 
:a tne shcip. A: that time the relevant criterion might be applied. 

SCHEMATIC AIDS M PWJCESS 0ESICH 

in tne pm.ining of a complex process, it is often quite helpful to use schematic 
It IS tnrough these charts that the logical sequence of a process can 

be examined and improved. 
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During the last stages of product final design, the engineering process being 
nearly complete, assembly drawings w^hich show the relationship of the parts 
to the whole should be made available to those responsible for process plan¬ 
ning. These generally serve as the starting point for the generation of one 
or more processing plans. 

In developing such a plan several steps are followed. First the set of 
operations which must be performed is determined, followed by the sequence 
in wiiich they must be executed. Then the equipment which is necessary is 
identified, as is the specification of special tools and fixtures. Sometimes the 
estimate of setup and run times is also made. 

OPERATION PROCESS CHART 

A frequently used chart for illustrating this information is the operation process 
chart. Two basic symbols are used, one for operations and the other for inspec¬ 
tions. In Fig. 4-3 an operation process chart is shown which illustrates the 
steps necessar}" for the manufacture of a bracket. 

When the operation process chart is completed, it can be used to question 
whether or not certain operations and inspections are necessary and to determine 
if some rearranging could improve the physical fiow^ 




Fig. 4-3 Operation process chart. 
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FLOW PROCESS CHART 

A more complete analysis of physical flow can be determined by the incorporation 
of nonproductive activitieSj such as storage and transportationj into the operation 
process chart. With these added dimensions we then have a flow process charts 
shown in Fig. 4-4. Since these additions are nonproductivej it is in the best 
interest to to mimmize them. Only in totally automated processes will 
it be possiblej however^ to nearly eliminate these unproductive stages. As 
the process becomes more labor-intensive and the orientation goes from continu¬ 
ous process to intermittent process, the frequency of transportation and dela^^s 
will increase. In the iniermittent processes, temporary storage, however, does 
sometimes serve an important function. It decouples one stage from the 
next. Only in this way can production proceed smoothly, for without these 
inventories work stations might remain idle for long periods of time before they 
are supplied with work. There will be more on this when we discuss line balanc¬ 
ing in the next chapter. 

In continuous-process design, the process designer should develop several 
alternative flow process charts before making a choice. For each alternative, 
every step should be questioned; nothing should be taken for granted. Can 
steps be eliminated? Can steps be combined with other steps? Does inspection 
take place at the right stage in the process? Can the sequence be altered? Are 
transportation and storage being accomplished in the right way? With this 
kind of approach, a reasonably good design is assured. 

Once a number of alternative processes have been developed, the next prob¬ 
lem is to evaluate them and choose the best one. In continuous-process indus¬ 
tries, lor example, the criterion is generalh-^ cost minimization. Therefore a 
summation of all costs for each alternative is compared. The total cost for 
alternative j is 


Cj = 2 + -V- + Tj 

where Cj = total cost for alternative j 

Tij = transportation costs to work station i 

Sij = cost of the operation performed at work station i 

Mj = raw material cost for process j 

Tj = transportation costs from last work station to inventor}^ in process j 
n = number of work stations in process j 

To establish the cost for each operation, standard times are frequentl}' used. To 
determine a standard time, one approach is to break the job down into its 
basic elements. The times for these basic elements can be found in prepared 
manuals. Then these times are added up to determine the total time for the 
operation. In the next chapter the details behind standard times will be 
examined. 

When all the alternatives have been specified and the costing process is 
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Fig. 4-4 Product flow process chart. 

[ ^ Delay 
r~p> Transportation 

complete, the selection is made. At this time many imponderables must be 
considered. Can the process be expanded if demand should increase? Is it 
flexible enough to accommodate changes in product design? Is there some oper¬ 
ating flexibility, so that the machines might be used to manufacture other prod¬ 
ucts? Is the process capable of variable output levels? All of these factors 
must be considered before the final decision is made and a process irrevocably 
selected. 

For intermittent processes, the selection of the process or processes is not 
nearly as irrevocable. The equipment is usually of the general-purpose variety, 
and it is likely to be used for many other jobs. In fact, there are often several 
alternative routings which a product can take through the process. They could 
all be identified on the routing instructions; and when the job is dispatched, 
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its appropriate route can be chosen in full knowledge of the existing loads on 
the process—knowledge which it is impossible to have in the planning stages. 

WORK FLOW: liATERlAL HANDLING 

The transportation symbol is usually quite prevalent in many flow process 
charts. Therefore the transportation system can markedly affect both manufac¬ 
turing costs and production time. The choice of materials handling equipment, 
then, should play an important role in process design. 

In the two types of flow, continuous and intermittent, two very different 
types of material handling systems are used. In the continuous process are 
found fixed-path systems. These include overhead conveyors, roller conveyors, 
etc., whose path between work stations in the process is fixed. Variable-path 
equipment, on the other hand, is free to travel in any direction and to any 
work station. Typical of variable-path equipment are forklift trucks and over¬ 
head cranes. They are common to intermittent processes. 

The choice of the specific piece of equipment depends upon several factors, 
including the physical characteristics of the part to be handled, the quantity 
to be transported, the speed, and the spatial configuration of the building. If 
the handling system must hold the wmrk during an operation, this becomes an¬ 
other dimension which should be considered in the selection process. 

Once the type of equipment has been identified, the purchase must be 
justified by capital investment analysis. The purchase of materials handling 
equipmeBt is like the consideration of any other piece of capital equipment: 
it must face otlier alternative investments in the competition for scarce funds. 

Case study: Material handling The Grandiron Compaiw is a job shop wdiich 
specializes in the machining of large sections of sheet metal and large 
castings. Business has been good and getting better, and as a result the 
backlog has been increasing. The production manager, however, attributes 
some of this problem to an inefficient materials iiandling system. 

At present the materials handling system consists of one forklift truck 
which carries the work from raw material storage to the first work station, 
between work stations, and from the final wnrk station to finished goods 
iiiventoiyv 

When a machine operator needs service, he notifies the tool crib at¬ 
tendant, who in turn communicates with the forklift operator by mobile 
radio. If there are several calls for service in a short inter^mi, this service 
is extended on a first-come, first-served basis. 

Recently there has generally been a queue w^aiting for sendee. The 
consequence of this is lost time, over which the machinist has little con¬ 
trol. If he is waiting for material or waiting for the finished job to be 
taken from Ms station to the next station, there is very little work which 
he can do. 

The production manager therefore feels that the current materials 
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handling system is partially to blame for the large backlog. He feels 
quite certain that if a more eifective system were used, the backlog would 
be reduced. 

To analyze this problem in more detail, the production manager brings 
in the industrial engineering department. He asks them to study the prob¬ 
lem and suggest a solution. Their first step is to identify alternative mate¬ 
rial handling methods. They decide to evaluate two alternatives. The 
first is the addition of the second forklift truck to the shop floor. The 
second is to retain the status quo. 

From these two alternatives it will then be possible to evaluate the 
economic advantage that the addition of the second truck has over the 
operation of a single truck. This advantage is in the form of a stream 
of cost savings extending over the life of the second forklift truck. The 
present value of this stream represents the benefits, and the ratio of this 
sum to the capital cost of the truck—^the benefit/cost ratio—^represents 
the relative attractiveness of the investment. 

How is the savings stream determined? First the cost of waiting 
must be estimated. What is the opportunity cost of an idle minute spent 
while waiting for forklift truck ser^dce? After much consideration the 
industrial engineer sets this waiting-time cost at 30 cents per minute. 
Next the performance of the single truck must be established by simula¬ 
tion, and from this the yearly waiting costs can be estimated. This is 
followed by a simulation of the two trucks working simultaneously. The 
3 ^early waiting cost associated with the two trucks should be lower than 
that with the single truck, and the magnitude of this savings, extended over 
the project’s life, is used to determine the present value of the benefit 
stream. The difference in costs between the alternatives determines the 
relevant cost in the benefit/cost ratio. 

The simulation requires that the frequency distribution for time be¬ 
tween arrivals and the distribution for the time it takes to complete a 
servuce call be determined by sampling. One hundred observations W'ere 
taken, and the outcome can be seen in Table 4-2. Also added to the 
table are the relevant two-digit numbers to be used in the simulation proc¬ 
ess. First a simulation of the present situation is undertaken. The se¬ 
quence of steps in carrying out this simulation is summarized below. 

1. Generate a two-digit random number. 

2. Identify the arrival time associated with the random number. 

3. Generate another two-digit random number. 

4. Identify the service time associated with the random number. 

5. Determine the earliest time that ser\dce can begin. 

6. Determine when service will end. 

7. Compute waiting time by subtracting the time that service starts from 

the arrival time. 

8. Repeat steps 1-7. 
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Table 4*2 Time between arrivals 
and service time for 100 arrivals 


Tittle between atrivals 


Number of 

Twchdigit 

Time 

occurrences 

numbers 

3 

5 

00-04 

4 

10 

05-14 

5 

14 

15-28 

6 

27 

29-55 

7 

31 

56-86 

8 

10 

87-96 

9 

3 

97-99 


100 


Service time 


Number of 

Tmch-diffit 

Time 

occurrences 

numbers 

4 

10 

00-09 

5 

25 

10-34 

6 

35 

35-69 

7 

20 

70-89 

8 

_10 

90-99 


100 



We start by selecting a number from a random number table. It can 
be seen ihat 17 was drawn first. Referring to Table 4-3^ the time between 
arrival of a call and service associated with this number is 5 minutes. If 
the shop begins work at 8:CK) a.m., the first call for service occurs at 
8:05. Since there is no one waiting, service can begin immediately. Gen¬ 
eration of the second random number, 22^ reveals that the service time 
will be 5 minutes and that service will be complete at 8:10. There is 
no time spent waiting. 

The second arrival occurs 3 minutes after the first j at 8:08; however, 
service is not available until 8:10, at which time the truck completes its 
first call. Therefore waiting time for the second call is 2 minutes. 

This simulation is continued for two hours. In these two hours we 
can see that 53 minutes of waiting time occurred. The waiting time for 
the day could be approximated as 53X4 = 212; and if there are 250 
working days in a year, the waiting time in one year can be approximated 
as 212 X 250 = 53,CXX) minutes. At a waiting cost of 30 cents per minute, 
the total waiting cost per year with one truck is 53,(KW X $-30 = $15,900. 

Now we turn to the analysis with two trucks. The only difference 
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Table 4-3 A two-hour simulation of the present situation 


Random 

number 

Time 

hetwee7i 

arrival 

Clock 
time at 
arrival 

Service 

starts 

Random 

number 

Service 

time 

Service 

ends 

Waiting 

time 

17 

5 

8:05 

8:05 

22 

5 

8:10 

0 

02 

3 

8:08 

8:10 

50 

6 

8:16 

2 

64 

7 

8:15 

8:16 

13 

5 

8:21 

1 

97 

9 

8:24 

8:24 

36 

6 

8:30 

0 

77 

7 

8:31 

8:31 

91 

8 

8:39 

0 

85 

7 

8:38 

8:39 

58 

6 

8:45 

1 

39 

6 

8:44 

8:45 

45 

6 

8:51 

1 

47 

6 

8:50 

8:51 

43 

6 

8:57 

1 

09 

4 

8:54 

8:57 

36 

6 

9:03 

3 

44 

6 

9:00 

9:03 

46 

6 

9:09 

3 

33 

6 

9:06 

9:09 

46 

6 

9:15 

3 

01 

3 

9:09 

9:15 

70 

7 

9:22 

6 

10 

4 

9:13 

9:22 

32 

5 

9:27 

9 

93 

8 

9:21 

9:27 

12 

5 

9:32 

6 

68 

7 

9:28 

9:32 

40 

6 

9:38 

4 

27 

5 

9:33 

9:38 

68 

6 

9:44 

5 

66 

7 

9:40 

9:44 

26 

5 

9:49 

4 

73 

7 

9:47 

9:49 

85 

7 

9:56 

2 

70 

7 

9:54 

9:56 

11 

5 

10:01 

2 

62 

7 

10:01 
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in this simulation is that whenever a service call is received, the first 
available truck is dispatched to the scene. Since there are two trucks, 
we would expect waiting time to be sharply reduced. 

In Table 4-4 a 2-hour period is simulated. Upon arrival of the first 
call, truck 1 is dispatched. It completes service at 8:14. Call two arrives 
at 8:12 and is assigned to truck 2, since truck 1 is still servicing the 
first call. Call three arrives at 8:20 and both trucks are available. It 
does not matter which truck is assigned. 

The simulation is continued until 10:00, and it can be seen from Table 
4-4 that no waiting occurs. Therefore there are no waiting costs associated 
■with the two-truck simulation. 

Next the difference in cost betw’'een these two alternatives must be 
determined. Only those costs 'which are not common to both alternatives 
need be considered. For example, the. first truck and its operator will 
be kept in both alternatives; therefore these costs need not enter into the 
analysis. 

In the second alternative, a truck which costs $15,000 and an operator 
at a yearly cost of $12,000, including fringe benefits, will be required. If 
the life expectancy of the new truck is 10 years, the savings generated 
with the two trucks is equal to the savings associated with the reduced 
waiting time less the cost of the second operator: $15,900 — $12,000 = 
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Fig. 4-5 Benefit/cost distribution. 


$Bj900. This is a savings which occurs each year for 10 yearSj and from 
the annuity table the present value of this stream at a 10 percent cost of 
capital is BjOOO (6.145) = $23,965- The benefit/cost ratio is therefore 


R = 


23,965 

15,000 


= 1.6 


A single simulation yields but one benefit/cost ratio, whereas another 
simulation would yield another ratio. Therefore several replications must 
be undertaken, after which time a distribution of faenefit/cost ratios can 
be constructed. Such a distribution for ICK) replications is shown in Fig. 
4-5. The average benefiVcost ratio is 1.8, and from the graph a measure 
of the riskiness of this investment can be estimated by the dispersion of 
the benefit/cost distribution. 


THE MAKE OR BUY DECISION 

It is in the process design stage that major make or buy decisions must be 
made. The choice is between producing the component part within the firm 
and purchasing it from an outside supplier. Nearly every component in the 
product is a eandidate for this decision and therefore should be carefully scruti¬ 
nized on both economic and noneconomic grounds. First we take a look at 
economic considerations. 

Consider the problem in determining the relevant cost considerations when 
a component is bought instead of being made. Only those costs that are 
directly affected by the decision need be analyzed. For example, if supervision 
requirements, floor space, heat, and light are unaffected by a decision to buy, 
then none of these costs should occur in the economic analysis. Therefore one 
must ask, What costs will be avoided if the component is bought instead of 
being made? If, on the other hand, the decision is to make instead of buy, then 
the relevant costs are those which will be incurred by the addition of this com¬ 
ponent to the manufacturing load. The following example illustrates these 
economic problems and some noneconomic problems involved in the make or 
buy decision. 


Table 4-4 A two-hour simulation with two trucks 
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Gase study: Make or buy The Sanbourne Company^ a manufacturer of 
electronic instrumentation^ is currently purchasing several toroidal trans¬ 
formers, These transformers are used in many of their instruments and 
their use will probably increase in the future. In the manufacture of these 
transformers, a coil-winding machine winds an insulated tcire around a 
doughnut-shaped core which is approximately f to 2 inches in diameter, 
depending upon the particular toroid being wound. Up to now all of the 
transformers have been purchased from a vendor. Their prices have 
seemed reasonable and the quality acceptable; in addition, they have sup¬ 
plied valuable engineering assistance on several occasions. 

To study the feasibility of starting a toroidal manufacturing facility 
in the Sanbourne Company, the production manager chooses to focus on 
the unit that is purchased in the largest quantity. The purchase cost 
for this unit is $4.10, and last year 5,(KX) of them were used. 

Although the company at present does not have any capability for 
mass-producing transformers, they do have, as part' of the research lab, 
a coil-winding machine and an experienced operator. This facility, how¬ 
ever, is limited to the manufacture of one or two at a time and is primarily 
a seivuce to engineers wUo are experimenting with different circuit designs. 

A discussion between the production manager and the supervisor of 
the R&D shop leads to the conclusion that there is enough capacity on 
the coil-winding machines in the B.&D shop to wind the 5,000 toroids and 
perhaps even more. The mar^al costs of making rather than buying 
will therefore include only labor and material costs. No other costs are 
expected to increase for these 5,CM)0 toroids. Totaling these up, the expected 
marginal manufacturing cost is $1.95 each. Economically this certaM^’ 
seems to be a reasonable venture. 

When it comes time to bring the rest of the toroidal transformers 
into the plant's manufacturing process, new coil-winding equipment will 
have to be purchased. At that time, it will no longer be a simple marginal 
cost analysis, since a substantial investment must be undertaken. It will 
become a capital investment problem. The cost and benefit streams must 
be estimated, a benefit/eost ratio determined, and the project subjected 
to the capital-budgeting selection process. 

For the time being, the only relevant costs are labor and materials, 
and economically it appears to be a sound decision to manufacture these 
SjODO units. There are, howwer, several noneconomic factors that normally 
play a role in a decision such as this. It was indicated that the Sanbourne 
Company expected the demand for these transformers to increase. There¬ 
fore it is quite reasonable to expect that they would like to gain some 
expertise in the manufacturing technology behind these components. This 
could perhaps give them a better chance to design the units for more eco¬ 
nomical manufacture. They might even indulge in some process 
R&D. And, as some experience with the manufacturing process is 
gained, manufacturing costs might even drop below current expected levels. 
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Furthermore, once these improved manufacturing techniques are oper¬ 
ative and successful, they become proprietary information and Sanbourne 
would hold a competitive advantage. This would not be true if they 
bought the units from a vendor, for any improvements the vendor made 
would be passed on to his customers. 

There are, of course, factors other than those illustrated in the case which 
are frequently taken into consideration during the make or buy decision proc¬ 
ess. A very important one has to do vuth the control of quality. If the com¬ 
ponent is purchased, in most cases it is only when delivery is made that its 
quality can be observed. Even then, the only decision that can be made is 
to accept or reject the lot. 

Another benefit of making rather than buying is that the availability of 
supply is assured. Reliance does not have to be placed on an outside source 
vrhich is beyond the reach of the firm's control. "Wlien the item is made, addi¬ 
tional resources can be employed if deliver^^ must be speeded or if bottlenecks 
occur. This strategy is unavailable if the items are bought. 

In some circumstances the firm has no alternative but to manufac¬ 
ture. This occurs when the manufacturing technology is unavailable elsewhere 
or the process is protected by patents. 

The level at which the process is operating affects marginal costs, and 
therefore it is quite likely that a decision to make during one quarter may 
be follow^ed by a decision to buy in the next. As capacity is approached, mar¬ 
ginal costs run higher than if the process w^as operating at less than full capac¬ 
ity. For example, in a period of hea'V’y demand, the marginal costs associated 
with a component might include an overtime premium, a second shift, the rental 
of additional floor space, and so on. This cost might be so high that a more 
economical strategy would be to subcontract some or ail of the order quantity 
and resume manufacturing when the shop load is reduced. 

Tnien shop loads play a role in the make or buy decision, and some com¬ 
ponents which were made in one period are purchased in another, the domain 
of production scheduling has been entered. For by changing our make or buy 
strategy in response to shop load, we have really utilized a method for absorbing 
fluctuations in demand. It is, of course, the role of production scheduling to 
decide how^ best to absorb fluctuations in demand. We wait until Chap. 13 
for a more detailed analysis of aggregate production planning and how the make 
or buy decision can play a role in achieving an economical schedule. 


SUMMARY 

In this chapter we considered some major problems which must be solved during 
the first stages of process design. It must be determined whether or not the 
process will be continuous or intermittent, what machines will be employed, 
and what will be made and what purchased. 

The design of a processing system is still more art than science. Nothing 
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yet developed can replace the creativity that a process designer can bring into 
the design stage. There are some guidelines and some techniques that are help¬ 
ful, but it is those imponderables and special situations that continue to make 

process design itself a labor-intensive actitnty. 


QUESTiOMS 

Q4-1. Whai is a transionnation process, how can they be categorized, and what is the 
predommaiit layoui pattern for each of these categories ? 

Q4-2. Whai feedbacks are essential in the process design stage? 

Q4-3. In the progresive patient-care case, suppose that the choice of a system 
d^ign has been narrowed down to two alternatives. The results of the simulation 
a,nal}’sis show the \ioiation of service levels to be the following: 


(fl) Intensive care 

Aiiermiwe 1 

3% 

Aliematwe 2 

2% 

(&) Coronary care 

1 

4 

(c) Intermediate care 

5 

4 

(i) Continuing care 

6 

4 

(e) Self-care 

9 

11 

(f) Fsychmtrk care 

11 

8 


Which one would you choose? What was your criterion? Why is the choice diffi¬ 
cult? SuppiBe that a 'violation of the senice level simply means the request for 
a bed in a particular zone when none is available. In what ways could the processing 
of patients through the system be modified to. avoid some of these \ioiations? 
Q4-4. What are the diferenees between operation process and flow' process charts? 

Q4-5. What are the relevant costs in a make or buy decision? 

Q4^. When would the make or buy decision involve investment analysis? How w'ould 

you proceed in this case? 

Q4-7. In the materials handling case, why was it necessarj" to employ simulation to de- 

lenDine the benefit cost ratio? 

Q4-8. What macro design problems are likely to be encountered in the followfing 

situations? 

(a I Court system 
(b) High school curriculum 
ic) Commercial bank 
(d) Hospital pharmacy 

^-9. What noneconomic factors might influence the choice of a transformation process 
for the manufacture of a new electronic kitchen oven? 

^-10. Boes the routing process lend itself to becoming a part of a computer-based 
inioi^iion system? If so, w'hat would be the major characteristics of such a s^’stem, 

and how could it be used? 
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Q4-11. If you were employed by the consulting firm that was comniissioned to study 
the Smithdale Hospital problem, how would you have designed the simulation experiment ? 
Q4-12. A manufacturer has decided to add a line of outboard motors. Wliat factors 
might he consider in making a choice between a continuous- and an intermittent-produc¬ 
tion process? 

Q4-13- Suppose that the marginal manufacturing costs for toroids in the Saiiboiirne 
Company case was S4. What would your decision be—^make or buy? 

Q4-14. Suppose that a fixed conveyor system is to be installed whose purpose it 
is to move work-in-progress from one work station to the next. The work will be 
attached to the conveyor so that the necessary operations can be performed as 
the Job is moving. What is the consequence of a slow’er conveyor speed together 
with less spacing between Jobs? How could you test different speed and spacing 
st-rategies? 

Q4'15. Is work flow' design related at all to human needs? What role should these 
needs play in the macro design of the system? 

Q4-I6. In the past the U.S. Post Office has maintained labor-intensive methods for 
the processing of mail. How' might the si'stem be automated? Would you foresee 
any implementation problems? 


PROBLEMS 

P4-1. A casting for a new* product must be processed on one of three machines. The 
first alternative is a numerically controlled machine with a fixed setup cost of §225 
and a per-piece cost of 20 cents. The second alternative is a press with a setup 
cost of S150 but a per-piece cost of $1. The third is a lathe with a setup cost 
of S60 and a per-piece cost of S2. If the anticipated volume per order is 150 
units, which alternative should be chosen? 

P4-2. Suppose that the manufacturing manager who must make the decision depicted 
in Frob. P4-1 is uncertain as to the actual level of future orders. He feels that 
there is a 10 percent chance that the orders will be for 50 units, a 60 percent 
chance that the orders will be for 100 units, and a 30 percent chance that they 
will be as large as 150 units. Suggest several criteria wiiich he may use to solve 
his problem ; solve, and compare the results for each one. 

P4-3. Draw^ a product flow' process chart for the following process: 


(a) Raw' stock for subassembly A 
delivered to cutting table 
(5) W^ait for next 

(c) Stock cut to size 

(d) Sent to press 

(e) Wait for next 
(/) Press setup 

(g) Press operations 

(h) Inspection 

(f) Send to plating shop 

(i) Chemically cleaned 
(k) Electroplated 


(Z) Inspected 

(m) Raw' stock for subassembly B 
delivered to cutoff saw' 

(72) Wait for next 
( 0 ) Stock cut 
(p) Send to drill press 
{q) Wait for next 

(r) Stock drilled 

(s) Inspected 

(t) Assembly of subassembly A to B 
(w) Inspect 

{v) Send to stockroom 
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P4*4. Suppose that the second alternative which the Grandiron Company is considering 
is the purchase of a much faster forklift to replace its present one. This faster 
track will cost $19,,000 and have a life expectancy of 10 years. Its estimated service 
times are given below. 


Time 

Likelihood 

3 

.15 

4 

.25 

5 

.30 

6 

.30 


Perform one replication and compute its beneSt/cost ratio. 

Note: It would be more effective if each student started from a different place in the 
random number table and upon completion of these rephcations a benefit/cost distribu¬ 
tion could be constructed on the board, 

F4-5. Determine a benefit/cost ratio for the material handling ease presented in the 
chapter, ^ven the folowing arrival and service patterns. Perform only one replication 
and assume that the other parameters are unchanged. 


Tfnie beti^een arrivals 


Time 

Number of 
occurrences 

4 

6 

5 

19 

6 

15 

7 

35 

8 

25 


100 


Service time 


Time 

Number of 
occurrences 

4 

15 

5 

35 

6 

30 

7 

20 


im 
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Process Design; Micro 


INTRODUCTION 

In the pre\nous chapter the focus was on the macroscopie problem of process 
design. At that stage we examined whether the process should be labor- or 
capital-mtensivej the kinds of equipment that would be needed, the flow of 
materials through the process, the make or buy decision, and the investment 
in a materials handling system. It should be reiterated that these conclusions 
are not necessarily final. For, as the design process continues and the focus 
shifts to the micro design stage, some redesign in the macro stage might prove 
necessary. 

The micro design problem might also be called the job design or work 
station design problem. The work station becomes the center of attention, and 
analysis focuses on the steps that should be included in a particular station 
as well as on the methods for executing these steps. 

In totally automated and highly capital-intensive industries such as chemi¬ 
cals and petroleum, the process design is rigidly specified by manufacturing 
technology and the individual plays only a small role in the production proc¬ 
ess. His only interaction is as a control agent. Therefore in the micro design 
phase of these industries, the concern is limited to such issues as the proper 
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position of equipment controls and the ability to read them quickly and accu¬ 
rately and to respond in a short period of time. In addition the sequence of 
steps which the operator must perform during each cycle should be carefully 
designed to ensure a smooth flow. 

Where automation is not so complete, the individual plays an integral 
role in the production and control functions associated with the set of steps 
at his work station. At his station we find a set of steps that have been assigned 
to make up the job. In some cases the job is strictly labor-intensive and we 
find no tools at the work station. In others the operator may be utilizing one 
or several tools. 

In the next section we will consider an overview of the problems which 
arise when individuals play a significant role in the production process. Then 
we will look at three of these issues in greater detail. They include the balance 
of assembly lines, the establishment of effective work methods, and the setting 
of labor standards. Often it is these three issues that dominate the micro design 
problem. 


AN OVERVIEW OF THE MICRO DESIGN PROCESS 
PRECEDENCE RELATIONS 

Quite often the first problem encountered in the micro design stage is the deter¬ 
mination of the particular set of steps that should make up the job content 
of the work station. Usually the different steps which comprise the entire task 
can be executed in one of several different sequences. Consider the job design 
problem which faces the Getwell Electronics Company. Their new blood ana¬ 
lyzer requires several identical printed-circuit boards. Based on a recent fore¬ 
cast for the demand of these analyzers, approximately 170 printed-circuit boards 
should be assembled and soldered per day. 

Getwell’s industrial engineers have identified the steps necessary in the 
assembly process, their precedence relationships, and estimates of the standard 
time that each of these steps should take. All of this information is found in 
Fig. 5-1. 

Perhaps a few words ought to be said about the origin of this diagram. 
The precedence relationships were identified during the macro process design 
phase. At that stage the printed-circuit board with which we are now concerned 
was but one small part of the complete production job. Once the focus shifted 
to the micro aspects, each subassembly was considered separately. 

STANDARD TIMES 

The standard times which appear in Fig. 5-1 were obtained from their company 
standards and represent the time in which these motions can be completed by 
most people. 

Emphasis was placed on most because variability is inherent in the human 
process. For example, the average time to mount a transistor might be 25 
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seconds; but if this is used as a standard timej approximately half of the people 
performing the task would take longer. Of coursej half would take a shorter 
time. Perhaps a figure such as 35 seconds should be used. Most should be 
able to meet this standard. 

LINE BALANCING 

Once the standard times are determined, the next- action is to group these steps 
into jobs. Since 170 boards per day are required and each board takes 235 
seconds to complete, approximately 39,950 seconds of production time would 
be required. With two operators approximately 2 X 3,600 seconds/hour X fi 
hours/day = 43,200 seconds per day are available. Therefore we can assume 
that two full-time operators will be utilized to accomplish this objective. 

How will these steps be assigned to the two work stations? This depends 
on the criteria by which the Getw’ell Electronics Company designs a process. If 
that criterion is simply the minimization of costs, perhaps the steps should be 
split between these two work stations to take advantage of the inherent efficien¬ 
cies associated with job specialization. This might be accomplished by assigning 
one set of steps to station A and another set to station B. One alternative 
assignment might be as shown in Table 5-1. 

This particular division of steps does not result in a perfectly balanced 
set of work stations. Station B will be idle during some phase of each cycle. 
Perhaps another division of steps might result in a better balance. The ideal, 
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Table 5-1 Assignment of steps to stations A and B 



Station A 


Station B 

Step 

Time 

Step 

Time 

1 

60 

3 

20 

2 

30 

4 

25 

6 

iR 

5 

25 


125 seconds 

7 

40 




110 seconds 


of course, would be for each work station to have exactly half of the work with 
no idle time. 

OPERATOR VARIABILITY 

Even if the line were perfectly balanced, there would have to be an in-process 
inventor}" between stages. Remember that the production times which are given 
represent standards which can be met most of the time. However, because 
of the variability of operator performance, there will be occasions when station 
A will exceed the standard production time and, without in-process inventory, 
station B would be out of work. It could also happen that station B’s production 
time will be much less than the standard, and on this occasion production will 
also cease without in-process inventories. The appropriate size of in-process 
inventories is a difficult problem to solve. 

Let us take a closer look at this problem. Figure 5-2 illustrates a three- 
work-station, semipaced production line. A seniipaced line is a line in which 
work stations are connected in tandem and in which the input of one station 
depends upon the output of the previous one. The work pieces, however, are 
not fixed to a moving line. In a paced line, the work pieces are fixed to a 
moving line. The printed-circuit assembly represents a semipaced problem. 

Now if each of. these stations were perfectly balanced at 2 minutes each, 
one would not expect to find a finished part emerging from station 3 every 
2 minutes. The rate at which parts would be generated would depend upon 
the within-station variability. If a part is to be finished on the average of 
every 2 minutes, an in-process inventory must be maintained between these 
work stations. 

One V 7 ay to determine the adequacy of in-process inventories is to simulate 
the production process for several different levels of inventory. To begin with, 


Work station Work station 

1 


Work station 
3 


Fig. 5-2 Semipaced production line. 
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a probability distribution which describes station performance is required for 
each station in ihe sequence. This can be obtained in one of three ways. The 
firsi would be to use actual production data and compile a discrete probability 
distribution for each station. The second would be to develop a subjective 
probability distribution based on educated guesses^ and the third would involve 
using standard mathematical distributions such as the Poisson. The next step 
would be to choose an inventory’ strategy." for each station. Then the simulation 
could proceed. Work would be processed through the system and the rate of 
output would be observ"ed. This process can then be repeated for different levels 
of inventory. What is usually seen is that the rate of output rapidly increases 
as the inventoiy is increased from zero. These inventory increases, however, 
seem lo reach the point where they have less and less of an effect on output. 

In-process inventories cost money to maintain. The money tied up repre¬ 
sents funds which are therefore not available elsewhere for the purpose of con¬ 
tributing to the profitability of the firm. Larger in-process inventories, there¬ 
fore, may make a small contribution to the output rate of the line, but they 
may represent an inefficient use of funds. 

If in the macro design phase Getwell Electronics Company had decided 
upon a paced line, they would have had to consider other means of solving 
the variafailiiy problem. Under that strategy the length of time that the opera¬ 
tor has in which to perform his work is constant from one work piece to the 
next. Since the operator's pace varies from one piece to the next, job cycle 
or the length of time that the work piece is available, must be set tvell 
above the average operator time. Otherwise some work pieces wmuld proceed 
down the paced line unfinished or finished hastily and poorly. Figure 5-3 show^s 
the relationship between operator time and cycle time. As cycle time is in¬ 
creased, pans will go unfinished a smaller percentage of the time, but the output 
rate of the line also decreases. 

There are a few remedies for this problem of variability. One is to increase 
the length of the work station so that the operator altrays has access to more 
than one work piece. In this way, if one work piece takes longer than average, 
the operator has a chance to make up the extra time on the next piece. Another 
remeat is to decrease the space betw’een the work pieces and at the same time 
decrease iLe speed of the conveyor. Again, whatever 'time is lost on one piece 
can possibly be made up on the next. 



Percentage of time 
that the operator 
will unable to 
complete task to 
acceptable standards 


Fif» 5-3 Relationship between operator time and cyeie time. 
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WORK METHODS 

Once the set of steps to be included at each work station has been determined, 
Getwell Electronics Company must shift its focus to the selection of a method 
for executing these tasks. The use of assembly aids and fixtures, the physical 
design of the work station, and the assembly techniques used by the operator 
must all be considered. 

Where volume warrants, a significant amount of experimentation can be 
undertaken to ensure that the most efficient strategy is being employed. During 
this phase it is not uncommon to see the use of 'deft- and right-hand” charts 
to record the operator’s motions, the use of high-speed motion picture films, 
and even the use of simulation techniques. They act as vehicles for carefully 
analyzing each work method alternative. Since the volume anticipated by 
Getwell Electronics Company is not large, perhaps only the ^left- and right- 
hand” chart could be used to help establish work methods. 

LABOR STANDARDS 

After the line has been balanced and the work methods have been finalized, all 
of the details for performing each job are recorded as labor standards. These 
standards can then be used for performance evaluation purposes, training of new^ 
operators, cost control, and manpower planning. 

JOB SPECIALIZATION VERSUS JOB ENLARGEMENT 

Frequently the criteria for job design include not only economic but human 
factors. These human factors center around the individual’s role in the trans¬ 
formation process. Perhaps the most popular effort in this direction is the job 
enlargement school. The belief of this school is that the individual plays a 
crucial role in the effectiveness of the production process, and that, therefore, 
not only physiological but psychological and sociological characteristics must 
be considered in the design process. Consequently their focus is on the job 
itself, and their hypothesis is that if the job is satisfying, the individual will 
be properly motivated. 

If in the printed-circuit example we were interested in enlarging the job, 
we might assign all seven steps to each work station. Perhaps we might even 
make the operators totally responsible for the finished product by requiring 
them to inspect the unit and stamp it with their employee number. 

Just how beneficial job enlargement can be is an issue with pros and 
cons. In the next chapter we look more closely at this problem and in general 
at the role that human factors should play in the design of jobs. 

LINE BALANCING 

Line balancing is a rather complex problem that crops up in both paced and 
unpaced processes. Much w^ork of a theoretical and practical nature has been 
directed at this problem. In the next section an integer programming model 
is presented which in the final analysis proves to solve the problem perfectly 
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but which is too time-consumingj even on the fastest of computers. The reason 
for presenting it here^ however, is to give you an idea of one theoretical approach 
to the full-blowTi problem. Those not wishing this exposure can move to the 
following section, which focuses on a more practical approach to solving the 
problem. In that section a good, but not the best, solution to the problem 
is presented. Before jumping into these solution procedures, let us look at the 
general form and magnitude of the line-balancing problem. 

The essence of the line-balancing problem can be seen in Fig. 5-1. Here 
we find a number of steps, some of w’hich can be performed only after others 
have been completed. The objective is to distribute the steps evenly over a 
set of w’ork stations so that idle time is minimized. 

The number of ways in which these steps can be placed into a feasible 
sequence is quite large. In general, N steps can be placed in iV! sequences. 
However, because of the precedence relations, only some of the iV ! sequences are 
feasible. For r precedence relationships there are approximately An/2'‘ feasible 
sequences. Therefore in Fig. 5-1 there are approximately 7!/2® = 78 feasible 
sequences. As the number of steps increases, the number of feasible sequences 
goes quickly out of sight. For example, with 70 steps and 105 precedent rela¬ 
tions, the approximate number of feasible solutions is 70!/2^®^ == 10®®. How 
many centuries wrould it take all the computers to enumerate these possible 
sequences? Many. Therefore, rather than complete enumeration, we must 
turn to more e£5.cient means of establishing a solution. 


//// LINEAR PROGRAMMING MODEL 

In general, most models which have been developed for solving the line-balancing 
problem require as data a cycle time C, We define cycle time as the length 
of time that the work piece is available at each work station. Therefore, before 
the analysis can proceed, it must be determined wdiether a short cycle time 
or a long cycle time is preferred. This of course depends upon the firm^s attitude 
tow^ard job enlargement versus job specialization. Once determined, the line- 
balancing effort can proceed. 

If the total time required to complete a job, temporarily ignoring precedence 
constraints, is T, the minimum number of stations is Smia = T/C, How-ever, 
since precedence constraints must be obseivmd, it might be impossible to perform 
the job with so few stations. At worst the maximum number required, Smax? 
will be equal to the number of steps in the job. Frequently, howwer, it will 
be obvious that the maximum number will be less than this. Although there 
is no problem in specifying a maximum number much greater than is necessary, 
there is a problem if this number is not large enough. TiTiat occurs is that 
it will be impossible to assign the steps to those stations without violating the 
cycle time constraint. Our objective in solving this problem is to distribute 
the steps so as to minimize the number of stations required, Sbai, where 
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and at the same time not exceed the specified cycle time C or the precedent 
constraints. 

Consider the problem sho'vra in Fig. 5-4. Suppose that the production 
objective for this job is three finished pieces per hour or one every 20 min¬ 
utes. One strategy might be to assign the entire 75-minute job to one per¬ 
son, This being the case, each worker would produce 5.6 units during a 7-hour 
working day. To meet the daily quota of 21 pieces, four stations would be 
required. 

Another strategy would be to assign 20 minutes’ worth of work to each 
station. The layout of the facility w^’ould be such that the output from one 
station wmuld become the input to the next. At least four stations wmuld be 
required, Smin = 4, w^hereas the maximum number of stations Snmx would be 
8. Now w^e wdll proceed to determine the exact number of stations required 
as w^ell as the particular station to which these steps must be assigned. 

Let i = the ^'th step ^ = 1, 2, 3, . . . , A 
j = the jth station j = 1, 2, 3, . , , , S^ax 

Then U = time required to complete ^th step 
Y _ f 1 if step i is assigned to station j 

^ \Q if step i is assigned to some other station 

Cycle time constraints First we formulate a set of constraints which limit the 
number of steps assigned to each station so that the cycle time is not violated. 

V 

2 ^ for J = 1, 2, 3, , (Smax 

Applying this to our problem, we have 


llAii 4“ 17^21 4 “ 9 A 31 -f- 5 A 41 -h 8 A 51 -f- 12^61 4“ 3 A 71 4" lOAgi ^ 20 

IIA 12 4” 17 A 22 4” 9 A 32 4” ' * * 4“ • • • -j- • • • ioAg2 ^ 20 

llAis 4 “ I7A28 4 “ 9A38 lOAgg ^ 20 

where the first constraint limits the number of steps which can be assigned 

to station 1 so that the time required to perform these steps does not exceed 



Fig. 5-4 Precedence chart for line-balanc¬ 
ing problem. 
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the cycle time of 20 minutes. Tlie second constraint limits the steps assigned 

to station 2j and so on. 

S.tqi constraiiits We must also specify a set of constraints that makes sure 
that e¥ery step is assigned to one and only one station. 

SmMx 

2 lij = 1 for i = 1, 2, 3, . . . , 

For this problem we have 

Xii + Xi 2 + Xu "T ^14 + ^15 + -X’le + Xn + Xis = 1 

Wa -f- X 2 I 1^21 “I” -^*14 “F -^25 -{“ ‘ * * "1“ .^"27 “b -^28 “ 1 

Xgi + X:s2 -r Xu -r’'' + *** + '** + Xg'! + Xgg = 1 

where the first constraint ensures that step 1 is assigned to only one of the 

possible eight stations. The second constraint ensures that step 2 is assigned 
to only one of the possible eight stations, and so on. 

Precedence constraints Next we must express the precedence relationships as 
linear constraints. To accomplish this we have only to consider a step’s rela¬ 
tionship to its preceding step. Consider the precedent relationship showm in 
Fig. 5-4. Step 3 must follow step I, and this can be written as 

Xji K Xu 

Therefore, if step 1 is assigned to station 1, then Zn = 1; and if step 3 is 
not assigned to station 1, then X^j = 0. Since 0 < 1 is feasible, this distribution 
is allowed. Whai if step 1 were assigned to station 2 and step 3 were assigned 
to station 1 ? Then Zn = O' and Z 31 = 1 and 1 0. Therefore it would not 

be feasible. 

Continuing with the remainder of the precedent relationships, we have 

X 22 ^ Xu + Zi2 

X$i < Zii + Z 12 + Xu 


■^7B ^ i Z,g2 + Zgg -|- Zg4 -r Z -65 “}“ Zgg “f" Zgi Zgg 


Xss < Z51 + X§2 + Zs® + Zg4 + Zs5 + Zss + Z57 + Zss 
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Objective function The purpose of the objective function will be to push the 
final steps, 8 and 7, into previous work stations. Why do we have to ''push’' 
only 8 and 7 into earlier stations? Because if they are successfully pushed, 
all the other steps are pushed through their precedence constraints. 

We established at the beginning of our analysis that at least four stations 
were required. We therefore need to focus only on stations 5, 6, 7, and 8. To 
push the last steps into earlier stations, we make an assignment of these steps 
to a later station much more costly than their assignment to an earlier one. We 
can accomplish this by specifying the objective function in the following way: 

Minimize Z = 1(Z75 + Xss) + 10(Z76 + Xge) 

+ 100(Z77 + Zst) + 1 , 000 (Z 78 + Zgs) 

Essentially we have generated an arbitrary cost explosion from station 5 to 
station 8. 

The Xij's are decision variables and as a result should be restricted to 
a value of 0 or 1. Fractional values would imply that the step w^as to be 
split betw’een two work stations. This, of course, makes little sense. Therefore 
the problem should be considered as integer and the appropriate integer program¬ 
ming computer code used for its solution. 

What has probably become obvious to you is that a considerable number 
of equations are necessary to solve this eight-step problem for the exact solu¬ 
tion. In a more realistic problem with hundreds of steps, the integer program¬ 
ming formulation would get out of hand. In almost all cases this burdensome 
effort to get the exact solution is not worth the extra effort when compared 
with methods that get good although not necessarily the best answers. We 
now turn to one such method. //// 

A HEURISTIC APPROACH TO LINE BALANCING 

The line-balancing model to be presented here is considered a heuristic rule.^ A 
heuristic is a rule of thumb which may have little, if any, theoretical foundation 
but is found to generate very good although not necessarily optimal solutions. 

The problem that will be solved by this heuristic can be found in Fig. 
5-5. The first step in the solution process is to redraw the precedence dia¬ 
gram. First, columns are established under which the steps 'will be entered. Six 
columns are specified in Fig. 5-6. Next the steps are drawn into the columns 
as far to the left of the diagram as possible. Care must be taken not to violate 
the precedent constraints. Figure 5-7 shows a common error in setting up the 
new diagram. 

Two basic ideas are used in the assignment of steps to stations. These 
include the permutability within a column and the lateral transferability of 
steps across the chart. The first concept, that of permutability wfithin a column, 
is the freedom to select any combination of steps in a particular column. In 

^See L. Wester and M. D. Kilbridge, “Heuristic Line Balancing: A Case,” Journal of hidus- 
trial Engineeringj vol. 13, no. 3, May-June 1962. 
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Fii- 5-5 Line-balancing example. 


n 01 i IV V VI 



Fl§. 5-S Steps drawn below columns and moved as far to the left as 

possible. 

our example we will start with the objective of balancing a line given a cycle 
time of C = 23 minutes. First m-'e proceed down the first column. Only one 
step appears in this column, and it has a time of 6 minutes. We include this 
step in the first station and proceed to column II. It is important to note 
that only after ail the steps in a partkuiar column have been assigned can 
you move to the next column. 

Moving to column 11^ we find that if all of the steps are placed in station 
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Not 

acceptable 


X XI XII 



Fig. 5-7 A common pitfall. 


1, the total time thus far assigned is 21 minutes. Now we must move to column 
III to complete the 23-second cycle time. 

Since 21 minutes' worth of work has already been assigned, w^e will try 
to select some combination of steps from column III to equal the 23 — 21 = 2 
minutes necessary to balance station 1. Of course, it might not be possible 
to find a combination that would exactly equal 2 minutes, in which case the 
combination which came closest would be selected. It is here that use is made 
of the first concept, permutability within a column, for any combination of 
steps from a column which does not exceed the desired time is allowed. 

In this case the choice is easy. We find a step with a time of 2 minutes, 
and the first station can be perfectly balanced. A dotted line is used to set 
off the included steps in station 1. 

Turning to station 2, the remaining 3 minutes associated with step 7 are 
assigned to station 2. The entire contents of column IV can be placed in station 

2, as well as the contents of columns V and VI. In fact, station 2 is also 
perfectly balanced with a total time of 23 minutes. Both stations have been 
perfectly balanced. 

ANOTHER EXAMPLE 

Now let us try to balance the line if the cycle time is set to C = 10 min¬ 
utes, The precedent chart is redrawn in Fig. 5-8. First, step 1 is assigned 
to station 1. There are now 10 — 6 = 4 minutes to be assigned to station 1. If 
steps 2 and 6 could be assigned to station 1, then it would be perfectly bal¬ 
anced. However, according to our rules, step 6 can be assigned only after every 
step from column II has been assigned. Now the second concept of lateral 
transferability can be illustrated. Steps can be moved laterally as long as the 
precedent relationships are not violated. For example, steps 3, 4, and 5 can 
be moved into column III provided that steps 7 and 9 can be moved one column 
to the right. It can be seen from Fig. 5-8 that this is indeed possible. The 
move is made in Fig, 5-9. Now step 2 is included in station 1 and selection 
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2 6 5 



FIf. 5-S Lme-faalancing example. 



Fig. 5-9 Solution. 

can proceed to columii III, from which step 6 is included to perfectly balance 
station 1 at 10 minutes. 

Next we proceed to assign steps to station 2. Since lateral transferability 
is no longer possible, steps 4 and 5 are assigned to station 2. Steps 3 and 
7 can be assigned to station 3, step 8 to station 4, steps 9 and 10 to station 
5, and step 11 to station 6. 

This heuristic, which was developed by Kilbridge and Wester, has proved 
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to be a simple and powerful technique across a wide spectrum of line-balancing 
problems. There are some situations, however, where short cycle times are ac¬ 
companied by the 'presence of two or more stations assigned to one column 
when this technique does not perform as well as some others. So once again 
we see that one model is not general enough to be used indiscriminately. 


WORK METHODS 

Once the optimum combination of steps for each work station has been deter¬ 
mined, focus must shift to the optimum way in w’hich this set of steps should 
be carried out. The effort directed at designing efficient work methods depends, 
of course, on the production quantity. As production quantity increases, the 
design of work methods becomes more sophisticated and the techniques of analy¬ 
sis progress from the informal to the use of high-speed motion picture cameras. 

OPERATION CHARTS 

In the simple case where the cycle for the job is short and the production 
volume is low to moderate, operation charts are used. The purpose of this 
type of chart is to show the coordination of movements between the left and 
right hands during an assembly seciuence. As you can see from Fig. 5-10, there 
are two columns, one for left-hand and another for right-hand movements. The 
motions are broken down into reach, position, grasp, transport, and assem¬ 
ble. Breaking these general motions dowm into finer elements for jobs of low 
to moderate volume is usually considered unnecessary. 

In Fig. 5-10 the motions are shown for an initial design sequence of a 
bolt and washer assembly. The analyst, after developing a design sequence, 
should carefully scrutinize it for motions which might be fatiguing or 
wasted. Perhaps a redesign based on the use of new tools or fixtures could 
result in a better balance between the hands; frequently a better balance means 
a shorter cycle time. A useful guide when performing this analysis is Frank 
B. Gilbreth’s- set of principles of motion economy. It provides valuable insight 
into the efficient use of the hands, arrangement of the work place, and design 
of tools and equipment. 

Putting some of these principles to use, a redesign of the bolt and washer 
assembly was undertaken. If a fixture is designed to hold two assemblies, then 
both can be assembled at the same time. Figure 5-11 illustrates the new work 
method, as well as the fixture, which is mounted in front of the operator. 

MICRO MOTION ANALYSIS 

If the volume warrants, a micromotion analysis is undertaken, where each job 
is broken down into very basic elements called therbligs. This is a much finer 
breakdown than in the operation chart. The activities of the left and right 
hands are plotted against a time scale, and the data for this ^'simo chart” are 

^ Frank B. Gilbreth, Primer of Scientific Management, D. Van Nostrand Company, Inc., 
New York, 1914. 
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Left Hand 

Carries fiaislied assembly to bio I 
Releases assembly into bin I 
Reaches for tjolr in bin 2 
Grasps bolt from bin 2 
Carries bolt io central position 


Holds bolt 


0 


Carries finished assembly to bin I 


t 


Right Hand 

Reaches for lock washer in bin 3 
Grasps lock washer from bin 3 
Carries lock washer to central position 

Positions lock washer 
Assembles lock washer onto bolt 
Reaches for plain steel washer in bin 4 
Grasps steel washer from bin 4 
Carries steel washer to bolt 
Positions steel washer 
Assembles steel washer 
Reaches for rubber washer in bin 5 
Grasps rubber washer from bin 5 
Carries rubber washer to bolt 
Positions rubber washer 
Assembles rubber w^asher 
Releases finished assembly 


Fig, 5-10 Operation chart of bolt and washer assembly. (From Ralph M. 
Barnes, Motion and Tirne Study, John Wiley dt Sons, Inc., New York, 
1964, p. US.) 


usually obtaiiieci with a high-speed camera. The pictures are taken at approxi¬ 
mately IjOOO frames per second, and when they are replayed at 60 frames per 
second, every detail in the process can be studied carefully. 

MAN/MACHINE CHART 

When the operator at a work station must interact with one or several machines 
on a periodic or random basis, an activity analysis is performed. Again the 
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Left hand 

Reaches for rubber washer in bin I 

Grasps rubber washer from bin 1 

Slides rubber washer to countersunk hole 

Positions rubber washer in countersunk 
holes 

Reaches for plain steel washer in bin 2 

Grasps steel washer from bin 2 

Slides steel washer to countersunk hole 

Positions steel washer in countersunk 
holes 

Reaches for lock washer in bin 3 

Grasps lock washer from bin 3 

Slides lock washer to countersunk hole 

Position lock washer in countersunk 
hole S 

Reaches for bolt in bin 4 

Grasps bolt from bin 4 

Carries bolt to washers at S 

Positions bolt preparatory to inserting 
it into washers at S 
Assembles bolt and washers 

Lifts bolt and washers, carries to left 
and releases into top of chute 6 


Right hand 

Reaches for rubber washer in bin 1 

Grasps rubber washer from bin I 

Slides rubber washer to countersunk hole 

Positions rubber washer in countersunk 
hole 5 

Reaches for plain steel washer in bin 2 

Grasps steel washer from bin 2 

Slides steel washer to countersunk hole 

Positions steel washer in countersunk 
holes 

Reaches for lock washer in bin 3 

Grasps lock washer from bin 3 

Slides lock washer to countersunk hole 

Positions lock washer in countersunk 
hole 5 

Reaches for bolt in bin 4 

Grasps bolt from bin 4 

Carries bolt to washers at 5 

Positions bolt preparatory to inserting 
it into washers at 5 
Assembles bolt and washers 

Lifts bolt and washers, carries to right 
and releases into top of chute 6 


Fig. 5-11 Operation chart of bolt and washer assembly—redesign. {From Ralph 
M. Barnes, Motion and Time Study, John Wiley & Sons, Inc., New York, 1964, 
p. 114 ^) 


central coordinating axis is time, but in this case the individual’s activity is 
recorded on one side and the state of the machine on the other. The object 
of this analysis is to scrutinize the activity of the man and the machine in 
an attempt to achieve the most economical balance of activity. For example, 
if excessive operator idle time became apparent as a result of this analysis, 
perhaps he might operate two identical machines making the same product or 
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he might eyen operate another machine making a different product. Even if 
the resultant job redesign leads to some machine idle time, it could still be 
economically superior to the old method. However, before this can be proved 
conclusively, an economic analysis of the before-and-after situation must be 
undertaken. 

In Fig. 5-12 an analysis is shown for each of three alternatives. These 
include an operator running one, two, and three machines. It can be seen that 
the per-pieee cost for alternative B is the lowest; therefore the most economical 
solution is to have the operator run two machines. 

This simple deterministic analysis is quite appropriate w^hen the time re¬ 
quired for each of these activities is knowm with certainty, or wdien the certainty 
assumption is a good approximation. 

There are occasions, however, when the time for carrying out these activities 
is subject to considerable uncertainty. Then a stochastic model must be 
built. To illustrate this, we turn to a problem found in hospital administration. 


ci "5 — "S "S 


s s s s 



U = unload 
L = load 

MacMne cost per hour = S5 
Labor cost per hour = S10 

Machine output rate = I piece per cycle 


Cycle time 

7 min 

1 min 

M,an idle 

57% 

1 14% 

Machine idle per machine 

0% 

' m 

Pieces per hour 


1 

7 

7 

Per-piece cost 

J— = 1 75 

60/7 

20 7 


9 min 

22 . 2 % 

20 


25 . 
20 ‘ 


1.25 


Fig. 5-12 Three alternative man/machine assignments. 
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STOCHASTIC MAN/MACHINE MODELS 

A stochastic problem can be found in the field of hospital administration whose 
form is quite similar to the man/machine problem but whose content is quite 
different. The problem is to determine the number of patients who can be 
assigned to one nurse. Certain constraints must not be violated. For example, 
if we break up all calls for service into critical and noncritical, a noncritical 
call must wait no longer than, say, 7 minutes, while a critical call must wait 
no longer than 40 seconds. One technique which might be used to evaluate 
a set of alternative solutions is simulation. Several different combinations of 
nurses and patients could be simulated, one at a time. In a simple model only 
time between calls, percent of critical calls, and ser\dce time need be considered 
in the analysis. The results of each simulation would show the average waiting 
time for critical and noncritical calls and the number of times that the constraints 
were violated. The best proportion of patients to nurse would be the one which 
did not violate the constraints at all or the one which had the fewest violations. 

This analysis could be extended to determine nursing loads and assignments 
on a continuing basis. First the patient load together with expected nursing-staff 
levels would have to be kept up to date in the computer's file. Then as patients 
are admitted to the hospital, their health status, room assignment, and expected 
level of nursing care would be entered into the computer. A simulation could 
be run before every nursing shift, determining assignments, in such a way as 
to minimize the number of service violations. 

PHYSIOLOGICAL FACTORS 

Another aspect of the man/machine system is the way in which the machines 
and equipment interface with the human operator. Until the Second World 
War, little attention was focused on the role that the operator played in carrying 
out his activities. Then with the advent of complex military equipment it be¬ 
came important to consider the effective working space of the operator, the 
efficient design of hand and foot controls, the location of displays, and the effec¬ 
tive use of the hands and body. Newer aircraft, for example, were designed 
in such a way that cockpit controls were positioned wdthin comfortable reach 
and with the most frequently used controls the easiest to reach. The shapes 
of hand controls were differentiated so that pilots could operate by feel alone, 
without having to visually check to ensure that the proper control was being 
operated. Instruments were positioned in such a way that in the normal operat¬ 
ing position all controls read in the same direction. In this way, if the instru¬ 
ments read ^T2 o’clock," all systems wwe normal. A quick glance could there¬ 
fore determine the state of the instruments. 

The outgrowth of this World War II effort was the application of these 
ideas to the industrial sector of the economy. These data are now used to 
help in the layout of the work station and in the design of production machin¬ 
ery. They serve as guides in designing the maximum and normal working areas 
and the heights for chairs and tables. They also represent well-established stand¬ 
ards for the strength and forces of different body movements, the speed and 



1311 


DESIGN OF THE SYSTEM 


precision associated witli moYement of body parts, and the most effective way 
to design visual displays. 

THE WORK STATION ENVIRONMENT 

It is interesting to see how the focus has shifted from one set of environmental 
problems to another in the last 40 years. One of the original goals of the 
Hawthorne study w^as to determine the effect of lighting on worker productiv¬ 
ity. Lighting and heating were seen as having short-run effects; if the levels 
went below some threshold, acthdty fell off sharply. For the most part, problems 
due to improper lighting, heating, and humidity are virtually nonexistent in 
our modern society. However, as these short-run impediments to worker produc- 
tmty have been overcome, the emphasis has shifted to the longer-run effects 
of noise and atmospheric pollution found inside many plants. Both of these 
sources of “pollution” do not result in harmful short-term effects, and as a 
result business has had little economic incentive to alleviate these condi¬ 
tions. Managements future course of action, hotrever, must be based on moral 
rather than economic principles; and if this responsibility is not shouldered, 
we should not be surprised to find the enactment of stricter state and federal 
regulation. Already the Walsh-Healy act of 1969 requires that those entering 
into contracts exceeding $10,0(M} with any agency of the United States comply 
with federal noise standards. 

LABOR STANDARDS 

Labor standards play an important role in the design and operation of any 
system. In some industries the standards are developed and applied on a very 
informal basis; in others, considerable effort is undertaken to develop standards, 
make use of them, and readjust them periodically. An example of the informal 
process can be seen in small production shops, retail stores, and service indus¬ 
tries. The formal process is seen in large firms where the manufacturing volume 
is high and many employees are involved in repetitive activities. 

The uses of labor standards are many. They are used in the development 
of wage incentive plans for the costing and pricing of products, the planning 
of manpower requirements, the process design phase as the criterion for compar¬ 
ing alternative processes, and, as we have already seen, as input data to the 
line-baiancing problem. They are also used in the cost control process for com¬ 
parison with actual costs. For example, if the actual cost deviates substantially 
from the standard cost, corrective action may be taken. 

Three methods for establishing work standards will be presented. These 
include the time study approach, the predetermined time study approach, and 
work sampling. The first requires that we time the actual job, using a stop¬ 
watch, whereas the second makes use of a set of predetermined times that have 
been well tested for a host of standard motions. The third approach is used 
for jobs wLich have a fairly long cycle time. Typically it is used for setting 
standards for clerks, secretaries, bank employees, hospital personnel, government 
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Fig. 5-13 Sample time sheet. 

jobs, etc. In this approach the job is sampled at random times until the pattern 
of the job has evolved. First we take a closer look at time study methods. 

TIME STUDY 

The first step in taking a time study is to carefully record, by means of a 
sketch, the physical characteristics of the work station, including the tools and 
j&xtures, which will be considered to be the standard work practice of the 
job. Next the task is divided into its basic elements of motion. The elements 
should take at least 2 minutes to perform, as a finer breakdown is usually 
unwarranted. The elements are then recorded on a time sheet similar to the 
one shown in Fig. 5-13. 

The worker who is selected to be studied should spend enough time on 
the task so that he knows the sequence well and performs it smoothly. With 
a stopwatch, he is timed for several cycles. The watch is usually kept going 
and the clock time at the completion of each element is recorded on the time 
sheet. At the end of the timing session each recorded time can be subtracted 
from the premous one so that clock time can be converted to actual time. 

Select time Somewhere between 5 to 25 successive cycles are timed. When 
completed, the times recorded for each element are examined to see if any deviate 
substantially from the cluster of recorded values. If this does occur, the time 
can probably be identified with some unusual factor, such as the dropping of 
a tool, the breaking of a tool, material defect, etc. Since allowances for these 
factors will be made later, they should be eliminated from this first computa¬ 
tion. Now the remaining cycle times for each element are added together. The 
results are placed in the %T column of Fig. 5-13. Next the average for each 
element, T, is computed by dividing ST by the number of cycles w^hicli were 
observed. Finally these average element times are summed to give the average 
time it took to perform the entire task. This is called the select time. 

Adjysiment for pace Now, this select time represents the time it took a particular 
individual to perform a series of steps. Perhaps he is faster or slower than the 
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average. Therefore^ some adjustment should be made of this observed time so 
that it may reflect the pace of an average worker. 

To accomplish this adjustmentj the select time is multiplied by a rating 
factor^ RF. In some cases this factor is determined subjectively. An estimate 
is madCy at the time of the study, of the normal pace for the task. This is 
measured as the number of pieces that could have been completed by an average 
worker. The rating factor is then computed in the following way. 

_ Actual Pace 

Subjective Estimate of Normal Pace 

If the obsen^ed worker is considered to be slower than average, the RF will 
be less than 1. A rating factor greater than 1 indicates that the observed worker 
is faster than average. Some use experience alone to estimate a normal 
pace. Because of the subjectivity associated with this approach, many turn 
to a more objective method. 

There is no perfectly objective method for rating a particular performance, 
but there are more effective means than the use of experience alone. Motion 
picture studies have been successfully used to train those responsible for estab¬ 
lishing time standards. These movies illustrate a range of paces for a range 
of motions and train the observer to rate the subject quite accurately and 
eo:nsistently. 

AHowances After the select time has been adjusted for pace, it must be 
adjusted for allowances. It is hardly reasonable to expect the worker to function 
every minute of a 480-minute day. Allowances should be made for personal 
time, fatigue, macliinery problems, broken tools, and defective materials. The 
allowance for personal time includes breaks during the day, and these of course 
depend upon the kind of work being done. In very strenuous tasks and those 
which expose the worker to environmental difficulties such as extremes of tem¬ 
perature, breaks would come more frequently. Labor unions, as you would 
expect, often play a significant role in setting these allowances. 

In some cases an allowance is made for fatigue. The argument in its 
favor points to the fall in performance as the day progresses. Those opposed 
to this allowance argue that if output rates are set properly in the first place, 
fatigue should not set in. All allowances considered, the total adjustment usu¬ 
ally is in the vicinity of 20' percent. 

Standard tinie Now ^ standard time^ complete with all adjustments, can be 

calculated. 

Standard Select v- , F ah xy Select -o-p" 

time ■ time ^ + [-inotvancea(%) X X RF j 

This represents the average per-unit time it should take an average worker to 
continually perf orm a given task. 
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fig. 5-14 Distribution of element times. 


//// appropriate number of observed cycles The process of observing 

a number of cycles and using the average of these observations as the estimate 
of the true but unknown actual average time for performing the task is nothing 
more than conventional statistical sampling. As in any sampling experimentj 
the first issue is the appropriate number of observations that must be taken. In 
time studies this becomes the appropriate number of cycles that should be 
timed. The number depends upon the confidence that is desired, the error that 
can be tolerated, and the variability of the dominating element in the task. We 
now turn to these problems. 

Each element time can be looked upon as being generated by a process with 
mean Lh and standard deviation ctj. An estimate of these parameters, Xi and Si, 
is determined from a sample of n cycles. The sample mean Xi, however, is only an 
estimate, and the probable magnitude of this error can be seen in Fig. 5-14. The 
population distribution is represented by the solid line, and the dotted line repre¬ 
sents the distribution of sample means for samples of size n. The standard 
deviation of the sampling distribution is called the standard error of the esthnate 
(Tx. It can be approximated by 

Ui 

where Sf = standard deviation for that element computed from sample of iii 
cycles 

According to the central-limit theorem, the sampling distribution of the 
mean can be approximated by a normal distribution. For example, it can be 
said wdth a probability of .99 that X, will differ from Ui by less than 2.56(S,/V'n,). 
This difference, Ei = X,- — Ui, is sometimes called the error of the estimate. 

We can also say with a probability of .95 that the error of the estimate wdll 
be less than some quantity Ei, where Ei == 1.96(5t/V^). This relationship can 
be used to determine the sample size which is required to attain a certain degree 
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of error and confidence. By solving for rii we will find a sample size such that 
95 percent of the time the maximum error of the estimate is Ei. 


Hi = 


(i.96)5il2 


This computatioBj however, must be undertaken for each element. Whichever 
element requires the largest sample can be said to dominate the others, and 
it will determine the number of cycles that need to be observed. Therefore 


? 2 * = max (ni, rinj . . . , ? 2 *, . . . , %) 

Unfortunately the variability of each element, Sj, is needed to compute 
the sample size, and it is seldom known before the sample is taken. Therefore, 
the usual procedure is first to sample between 5 and 25 cycles. From this, 
the sample variance of each element can be computed, and from it the sample 
size that should have been taken can be calculated. If the actual was greater 
than the computed size, the experiment is complete. If not, additional cycles 
need to be timed. 

For example, if we take a preliminary sample for the first element of 
n' = 20 cycles and from it compute an Si = 6 seconds, the number of cycles 
that should have been observed in order to obtain a 95 percent chance that 
the error would be less than 3 seconds is 



Computations are continued for the other elements that make up the task, and 
we find 


= IS 

fl3 = 17 
7U = 14 
fis = 15 
llB = 14 
fir = 19 
and n* = 19 

Since the actual sample of n' = 20 is greater than = 19, the sample that 
has been taken is more than adequate to assure the error limitation and con¬ 
fidence required. 

Rather than specifying an error for each element, it would be more con¬ 
venient to specify the error in terms of a percent from the mean. For example, 
we could say that the sample size should be such that 95 percent of the time 
the error will be less than 5 'percent from the mean. We can modify our ap- 
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proach in the following way: 



where n = sample size that should be taken 
n' = sample size that was taken 
Si = standard deviation of sample that was taken 

Using the above formula, you will find the number of required observations 
for each element which will predict the element's time within 5 percent of its 
population mean 95 percent of the time. //// 

PREDETERMINED TIME STANDARDS 

The problem of adjusting obsen^ed times to an average pace can be avoided 
by the use of predetermined time standards. These standards have been care¬ 
fully compiled and are available for a wide spectrum of motions. This, however, 
means that the job must be broken down into its basic elements, called 

Then the time for each of these motions is located on the charts and 
recorded. After all the times have been added together, the appropriate allow¬ 
ance factor is added to generate the normal time. Since the many different 
kinds of users all have their own allowance factors, the predetermined time 
standards have been compiled without them. 

The advantages of predetermined time standards are many. As already 
mentioned, it is not necessary to adjust the observed time to an average pace. 
Secondly, a worker does not have to be trained, and as a result the standards 
can be ready well before the production phase begins. The third advantage 
is that the predetermined standards have been well received by workers and 
their labor unions. 

WORK SAMPLING 

Work sampling is used where the cycle time is very long or where it is incon¬ 
venient, costly, or morale-destroying to initiate a full-scale time study. In its 
simplest application, it is used to determine the percentage of the time that 
a certain work activity is being performed. For example, in a large commercial 
bank a work sampling study wms undertaken to determine the percentage of 
time that an office clerk spent filing information, typing, and answering the 
telephone. Using traditional work sampling methods, random observations were 
made of several clerks throughout the day. This process was continued for 
several wrecks. The activity for each obser\^ation was recorded as either filing, 
typing, answering the telephone, or other. When the study was completed, the 
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percent occurrences in each category was used to represent the true percent 
of the time that each of these acthities occurs. 

A more complex use of work sampling is to generate standards. To do 
thiSj howeTerj it is necessary to know the total amount of work that was com¬ 
pleted during the obseiwation period. AlsOy the figures must be adjusted for 
the pace of the work being obsen’ed. Usually some overall average is taken. 


SUHiiARY 

In this chapter we focused on the design problems associated with work content 
and work methods. It is here that we determine w^hich steps must be included 
at the work station and the best possible method for executing these steps. Gen¬ 
erally there is a considerable degree of flexibility in grouping steps, and the 
solution to this line-balancing problem is far from obmous. As a result, either 
optimization or heuristic techniques become welcome aids in the resolution of 
this problem. 

An essential input to this stage is a set of labor standards. With them 
the process can be effectively designed, standards can be set, and the behawor 
of the system can be controlled. Since the days of Fredrick Taylor in the 
early 1920s, much attention has been focused on labor standards. Presently 
we have a sophisticated resenmir of knowiedge and experience in this area; 
countless books have been written and courses offered on the subject. 

One ver\^ important aspect of this whole process, however, is far from 
being solved. This is the role which human factors should play in the design 
phase. Frequently these factors overshadow technical ones, and the eventual 
solution is not one which was derived from a strict application of motion and 
time study. The human element deserves a chapter of its own. It is to this 
that we now turn. 


QUESTIONS 

Q5-1. Whai factors influence the choice of a cycle time? 

Q5-2. In the assembly of an automobile, how much discretion is there in the selection 
of a cycle time, and why? 

Q5.3. Is job specialization ine\itable in some industries? 

Q5-4. What is the objective in line balancing? How are cycle times set? 

Q5-5- Suppose that you have been commissioned by the U.S. Post Office to determine 
the actual costs incurred by the different classes of mail. How could work sampling 
be employed to accomplish this task? 

Q'5“6,. In a line-balancing problem with. 10 steps and 6 precedent relationships, approxi¬ 
mately how many feasible sequences could be established? 

Q5-7- Wli,at are the advantages of predetermined time standards? ?vlight their introduc- 
tio,n into the plant system be difficult? WTiy? 

Q5-8. What is an operation chart, and when is it used? 
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Q5-9. Construct an operation chart for the following assembly problem. Can your as¬ 
sembly method be improved by the incorporation of a fixture? If so, design one and 
construct the new operation chart. 


B 



Q5-10. Suppose that a new assembly technique has been suggested for one of the stations 
along a liigh-voliime production line. What method of analysis would be appropriate 
for studying and perhaps improving upon this suggestion? 

Q5-11. Whj" is the select time inadequate for representing the standard of job 
performance? 

Q5-12. In the past, one of the automatic-lathe operators in a large machine shop has 
experienced a considerable amount of idle time while his machine was sequencing through 
its job. The foreman has suggested that this operator could run another lathe just 
like it. The maclune operator, on the other hand, feels that tliis would not be econonii- 
caL With two machines there would certainly be some machine idle time. On occasion 
this idle time could be quite substantial, since the setup and breakdown times for jobs 
vary considerabh". 

How would you resolve this problem? 

Q5-13. What role would physiological factors play in the design of a work station where 
an operator must assemble 45 parts into a completed electronic subassembly? 

Q5-14. How^ would labor standards differ between a retail sales clerk, a production-line 
employee, and a nurse? 

IJ5-15. Differentiate between time study standards and predetermined standards. 


PROBLEMS 

P5-1. Two stations along an assembly line have been balanced with an average of 60 
seconds’ work each. The arrival pattern for parts at the first station has been observed 
to be the foEoT^dng: 


Time between arrivals 


Time 

Frequency 

40 seconds 

.10 

50 

.20 

60 

.40 

70 

.20 

80 

.10 
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The length of time that it will take the average operator at each station has’been ob- 

sen-’ed over sereral cyeleSj and it is also recorded below. 


%€lc time 


Time 

Frequency 

40 seconds 

.15 

50 

.20 

60 

.30 

70 

.20 

m 

.15 


SimulaTe ihe prodiiciion line for a period of 15 minutes and estimate the number 
of pins per minuie which can be expected to emerge from the second station. Assume 
ito mventor^’ between stations. 

Can you tell from the results of your simuiation if in-process inventories would 

hdp? 

K-2. Becently a forecast was .made which shows that several additional punch presses 
must be purchased by the machine shop. At present, one machine is used to capacity 
and the macMne operator does e.xperience some idle time while the machine is running. A 
study of his cycle reveals that it takes 2 minutes to unload each piece, 4 minutes 
to load, and 7 iiii,iiuies lo run. This can be ponrayed in the foUotving way. 


Time 

Man MacMne 


Unload + Unload 


Load -r Load 

+ 


■f 

Idle I Run 

I 

± 


(a) If machine cost is $10 per hour and labor cost is 87 per hour, wdiat is the 
cycle time, man idle time, machine idle time per machine, number of pieces produced 

hour, and per-piece cost ? 

(hi Extend the analysis to one man, two machines and to one man, three ma¬ 
chines. Which is the most economical? 

P5-3- If an operator is assigned to a single machine, t.hen his C3'cle can be depicted 

in the follotting waj’. 
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Man Machine 


Unload 

Unload 

Load 

Load 

Idle 

Run 


If maeMne cost per hour is §5 and labor cost is SIO, how many machines should he 
operate to minimize per-piece costs? 

F5A. The following data have been collected from a time study of a new product: 

(a) Number of cycles timed, 40 
(5) Select time, 135 seconds 

(c) Eating factor, .90 

(d) xAilo’wance factor, .25 

What is the standard time to perform the job? Was the operator who was timed 
faster or slower than average ? 

re-5. The following data have been collected from a time study of a new^ product: 

(a) Number of cycles timed, 50 

(b) Select time, 100 seconds 

(c) Eating factor, 1.1 

(d) Allowance factor, .15 

What is the standard time to perform the job? Was the operator wdio w^as timed faster 
or slower than average? 

//// re-6. To determine the approximate number of c^^cles that should be observed, a 
preliminaiw" sample of 30 cycles is observed. From it a standard deviation of Si = 4 sec¬ 
onds is computed for the first element in the task. How many cycles should be observed 
for this element in order to obtain a 99 percent chance that the error would be less than 2 
seconds ? 

Computations for the other elements show^ the following number of cycles which 
should be observed: 

n* = 30 ns = 22 

»,! = 17 ne = 18 

m == 21 

What strategy" should be chosen? //// 

//// re-7. How^ many cycles should be observed for element 1 when a preliminary set of 
20 observations resulted in a standard deviation of S seconds? The criterion for sample 
size is that there be a 95 percent chance for the error to be less than 4 seconds. //// 
//// P5-S. What sample size should be taken for a particular element so that 99 percent 
of the time the error will be less than 6 percent from the mean? Derive the formula.//// 
//// re-9. Using the formula which you developed in Prob. P5-8, find the number of 
cycles which should be timed for the first element when a preliminary sample of 20 cycles 
resulted in a mean of SO seconds and a standard delation of 5 seconds. //// 
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1^-10. The following is a set of steps which must be di\ided among a group of work 
stations in such a way as to minimize idle time. x4ssmiie that cycle time is set at 
30 seconds. Set up a linear programming model of this problem. Do not solve. 



P5-11. Set up the following line-balancing problem in linear programming format. Let 
the cycle time be 20 seconds. 



1^12. Solve the following line-balancing problem, using the heuristic approach. Let 
the cycle time be 10 minutes. 



P5-13. Solve Prob. P5-12 for a cycle time of 8 minutes. 
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re-14- Using the heuristic model, determine the minimum number of stations wliich 
are needed and the steps to be included at each of these stations for the foUovting 
line-balancing problem. Let the cycle time be 10 minutes. 



P5-15. Solve Prob. P5-12 for a cycle time of 14 minutes. 
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Human Factors in Job Design 


INTTODUCTION 

The previoiis cliapterSj which focused on the macro and micro design characteris¬ 
tics of a iransformation process, treated the design of the system from a mecha¬ 
nistic point of Tiew. Underlying this anal^’tic approach was the assumption 
that there is a ‘'‘best wa^’’’ to design the process. Once this ^^best w^ay” is un¬ 
covered, the optimal operation of this man^^'machine system is assured. It was 
therefore expected that the individual would adapt to the role necessitated by 
the job. Little, if any, attention was directed toward the individual who must 
fill this role. 

The purpose of this chapter is to reriew and analyze the research that 
has been undertaken to bridge this gap between the requirements of the 
job and the needs of the indiridual. Five main stages serve to identify the 
development of these ideas. The first is the engineering approach associated 
with Taylor’s scientific management school, the second is represented by the 
human relations school, the third by the job enlargement school, the fourth 
by the job participation school, and finally that embodied in the job enrichment 
school 
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ENGINEERING DESIGN 

If anything can categorize the scientific management school, it is the search 
for the “one best way” to undertake a job. To accomplish this, two dimensions 
were emphasized: first, the coordination of the physical transformation process; 
secondly, the coordination of the human being into this physical process. The 
focus on the individual, however, was strictly task-oriented. Psychological and 
sociological factors which could not be linked immediately to productive output 
were of no concern. 

To improve the efficiency of the physical transformation process, several 
steps were taken. First, the practice whereby the worker would choose his own 
technique was abandoned. Standard manufacturing practices were devel¬ 
oped. Secondly, standards of performance, which had been heretofore worker- 
determined, were also developed. Time study was the method for setting these 
standards. 

Then, to coordinate the human being with this physical process, wage incen¬ 
tives based on a piece rate system were introduced. The support of the worker 
was won when it became clear that it w^as possible to earn higher wages under 
this plan than under the traditional one. Under this new system the worker 
benefited by taking home more money and the company benefited by a substan¬ 
tial increase in productivity. 

The upshot of the scientific management movement was a mechanistic 
view of the transformation process as well as a mechanistic view of the w^orker’s 
role in that system. As a result much more control of the worker’s environment 
was transferred to management, and along with this transfer went the loss of 
several sources of worker satisfaction. 


NUilAN RELATIONS 

The human relations school took as its domain the psychological and sociological 
environment of the job. Its framework evolved from a series of studies under¬ 
taken at the Havdhorne plant of the Western Electric Company. The initial 
objective of this study was to determine the effect that certain variables, which 
were associated with the physical environment, had on output. These variables 
included light intensity, temperature, humidity, and hours of sleep. In all of 
these experiments the transformation process was treated as a given. 

The major finding from these experiments was that changes in the physical 
environment did not suffice to explain changes in the rate of output; the re¬ 
searchers had to look elsewhere. Focus then shifted to the social group, and 
it was successfully determined that the social environment contributed to these 
changes in output. Performance of the group was related to satisfaction for 
the individual, cohesion within the work group, coordination between the work 
group and supervision, and the collective purpose of the group. The policy 
that emerged from this school made a revolutionary impact on management 
style; it was: strengthen the work group, build cohesion within the group, and 
harmonize the plant. 
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In its popular version, ^^human relations'’ to many practitioners meant 
that a happy group was a productive group. True, a happy group probably 
exhibits strong cohesion, but there is no evidence to show" that a cohesive group 
will motivate its members tow^ard task-oriented goals. In fact, quite frequently 
cohesive groups can be found repressing the achievement of task-oriented 
goals. The congruency bet-ween the group goals and task-oriented goals is essen¬ 
tial to predicting performance levels of cohesive groups. If the group’s goals, 
as defined by their members, are congruent -with the task, performance levels 
will be high. If there is low^ congruence, performance wdll be low. 

The astute practitioner of human relations therefore show^ed concern for 
the needs of the group and the requirements of the task. His job was one 
of integration and balance. The consequence of this new" focus was a rejection 
of the mechanistic point of view taken by scientific management and the intro¬ 
duction of the social aspects in the work en\dronment. 


JOB ENLAlOEiiENT 

According to the human relations school, performance was strongly tied to the 
social forces acting on individuals. The content of the job was considered to 
be technologically determined and outside the bounds of discretionary de¬ 
sign. They accepted the “one best way” philosophy of the scientific management 
school. 

The problem that had evolved from continued application of these scientific 
management principles was that many jobs seemed to have become specialized, 
routine, mindless, boring, and unsatisfying. The job enlargement school there¬ 
fore reasoned that since much of the satisfaction w"as derived from the job 
itself, perhaps satisfaction and performance could be improved by its redesign. 

JOB DEPTH AND SCOPE 

To deal effectively with job enlargement, two aspects of the job must be distin¬ 
guished: job scope and job depth.^ If the job contains but few steps and the 
cycle is repeated frequently, the scope is said to be narrow". Typical of a job 
with a narrow scope is the assembly job found in the automated production 
lines of automobile manufacturers. An example of a job with a broad scope 
is that of a mailman. His job cycle takes one day. 

Job depth refers to the control one has over his working environment. If 
the w"orker has no influence in planning his woik and he is dependent on decisions 
made by his superiors, job depth is said to be low. The assembly-line worker 
who is dominated by his paced line can show little independence in fulfilling 
his work role. He therefore has a job which is low" in depth and narrow in 
scope. A research physicist, on the other hand, has a job which is high in 
depth, since he can exercise considerable control over his working environ¬ 
ment. He can show considerable independence in his work. The physicist, 

^AllaIl C. Fiiley and Robert J. House, Managerial Process and Organizational Behavior^ 
Scott Foresman and Company, Glenview, Ill., 1969, p, 214. 
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theHj has a job which is high in depth and broad in scope. The postman’s 
job, although broad in scope, is relatively low in depth—that is, he has little 
control over his working environment. 

The objective of job enlargement is to increase both the scope and the 
depth of the job. Tor example, the scope of the assembly-line vrorker’s task 
could be enlarged by assigning more steps, thereby increasing the cycle 
time. The depth could be enlarged by removing the job from a paced line 
and in addition making the worker responsible for the quality of his work. The 
latter could be accomplished by having the worker stamp his assembly with 
Ms mark. 

There are, of course, technological and economic limitations which affect 
the degree of job enlargement. It wmuld hardly seem reasonable to have a 
worker build a Chevrolet from scratch. Certainly it would be a satisfying ex¬ 
perience for him, but what would such a strategy forbode for our standard 
of living? Therefore a return to a craftsmanlike ideology is probably an impos¬ 
sibility, given our desires for mass consumption of material goods which only 
a highly technolog 3 ’’-oriented economy can provide to its consumers. There is 
a constraint imposed on the extent of job enlargement, but the constraint differs 
bet-ween industries and between jobs within these industries. In the high-vol- 
ume, highly capital-intensive industries such as the automotive, chemical proc¬ 
essing, and steel industries, the constraints are very binding. In others, such 
as the electronics industr^^, hospitals, public administration, and most all services, 
the constraints are not nearly as limiting during the Job design phase. 

CASE STUDIES 

Of the several job enlargement studies, those undertaken by the Maytag Com¬ 
pany and IBM stand out. As a result of their job enlargement program, Ma^^tag 
reported an improvement in quality, lower labor costs, and a preference for 
the job enlargement environment by most of the operators. These conclusions 
w^ere drawn after a 6-year period in which 25 job enlargement projects were 
undertaken. Ma\^tag felt that legitimate conclusions could be drawm since 16 
of these job enlargement projects were previously conveyor-paced group assem¬ 
blies. Of the 130 employees who worked on job enlargement projects, 90 worked 
on both t^^pes. 

Perhaps the flavor of job enlargement can best be illustrated by an example 
of job enlargement. Maytag produced a water pump which w^as used in one 
of their automatic washers. This pump contained 26 components, tvhich before 
job enlargement were assembled by a group of from five to seven operators, 
including one man for relief, repair, and stockup. Cycle time xvas from 
.S3 to .40 minute per unit, depending upon the number of workers in the 
group. All steps were carried out while the assembty was fixed to a moving 
conveyor. 

Under a program of job enlargement, the job w^as redesigned so that one 
operator completely assembled a pump. The cycle time was increased from 
an average of .33 minute to 3.0 minutes per unit. In addition, the operator 
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was alsO' responsible for the quality of his work. Therefore the scope and depth 
of the Job were increased. 

x4s a result of this program^ management reported that quality had im- 
proT^edj operator tumoTer was substantially reducedj, and costs were reduced. 
Direct labor costs decreased some 16 percent while indirect costs decreased 50 
percent. 

In the IBM studju job depth and scope were also increased. Before the 
change,, four separate jobs, including machine operator, se;tup man, tool sharp¬ 
ener, and inspector, existed. Under a job enlargement program these jobs were 
combined into one. The machine operator assumed full responsibility for his 
machine and its output. The consequence of this was increased worker satisfac¬ 
tion, lower production costs, and better quality. 

In its popular yersion job enlargement is misinterpreted just as was the 
human relations school. To some practitioners job enlargement means increasing 
the scope of the job. It is therefore proposed, by them, that if a job requiring 
two steps is enlarged to include five steps, the worker’s satisfaction will in¬ 
crease. Such results seem unlikely. It is unreasonable to expect that three 
mindless and boring steps added to two mindless and boring steps will lead 
to job satisfaction. It is both the scope and the depth that require analysis 
in any job enlargement program. In fact, when you look beneath the surface 
of ilaytag’s program, it becomes evident that even more than these two factors 
account for their successful results. 

The compant" had, for some time, fostered a management style that took 
into consideration both the needs of the individual and the demands of the 
job. Even before their Job enlargement program, attitude surveys were taken 
and suggestion programs were firmly established. In keeping with this manage¬ 
ment style, a participative environment was structured for each job enlargement 
undertaking wherein employees became involved in the development of the new 
work design. For example, one trial bench was constructed so that the operators 
could have a chance to work under these new conditions, evaluate the job, and 
make suggestions for improvements. 


SCIENTIFIC RIGOR 

Unfortunately the ;Ma 3 i:ag and IBM job enlargement programs were not per¬ 
formed with a high inteiisit}' of research rigor. For example, a field experiment 
approach would have been more fruitful. In a field experiment the variables 
which are expected to be affected by the experiment are identified and de¬ 
fined. In addition, the procedure for collecting data on these variables is care- 
full}" recorded. Next, one or several testable h 3 q)otheses are developed. Finally, 
a series of experiments designed to test these hypotheses is executed. Many 
times, a control group and experimental group are utilized in the field 
study. The experimental group would be subjected to the change or stimulus 
being studied while the control group would not. Results comparing these two 
groups more adequately describe the response to experimental changes, since 
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other changes in the environment not under the control of the experiment are 
the same for both groups. 

What is the main advantage of a scientifically controlled field experi¬ 
ment? If the experiment is carefully described, the variables of interest identi¬ 
fied and defined, hypotheses stated, and results carefully recorded, it is possible 
for others to replicate the study. For it is only after several replications in 
which findings corroborate the initial evidence that a management principle 
can be said to be established. 

The iMaytag study was not a field experiment. Some of the concepts, 
such as the increase in job satisfaction that was achieved by the workers, weie 
very tenuously defined. In addition, data and explicit results were not re¬ 
ported. Much of the anah’sis was retrospective; the study and its outcome 
-were recorded well after many of the programs were undertaken. Consequently 
much of the detail was lost to the passage of time. 

Many studies have focused on job enlargement, and yet the evidence is 
still unclear, there is no unanimity of opinion that it is a good thing. Confusion 
in the comparison of one study with another is the rule, not the exception. This 
results because the consequences of job enlargement are multidimensional. It 
is reported to affect quality, productivity, and satisfaction. Often, in fact, it 
is not clear how these variables should be measured. Satisfaction, for example, 
has been measured by absenteeism, turnover, attitude toward job, and attitude 
tow’ard supeivisor, to name a few. Most studies therefore focus on different 
variables, measure them differently, attain different levels of research rigor, and 
w’eigh the outcome of these variables differentl}^ in making general statements 
about job enlargement. 

JOB ENLARGEMENT AND SATISFACTION 

IMany job enlargement studies have focused on job satisfaction with the under¬ 
lying belief that if satisfaction is increased, motivation and performance will 
follow. However, both satisfied and unsatisfied workers have been found in 
specialized and enlarged jobs. In one study of a knitw^ear mill it was concluded 
that feelings of monotony were not only a consequence of the task performed 
but were related to the w-orker himself. The study fuii-her concluded that 
W’orkers who were content while performing repetitive tasks displayed such 
personal characteristics as contentment with present state of affairs, placidity, 
and possibly rigidity; they accepted things the way they were. These conclu¬ 
sions suggest that job specialization is not the root of the problem. Perhaps 
individual differences account for some of the variance in experimental outcomes. 

Kennedy and O’Neill- studied the effect of job content on workers’ satisfac¬ 
tion at a large automotive assembly plant. They utilized correlational tech¬ 
niques in which observations are taken on two or more variables for a sample 
of individuals or groups. The direction and degree of the relationships that 

® James E. Kennedy and Harry E. O’Neill, '‘Job Content and Workers’ Opinions,” Journal 
of Applied Psychology, vol. 42, no. 6, 1958, pp. 372-375. 
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exist are foundj using statistical techniques. No attempt is made by the investi¬ 
gator to manipulate any of these variables. 

Kennedy and ONeill administered a 71-item questionnaire designed to 
uncover any difference between the satisfaction of assembly-line workers and 
that of utility men. The cycle time for the assembly workers was between 
1 and 2 minutes; the task was routine and repetitive. The utility men, on 
the other hand, had many functions. They relieved assembly operators for 
scheduled or emergency breaks and ser^^ed as instructors to new’ operators, cor¬ 
rected production errors, and sat in for absent operators. Comparison of statisti¬ 
cal results showed no difference in worker satisfaction betw’een the two jobs. 

Walker and Guest,^ on the other hand, found evidence to the contrary. The 
degree to which employees in an automobile assembly plant found satisfaction 
in their job was directly related to the number of steps wdiich composed their 
job. 

The evidence on job enlargement is therefore quite mixed. More than 
likely, a singular focus on the content of the job is not enough to explain differ¬ 
ences in personal satisfaction and differences in attainment of task-oriented 
goals such as productivity and quality. Job enlargement by itself might, then, 
be considered an oversimplified solution to a complex problem. 

JOB PARTICIPATION 

One problem identified in the Maytag study was the likely development of 
resistance to change upon introduction of a job enlargement program. Manage¬ 
ment's sensitivity toward this problem led them to create an environment of 
participation in the hope of overcoming this resistance. Lack of scientific rigor 
in their program prevented the association of this variable with their results. 

COCH AND FRENCH STUDY 

Coch and French- highlighted the importance of job participation tlirough several 
field experiments in which a high level of scientific rigor wms employed. The 
experiments were carried out at Harw’ood Manufacturing Compan^^, a pajama 
manufacturer. 

The employees at Harw’ood were on an individual piece rate system where 
60 units of work per hour was regarded as the standard efficiency rating. Pay 
was tied to weekly efficiency, and if the worker attained an average efficiency 
rating of 70 for the week, he would receive a 10 percent bonus. An efficiency 
rating of 80 would be accompanied by a 20, percent bonus, and so on. 

If the job content w’as changed, or if the w’orker was shifted to another 
job, a transfer bonus was given. This would ensure that no loss in earnings 
would be suffered during the learning process. In spite of this, attitudes toward 

® C. P. Walker and P. H. Guest, The Mam on the Assembly Line, Harvard University Press, 
Cambridge, Mass., 1952. 

'‘Lester Coch and John P. P. French, Jr., ^^Overcoming Pesistance to Change,’^ Human 
Rehtiofis, 1948, voL 1, pp. 512->533. 
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job changes were quite negative at Harwood. Resistance was expressed as 
grievances toward new piece rates, high turnover, low efficiency, restriction of 
output, and aggression toward management. 

An analysis of several hundred experienced operators who had undergone 
job changes illustrates this resistance to change. Only 38 percent of them re¬ 
covered to the standard efficiency rating of 60 units. The remainder either 
quit or became permanently substandard operators. The learning rate for those 
who recovered is illustrated in Fig. 6-1. Of some surprise is the fact that the 
learning rate for new operators w^as faster than that for transfers. This led 
to the conclusion that skill is of secondary importance in the rate of recovery, 
whereas motivation is of primary importance. 

To overcome this resistance to change, the focus was directed toward the 
work group. A field experiment was designed in which four such groups were 
designated. The first group was directed to appoint several group representa¬ 
tives. In the second and third groups all members participated, and the fourth 
acted as a control group. 

The control group was subjected to their usual routine for a job change. A 
group meeting was held where it was explained that the need for change was 
the consequence of competitive pressures. A new piece rate was set, questions 
were answered, and the group was dismissed. 

In group 1, the approach was quite different. The operators were called 
into a meeting and shown a competitive garment which sold for much less money 
than their product. Through this exposure the group started to share some 
of management’s needs: steps had to be taken to reduce the price of the product 
and remain competitive. It was agreed that certain “frills” and “fancy” features 
could be eliminated from the product without affecting the worker’s chance to 


Fig. 6-1 A comparison of the 
learning curve for new, inexperi¬ 
enced employees with the relearn¬ 
ing curve for only those transfers 
(38 percent) who eventually re¬ 
cover to standard production. 
(From Lester Cock and John R. D. 
French, Jr., Overcoming Resistance 
io Change,^’ Human Relations, 
1948, 1, p. 514i) 
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Fi§. 6-2 The effects of participation through representation (group 1) 
and of total participation (groups 2 and 3) on recovery. (From Lester Coch 
and John R. D. French^ Jr,, ^^Overcoming Resistance to Change ” Human 
ReMions, 194S, Ijp. oSB,) 


reach full efficiency. A few members of the group were appointed to study 
the necessary changes. At a later meeting they made several suggestions con¬ 
cerning the new jobs. They were then trained under these new methods and 
later acted as instructors and trained the rest of the group. 

Groups 3 and 4 went through the same kind of process with the following 
exception: all members of the group participated instead of just a select few. 

The results of these experiments are summarized in Fig. 6-2. It can be 
seen that the control group improved little. The usual conflicts between the 
group and management erupted. Seventeen percent quits w^ere recorded in the 
first 40 days. Group 1 showed very good learning rates, and very little conflict 
was recorded. Groups 2 and 3 recovered much faster than group 1. They 
eventually recovered to an efficiency rate 14 percent higher than the pre-change 
level. Furthermore, no conflicts were recorded. 

The conclusion reached by the study was that representative participation 
shows good resuits, but full participation shows even better results. Wliat about 
other studies? Vroom, after analyzing the conclusions of several field experi¬ 
ments and correlational studies, concluded the following: 

When the entire pattern of results is considered, we find substantial basis 
for the belief that participation in decision making increases producti\dty. 
There is experimental and correlational evidence indicating that higher 
levels of influence by workers in making decisions that they are to carry 
out results in higher productivity than low^er levels of influence.® 

® Victor H. Vroom, Work and Motivation^ John Wiley & Sons, Inc., New York, 1964, p. 226. 
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JOB ENRICHMENT 

Industrial psychologists rather than focusing on one of these schools of thought 
prefer to analyze both the needs of the individual and the requirements of the 
Job and then determine the extent of harmony or conflict between them. 

HIERARCHY OF NEEDS 

The writings of Professor Abraham Maslow represent the classic works w^hich 
delve into the needs of man. According to his theory, man’s needs are arranged 
in a hierarchy. Higher-order needs emerge only after the lower-level ones are 
satisfied. The lowest-level needs, which must be satisfied first, are physiologi¬ 
cal. They include man’s need for food, clothing, and shelter. Once these needs 
are satisfied, attention shifts to the next level, safety. Following safety in the 
hierarchy we find love, esteem, and, finally, self-actualization. The highest 
needs of man are, then, the needs to be self-actualized. This represents the 
search for man to be wdiat he is. 

The school of thought to which we now turn returns the emphasis to the 
content of the Job, for it feels that only through intrinsic involvement in one’s 
own work can a person achieve the highest of all needs, self-actualization. All 
other factors in the environment, such as supervision, participation, and mone¬ 
tary incentives, are seen as playing a secondary role. Motivation, they feel, 
can be generated only by the role incumbent—it cannot be imposed exter¬ 
nally. This theory is known among practitioners as the job enrichment 
school. Its roots can be traced to Herzberg’s two-factor theory of Job 
satisfaction.® 

TWO-FACTOR THEORY 

Herzberg’s initial study of job satisfaction was limited to 200 engineers and 
accountants and wms criticized wdien results were generalized. However, more 
than 20 replications of this study over a wdde range of populations has been 
undertaken since then, making this one of the most replicated studies in the 

field. 

His hypothesis wms that factors which produce Job satisfaction are separate 
and distinct from those which lead to Job dissatisfaction. Since two sets of 
factors are involved here, satisfaction and dissatisfaction are not opposite kinds 
of feelings. That is, the opposite of Job satisfaction is not job dissatisfaction 
but no satisfaction, whereas the opposite of Job dissatisfaction is not Job satisfac¬ 
tion but no job dissatisfaction, as shown in the following diagram: 

No satisfaction Motivators Satisfaction 

Dissatisfaction Hygiene No dissatisfaction 


Herzberg suggests that two kinds of needs are involved here: the lower-level 
needs of man, which are stimulated by the job environment, and the higher-level 

®Prederick Herzberg, Work and "the Nature oj Mayi, World Publishing Company, Cleveland, 
1966. 
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needs of man, which are stimulated by the job content. When the lower-leYel 
needs are not met, dissatisfaction occurs. Herzberg refers to these environmental 
factors as hygiene factors. These stimuli include company policy and adminis¬ 
tration super^dsion, interpersonal relationships, working conditions, salary, 
status, and security. 

Higher-level needs are stimulated by factors intrinsic to the job. Herzberg 
calls these stimuli motivator factors. They include achievement, recognition 
for achievement, the work itself, responsibility, and growth or advancement. 

Herzberg compiled the results of 12 correlational studies in which some 
1,685 respondents were asked to describe sequences of events when they were 
exceptionally satisfied or dissatisfied with their job.’^ These studies covered 
such occupational groups as lower-level supervisors, professional women, agricul¬ 
tural administrators, men about to retire from management positions, hospital 
maintenance personnel, manufacturing supervisors, nurses, food handlers, mili- 
i&ry officers, engineers, scientists, housekeepers, teachers, technicians, female as¬ 
semblers, accountants, Finnish foremen, and Hungarian engineers. 

Analyzing the responses to this question, it became apparent that dissatis¬ 
faction revolved around aspects in the job environment, while satisfying experi¬ 
ences revolved around aspects intrinsic to the job. The results supported the 
hypothesis. 

Figure 6-3 summarizes the results of these 12 studies. It can be seen that 
motivators were mentioned much more frequently when sorpe experience led 
to job satisfaction. The insert at the lower right of Fig. 6-3 shows that, on 
an overall basis, 81 percent of the factors contributing to job satisfaction were 
motivators. Hygiene factors, on the other hand, were mentioned much more 
frequently when an experience was extremely dissatisfying. In all, 69 percent 
of the factors contributing to employee dissatisfaction could be traced to hygiene 
factors. 

The predominant job characteristics which led to satisfactory experiences 
included achievement, recognition, work itself, responsibility, and advance¬ 
ment. An interesting and important job (work itself), job responsibility, and 
advancement were found to be the most important factors that could lead to 
a lasting change. 

The characteristics of the job that led to dissatisfaction included the com¬ 
pany policy and administration, with supervision as the most important. Inter¬ 
personal relations with supervisors, work conditions, and salary led less fre¬ 
quently to dissatisfaction. Salary, however, seems to have been mentioned 
equally as a satisfier and as a dissatisfier. 

JOB. ENRICHMENT STUDY 

The two-factor theory therefore suggests that the wmy to achieve wmrker satisfac¬ 
tion is to enrich the content of the task. In general it could be said that the 
focus should be more on the depth than on the scope of the task. Several 

‘Frederick Herzberg, ‘‘Oiae More Time: How Do You Motivate Employees?’’ Harvard 
Bimness Review, voi, 46,, no. 1, 19^, p. 53. 



HUMAN FACTORS IN JOB DESIGN 


153 


Factors characterizing 1,844 events on 
the job that led to extreme dissatisfaction 

Percentage frequency 

20 10 


Factors characterizing 1,753 events on the job 
that led to extreme satisfaction 

Percentage frequency 

10 20 30 40 50 



Fig. 6-3 Job characteristics and job satisfaction. {From Frederick Herzherg, 
^‘‘One More Time: How Do You Motivate EmpIoyees'F' Harvard Business Review^ 
voi. 46, no, 1, 1968, p. 57.) 


principles which can be used to guide a job enrichment effort have been suggested 
by Herzberg and are presented in Table 6-1. 

Herzberg also conducted a field experiment designed to verify the basic 
prediction of his theory^ that job enrichment will lead to an increase in job 
satisfaction and worker productivity. The subjects of this study w^ere highly 
educated women who functioned as stockholder correspondents for a large cor¬ 
poration. Prior to the introduction of the job enrichment program, almost all 
indexes of performance and job attitudes were low; the job w^as no challenge. 

The field experiment consisted of one experimental group and one control 
group. The control group merely continued to do its job in the usual way. The 
experimental group, on the other hand, underwent some significant changes. The 
nature of their jobs was enriched by the introduction of changes based on the 
principles summarized in Table 6-1. The specific changes are summarized in 
Table 6-2. 

The results were in the direction expected. Job satisfaction was signifi¬ 
cantly improved for the experimental group while the control group actually 
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Table 6-1 Principles of Job enrichment 


Principle Motivators involved 


1. RemoYing some controls while retaining 
account ability for the task 

2. Increasing the accoiintability of the individual 
for his own work 

3. Giving a person a complete unit of work 

4. Granting additional authority to an employee 
in his job. More control over his environment 

5. Making periodic reports directly available to the 
worker himself rather than to his supervisor 

6. The introduction of new and more difficult tasks 

7. Assigning individuals specific or more 
specialised tasks which will enable them to 
become experts 


Responsibility and personal 
achievement 

Responsibility and recognition 

Responsibility, achievement, 
and recognition 
Responsibility, achievement, 
and recognition 
Internal recognition 

Growth and learning 
Responsibility, growTh, and 
advancement 


From: Frederick Herzberg, *‘One More Time: How Do You Motivate Employees?’' Earvari 
Bmimss Ewiewy voL 46, no. 1, 1968, p. 59. 


Table 6-2 Job changes in field experiment 

1. Individuals within the group were appointed as experts in certain subject areas. They 
were consulted with before a worker would seek supervisory help. 

2. The workers signed their own names to the letters. Previously the supervisor had done ail 
the sigm’ng. 

3. Proofreading by a supervisor w’as dropped from 100 percent to 10 percent. Previously eveiy 
letter was proofread. 

4. Whereas pre^ures to produce were previous^ imposed on the group, production was dis¬ 
cussed only in terms of “a full day’s work is expected.” 

5. Outgoing mail now went directly to the mailroom without first going to the supervisor’s desk. 

6. The form letter was abandoned. Workers were encouraged to respond in a more personal 
way. 

7. Responsibility^ for the quality and accuracy of letters was now vested in the w’orker and not 
the supervisor. 

From: Frederick Herzberg, '^One More Time: How Do You Motivate Employees?” Hawnri 
Business Review, vol. 46, no. 1, 1968, p. 61. 

suffered a decrease in satisfaction. The magnitude of this change can be seen 
in Eig. 6-4. Performance for the experimental group also improved. It was 
measured by the quality of letters, including accuracy of information, and speed 
of response to stockholders’ letters of inquiry. The results are shown in Fig. 
6-5. From the graph it can be seen that the experimental group was performing 
low’er than the control group before the experiment began but soon reversed 
their position. 

INDIVIDUAL DIFFERENCES 

The two-factor theory^ is by no means unanimously supported. Not all replica¬ 
tions have supported this theory. This could be attributed to the omission 
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Change in mean scores over 6-month period 
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Achieving^ _| 
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40 


Control 


March September 

Time between surveys 

Fig. 6-4 Attitudes toward tasks. (From Frederick Herzberg^ 
Work and the Nature of Man, World Publishing Company, 
Cleveland, 1966, p. 162.) 


100 


A 3-month cumulative average 



20 


Fig. 6-5 Performance index. {From Frederick 
Herzberg, Work and the Nature of Man, 

World Publishing Company, Cleveland, 1966, 

p. 163.) Study Period 

of a very important variable: individual differences. Several studies have sug¬ 
gested that a certain job characteristic can cause job satisfaction for one person 
and job dissatisfaction for another. It can be concluded therefore that there 
is substantial variance associated with the degree of satisfaction achieved by 
individuals from a job characteristic. It is unreasonable to expect that satisfac- 
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tion €an be explained or predicted from the job characteristic alone or from 
the personality characteristics alone. Rather, both should be considered 
simultaneously. 

Variables which can help predict whether a given job characteristic will 
be a source of satisfaction or dissatisfaction include the occupational level of 
the job and the individuaFs age, sex, educational attainment, culture, and stand¬ 
ing in his group. Despite the fact that this school is more scientifically based 
than the job enlargement school, omission of individual differences has led some 
to accuse the two-factor theory as also being guilty of oversimplification. 

JOB SATISFACTION, MOTIVATION, AND JOB PERFORMANCE 

Underlying many of these schools of thought is the implication that job satis¬ 
faction is directly related to the motivation to perform; if job satisfaction in¬ 
creases, performance levels will rise. This hypothesis is based on the assump¬ 
tion that as the ’worker becomes more and more satisfied, he will re'vvard Ms 
employer by accepting and achie\dng management’s goal of high productivity. 

Contrary to this common assumption, research indicates that there is no 
significant relationship bet-^’een job attitudes and job performance.® It also 
shows that those characteristics which lead to Job satisfaction may not be identi¬ 
cal to those characteristics which motivate the individual and lead to job per¬ 
formance. In fact, some situations may exhibit low satisfaction and high 
performance, others Mgh satisfaction and high performance, and still others 
low performance. It may be that we have to treat each situation as a separate 
outcome of the person-work role relationship.® 

The reason that there appears to be no direct link between satisfaction and 
performance is because of the intermediate role that motivation plays. For only 
when properly motivated will even the satisfied individual meet performance 
objectives. 

Motivation is related to the degree of congruency between the needs of 
the individual and the demands of the job. If the needs of the job are highly 
congruent with the needs of the individual, a high level of motivation to perform 
effectively is likely to occur. If the needs and demands are negatively related, 
the individual can be said to be negatively motivated and a low level of per¬ 
formance will likely result. The more positive the relationship, the higher the 
level of motivation to perform effectively. 

Performance, however, is not strictly dependent on the level of motivation. 
It is also a function of the individuaFs ability. The relationship can be illus¬ 
trated ill the following way:'^® 

Performance = /(Ability X J^Iotivation) 

® Arthur H. Brajfield and Walter H. Crockett, “Emploj’ee Attitudes and Employee Perfor¬ 
mance,” Psychological Bulletin, voi. 52, no. 5, 1955, pp. 396-422. 

®Vroom, op. cit., p. 187. 

"®Ibid., p. 203. 
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Since performance is a function of the product of ability and motivation, the 
hypothesis leads to the conclusion that for low values of ability, increases in 
motivation will lead to only small increase in performance. For high levels 
of ability, however, increases in motivation will lead to large increases in 
performance. 

Motivation to perform effectively is therefore a complex result of job 
characteristics and personality characteristics. Studies of motivation based 
solely on the characteristics of the work role or solely on personality charac¬ 
teristics have generally been found to be inadequate. There is, however, some 
valuable insight to be gained by reviewing these studies. It is to them that we 
now turn. 

SUPERVISION AND PERFORMANCE 

Job characteristics that have been studied include super^dsion, the w^ork group, 
Job content, wages, and promotional opportunities. Some of these operate in 
the same direction for motivation and satisfaction, some operate in opposite 
directions, and for others the direction is not at all clear. First we turn to 
studies wdiich have focused on the relationship betw^een supervisors and 
motivation. 

Several studies have shown that consideration by a supervisor for the needs 
and feelings of his subordinates is positively related to the motivation that 
they display in performing their tasks. There can be situations, however, where 
this relationship does not hold: Would not military relationships betw'een officers 
and enlisted men be an example of this? 

Even though consideration and performance have been shown to be related, 
there is still some question as to the direction of causality. Does consideration 
lead to job performance, or does a high-performing group end up winning the 
consideration of their supervisor? The only way to uncover the direction of 
this relationship is by laboratory experimentation. In a laboratory setting the 
consequence of different levels of consideration on individual performance could 
be examined. Other environmental factors w^ould be held constant. The prob¬ 
lem in performing this kind of experiment wmuld be in changing supervisory 
behavior. In spite of the absence of conclusive evidence, it seems reasonable 
to conclude that consideration tends to affect job performance. 

Supervisory influence on job performance can also be affected by the degree 
of job participation encouraged by the supervusor. There is both field experi¬ 
ment and correlational evidence showing that higher levels of participation and 
influence lead to higher productivity, while low^er levels lead to lower 
productivity. 

The second situational factor that can affect job performance is the work 
group. The results of research, including the Hawi:horne study, indicate that 
groups wdiich are highly cohesive exert more of an influence over their members 
than groups low" in cohesion. The direction that this cohesiveness can take, 
however, is not predictable. Cohesiveness can have either a negative or a posi¬ 
tive influence over individual performance, depending upon the group perform- 
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ance norm. Job performance will be strong where the individual strongly 
desires acceptance by the group and anticipates acceptance only through effective 
performance. Job performance will be weak, on the other hand, where group 
cohesion is again strong but acceptance is anticipated only if performance is 
weak. A study fay Patchen^^ illustrates the impact of the supervisor's role on 
group performance norms. The following factors were considered important 
in explaining this impact. First, the superrdsor should have high standards 
oj efficiency for the group. It is reasonable to expect employees to think that 
if performance matters little to the supervisor, then rewards and punishment 
will not be based on it. Secondly, the supervisor should have the power to 
deliver rewards and punishment, if his efficiency standards are to matter. He 
must therefore have some control over pay increases, promotions, vacations, 
and work pace. Thirdly, the employees should be convinced that he is willing 
to use his power effectively. That is, he must be willing to to bat” for 
the employees if the occasion does arise. 

The results showed that none of these characteristics when taken by them¬ 
selves are strongly related to performance norms. When combinations of these 
characteristics were compared, however, some strong relationships were uncov¬ 
ered. For example, among those foremen who encouraged efficiency, going to 
bat for employees by trying to obtain rewards for them is strongly associated 
with high group norrns.^- However, among foremen who do not encourage effi¬ 
ciency, going to bat for employees has a negative effect on group performance 
norms. If we divide the supenusors according to the extent that they go to 
bat for their subordinates, we find that for those supervusors who often go to 
bat for their men, encouraging efficiency brings an increase in group performance 
norms. Supervisors who go to bat for their men much less frequently, however, 
achieve the opposite effect if they encourage efficiency. These results are sum¬ 
marized in Table 6-3. Therefore an action like s^oing to bat for employees 
can have different outcomes depending on whether the supervisor does or does 
not encourage efficiency. The point that begins to emerge from this research, 
then, is that several aspects of a super\isor’s behavior must be “considered 
if his impact on group performance norms is to be understood.” 

^ Martiii Patclieii, “Supemsor^" Methods and Group Performance Norms/’ AdministTatwe 
Science Quarterly, vol. 7, 1962, pp. 275-293. 


Table 8-3 Supervisory methods and group performance norms 


Encourages Goes to bat 

efficiency for men 


Goes to bat much positive — 

Goes to bat little negative — 

Encourages efficiency much — strong positive 

Encourages efficiency less — negative 
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l^Tiat Patchen considers as the most significant finding of this study is 
that while close supervision, by itself, does not lead to high group performance 
norms, if it is associated with a superrdsor who is a rewarding figure, together 
with a high level of group cohesiveness, then high group performance norms 
follow. The definition of ^^close supervision” in this study refers to frequent 
checking on subordinate’s work and not on reducing the worker’s freedom to 
perform the task in his own way. "WTien all of these factors are operative, 
an environment is created where the coheswe group accepts the supervisor as 
a member of their team and as one who is genuinely interested in their wel¬ 
fare. As a result the interactions between supervisor and subordinate are many 
and an apparent pattern of close supervision emerges. 

JOB CONTENT AND PERFORMANCE 

Job content can also affect motivation, but less attention has been given to 
the motivational aspects of this characteristic than to its association with job 
satisfaction. That specialization can increase or decrease productivity is clear; 
the question that must be answered is: Under what conditions will one or the 
other of these results occur? 

WAGES AND PERFORMANCE 

Wages that are directly tied to performance hav^e been shown to be significantly 
related to the level of performance. Thus wnrkers on an individual work incen¬ 
tive plan w’ould be more motiv’-ated by this characteristic than w^ould hourly 
paid clerks. This relationship is strongest for those individuals w^hose need 
for economic remuneration is high. 

Promotional opportunities are also related to the degree of motivration. If 
the individual believes that promotion is tied to job performance, then a strong 
lev^el of motivation will exist. If, on the other hand, the individual perceives 
little relationship betw-een performance and promotion, he will perform less effec¬ 
tively. If the individual is indifferent tow'ard promotion, it is not one of his 
needs and promotional opportunities w’ould not be related to his performance. 


SUMMARY 

As you proceeded through this chapter, it should hav^'e become apparent to you 
that there are no easy guidelines for effectively designing a working environment 
that meets both the needs of the individual and the demands of the job. Cer¬ 
tainly w-e can say that to design the job with only the demands of the job 
taken into consideration is to ignore “the human side of enterprise,” a position 
that is becoming increasingly untenable in a modern society. 

In the scientific management school, the perspectwe was limited to the 
lower-level needs of man. Money was seen as the means by which these needs 
could be satisfied. But this w^as only the beginning. 

As psychologists increased their understanding of man’s needs, and as the 
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standard oi living increased, thereby satisfying these lower-level needs, the focus 
began shifting to the higher-level needs. 

The speed with which this shift can be realized depends in part upon 
technological progress, for as more jobs are automated, fewer menial, routine, 
and boring jobs remain. The movement is certainly in this direction, since 
the percentage of the labor force employed in a factory environment has been 
steadily decreasing in recent history. As this trend continues, the technological 
constraints that prevent the higher-level needs from being considered in the 
Job design will not be nearly as binding. Evidence of this can be seen in the 
larger number of people being employed by service industries, hospitals, and 
public administration agencies. It can therefore be concluded that the oppor¬ 
tunity to design meaningful and rewarding jobs is increasing. 

The effectiveness of job design depends upon the needs of the individual 
who will fill that role and the demands of the job. We found that the human 
relations, job enlargement, job participation, and job enrichment schools each 
focused on but a few dimensions of a multidimensioned problem. The job en¬ 
richment school was probably the most comprehensive, yet by not considering 
mdividuai differences it has been accused by many theoreticians of being an 
oversimplified theory. From a practical point of view, however, these theories 
do provide valuable guidance in the design of jobs. 

Rather than focusing on a few dimensions, industrial psychologists try 
to uncover and verify those factors that can best explain changes in job satisfac¬ 
tion and job performance. To do this, they must study both job characteristics 
and individual characteristics, as well as the complex interaction between 
them. Their study methods are both scientifically designed and scientifically 
executed and take one of three forms: field experiment correlation study, and 
laboraioiy" experiment. 

Since it is unlikely that each job could be designed with a particular in¬ 
dividual in mind, job characteristics might be the most useful aspect of the 
psychologists’ findings. Many of the important job characteristics that affect 
satisfaction and performance, such as the group process, the work itself, and 
participation, were the focus of the earlier schools. Therefore we have much 
supportive evidence that points to their importance in the job design effort. 


QUESTIONS 

Q6-1. Is it necessarily true that a happy work group is also productive? 

Q6-2. Wliat are the differences between the way in which the scientific management 
school and the job enrichment school perceive the worker? 

Q6-3. On what source of motivation did the scientific management school rely? Do 
you tliink this source is relevant today? 

Q6-4. Does the increase in the number of steps included at a w’ork station necessarily 
lead to the desirable effects associated with job enlargement ? 

■Q€-5. What is participative management? Does the evidence show' that it can be helpful 
in reaching output objectives? Why would it affect worker satisfaction? 
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Q6-6- ]\iig!it individual differences account for the success or failure of a job enlargement 
program ? 

Q6“7. Contrast job enlargement with job enricliment. 

Q6-S. What is the two-factor theory of job motivation? How would yon make use 
of it when designing the following jobs? 

(a) Nurse 

(b) Assembly-line worker 

(c) Postman 

(d) Salesgirl 

(e) Inventory clerk 
{/) Secretary 

(g) Bank teller 

(h) Laboratory technician 

06-9. How is job satisfaction linked to job performance? 

Q6-10. The HP Company manufactures several types of electronic instruments. One 
of thesej an oscillator, has been in production for some 20 years. The process engineers 
have recently decided that the assembly process should be given a fresh look. In the 
past the instrument has been assembled by assembly-line methods. Each person per¬ 
formed an average of 10 steps and then passed the unit to the next station. The 
cycle time wms approximately 3 minutes. 

One of the process engineers has suggested that each worker should assemble 
a complete instrument. In all, 120 steps are necessary to complete a unit. This means 
that it wiU take each worker approximately 40 minutes to complete his cycle. At 
present demand levels, 10 workers would be continuously supplied with work. 

A major problem that must be overcome before this new system can be imple¬ 
mented is the design of the work station to store efficiently the 75 parts that are 
used in the assembly process. The process engineer who has suggested the new method 
believes that he has the solution. It is a two-tier Lazy Susan system which will not 
only hold all of the parts but will swing them into the front position in their desired 
sequence. 

Ail that remains now is to make a decision between the two methods. Which 
method would you prefer? Why? What are the pros and cons beliind your choice? 
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If^TRODUCTION 

In this chapter the problems associated with the planning of a project will 
be considered. A project is defined as a task of considerable magnitude involT- 
ing both time and monet" that is usually^ but not always, carried out but 
once. Examples of this include the building of a hospital wing, the construction 
activities associated vith a world’s fair, a research and development program 
for an ethical drug, the withdrawal of troops from Vietnam, the construction 
of an elementary school, the introduction of a new product, the design, manufac¬ 
ture, and deployment of a missile system, the repair and construction of ships, 
and the installation of a computer system. 

These examples all share certain characteristics. First, they all have a 
starting and a finishing point. Second, some activities can be carried out inde¬ 
pendently of others. Some, moreover, can be initiated only upon completion 
of earlier activities. For example, in building construction, the roof can be 
started only after framing is complete. Third, each activity requires the expen¬ 
diture of that scarce resource, time. 

Because of these characteristics, a plan which focuses on the scheduling 
of such tasks should be developed before the first activity is allowed to pro¬ 
ceed. If the project contains but a few actmties, an informal approach can 
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be taken. However, in complex projects it is necessary to develop a formal 
plan if some degree of efficiency is desired in its execution. 

In addition to scheduling the sequence of activities, the plan can be used 
to control the progress of the project. For it should become clear from the 
plan which activities are critical to the completion of the project. If these 
critical activities are delayed, the scheduled completion of the whole project 
is jeopardized. These critical activities should therefore be carefully monitored. 

In this chapter we investigate several formalized approaches to the project 
scheduling problem. The most widely known include PERT and GPM. PERT, 
which is an acronym for ‘^program evaluation and review technique,” was devel¬ 
oped as a planning tool for the Polaris missile project. The problem was first 
to design a realistic schedule for the countless number of activities that were 
required to design, develop, test, and manufacture the missile system, and then 
to use the schedule as a control device after the project had begun. 

CPM is an abbreviation for “critical path method.” It was developed 
independently of PERT b}" the Du Pont Compan}^ There are, in fact, some 
major differences between these two methods. PERT takes into consideration 
the uncertainty that surrounds the estimate of completion time required for 
an activity. For example, in a missile system where a new alloy must be devel¬ 
oped, it would be unrealistic to expect the head of a research and development 
lab to estimate that this activity will take exactly 5 weeks. A more realistic 
answer might convey his uncertainty in an explicit manner. For example, he 
might feel that if everything goes well, it could be done in as short a time 
as 3 weeks, with average luck 5 weeks, and with terrible luck 9 weeks. This 
uncertainty is taken into consideration by the PERT technique. Shortly you 
will see exactly how this is accomplished. 

CPiM is used more for projects where the uncertainty surrounding the time 
estimates can be considered insignificant. So rather than focusing on uncer¬ 
tainty, CP]M is concerned with the trade-off between cost and the completion 
date of a project. It examines the consequences of utilizing more manpower 
to shorten the project completion time. 


NETWORK DESIGN 

Now we turn to the way in which we can formally structure these projects 
as a network of activities. Our first step is to be a little more explicit about 
some of the terms we have been using. 

ACTIVITIES 

Activities are the basic jobs, tasks, or operations that must be performed. Oc¬ 
casionally an activity can be initiated completely independently of other activi¬ 
ties. That is, it can be performed at any time during the project cycle. The 
usual case is that an activity has one or several precedent relationships. It 
is therefore essential that these precedent relationships be carefully established 
when the project is decomposed into its basic activities. Precisely how far de- 
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compositioii sliould gO' is a difficult question to answer. It depends upon the 
purpose of the planning activity and on the ability to separate activities. For 
exampley in some cases it might be appropriate to identify the ^installation 
of a plumbing system^^ as an activity whereas in others it might be more appro¬ 
priate to decompose this into the 100 detailed steps which are undertaken, from 
the drawing of the plumbing specifications to the final test and inspection of 
the installed system. 

EVENTS 

An event marks the beginning or the end of an activity. Frequently we will 
use an event to mark the end of one or more activities and the beginning of 
one or more. Therefore the major difference between activities and events is 
that activities represent the passage of time while events are special points 
in time, 

NETWORK 

Now we are ready to combine the concepts of activities, events, and precedence 
into a network. Consider the example summarized in Table 7-1. A hospital 
wishes to renovate a section of their main building and equip it with modem 
cardiac monitoring equipment. First the administrators must forecast the de¬ 
mand for service of tliis nature. This is, in turn, followed by the design of 
the new wing, selection of the equipment, construction, and finally the installa¬ 
tion and checkout of the equipment. 

Some of these activities must be preceded by others. From Table 7-1 
we can see that the forecast phase, or activity a, is the first step in the project 
and as such has no predecessor. The design of the wing and the selection of 
the electronic equipment, however, must both be preceded by the completion 
of the forecast. Constmetion must be preceded by design, and finally, the in¬ 
stallation and checkout phase must be preceded by both the completion of con¬ 
struction and equipment selection. 

These relationships can be illustrated on a network diagram. In Fig. 7-1 
the activities are shown as arrows and the circles represent events. For example, 
event 1 represents the start of the forecasting phase, and arrow a represents 
the duration of this phase. Event 2 represents the completion of the forecasting 


Table 7-1 


Actwity 

Alternate 

designation 

Description 

Immediate 

predecessor 

Time 

a 

1,2 

Forecast demand 

_ 

0 weeks 

h 

2,3 

Design new wing 

a 

6 

c 

2,4 

Selection of equipment 

a 

5 

d 

3,4 

Constniction 

b 

12 

e 

4,5 

Installation and checkout 

Cjd 

4 
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phase and the initiation of both the design phase and the equipment selection 
phase. The estimated time necessary to complete each activity is entered above 
the arrow. 

DUMMY ACTIVITIES 

Consider the addition of an activity which involves the selection of an architect 
and general contractor. This activity can take place simultaneously wdth fore¬ 
casting but must precede ojily the design phase. We will call it activity / 
and estimate that it takes 3 weeks to complete. If, however, w^e represent this 
activity by arrow’ / in Fig. 7-2, w’e imply that activity / must precede activity 
c as w’ell as activity 6. To overcome this problem, a dummy activit}- must 
be introduced. 

A dummy activity is used only to indicate precedence and requires zero 
time to perform. In Fig. 7-3 the dummy activity g is introduced wdiich makes 
activity a a predecessor of activities b and c but makes activity f a predecessor 
of only activity h. 

We can generalize from this example that dummy activities are required 
when two or more activities have some, but not all, of their immediate predeces¬ 
sors in common. When this occurs, all of the predecessors should be drawn 
leading to separate nodes and dummy activities should be added from these 
nodes to comply wuth the precedence constraints. Since activities a and f were 
the immediate predecessors in our example, they are drawn leading to separate 
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Dodes. D umm y activity^ g was then added to make activity a become a prede¬ 
cessor to b. 

CRITICAL PATH 

Of primary interest in project scheduling is the minimum length of time that 
completion of the project will take. To determine this, it is necessary to find 
the longest path through the network. This path is called the critical path. 

Consider the network shown in Fig. 7-1. There are two different paths 
through the network, the first one being 1-2-3-4-5 and the second one 
1-2-4-0. The first path takes 5 -f 6 -f 12 -f 4 = 27 weeks, while the second 
path takes 5 + 5 -f 4 = 14 weeks. It can therefore be concluded that the total 
project will require 27 weeks for completion. 

The path 1-2-3-4-5 is considered the critical path because completion of 
this path takes the longest. Each job on the critical path, moreover, is called 
a critical activity. If a critical activity is delayed, the length of time needed 
to complete the project will increase. For example, if activity b is delayed 
2 weeks the project time increases from 27 weeks to 29 weeks. 

When jobs do not fall on the critical path, some delay will have no effect 
on the completion date of the project. For example, actitdty c does not lie 
on the critical path, and as a result it can undergo some delay before it will 
start affecting the completion date. In fact, it can suffer a delay of 13 weeks 
before this can happen. We therefore conclude that activity c has 13 weeks 
of slack. The concept of slack and critical activities is a very useful one to 
management, for it points out which activities must be watched closely and 
in which ones there is some flexibility. We now turn to a set of formalized 
procedures for finding critical paths and slack activities in more complex 
networks. 

Early start and early finish times Consider the example shown in Fig. 7-4. The 
expected time for completion of an activity is given above the arrow and to the 
left of the bracket. If we define the early start of an acti\dty as the earliest 



Fig. 7-4 Critical path network with early start, late start, 
early finish, and late finish times. 
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possible time that it can begin, the earliest start for activity a is zero. We enter 
the early start in the left-hand side of the top bracket. The earliest finish time 
is equal to the earliest start plus the expected completion time for that activity. 
The earliest finish time for activity a is therefore 3 weeks. “3’' is entered in 
the right-hand side of the top bracket. 

Before activity b can begin, its immediate predecessor, a, must be com¬ 
pleted. Therefore, the earliest that b can begin is 3 weeks. Since it requires 
2 weeks, the earliest that it can be completed is 5 weeks after the start of 
the project. The earliest start- and finish times are calculated in a similar man¬ 
ner for activities c, d, e, /, and g. The earliest start for activity h, however, 
requires that we compare the earliest finish times for all activities which merge 
into this node. Activities d and g are immediate predecessors to activity h, 
and as a result activity h can commence only when both are complete. Since 
d is complete at the beginning of week 14 and g is not complete until the 
beginning of week 18, activity h cannot commence until week 18. In general, 
then, the highest number merging into the node will specify the earliest start 
time. 

If the earliest completion time is 24 weeks, the longest path through the 
network is 24 w^eeks. This path, 1-2-4-6-7-8, is the critical path. 

late start and late finish time We discovered that activities which were not on 
the critical path could be delayed without affecting the earliest finish date of the 
project. Now we will make quite explicit the maximum delay which could be 
tolerated. This will be accomplished by specifying the latest time an activity 
can be started and the latest time it can be finished. Violation of either will 
mean project delay. 

We proceed by working from the end of the network to the beginning. 
Starting at node 8, then, the latest that this activity can be finished is 24. This 
is entered in the right-hand side of the lower bracket. Since the activity takes 
6 weeks, the latest that it can be started is 24 — 6 = 18. The latest start is 
entered in the left-hand side of the lower bracket- There are twm activities 
which merge at node 7. The latest that either could finish is 18. Otherwise the 
project would be delayed. The latest start for activity d is 18 — 6 = 12. Com¬ 
putations for the earliest and latest start times for activities 6, c, c, /, and g are 
entered into the lower brackets of Fig. 7-4. Two activities merge from activity 
a; therefore, in working backward to determine a’s latest finish, the smallest of 
the two latest start times is chosen. For example, if activity a is completed 
later than week 3, the project will be delayed. 

Slack As we examine Fig. 7-4, w^e find that the early start and late start for 
some activities are identical. For these activities there is no flexibility; if the 
start is delayed, the project will be delayed. We can therefore conclude that 
critical activities are those for which the early start and late start are identical. 
In addition, the string of critical activities 1-2-4-6-7-8 make up the critical path. 
Those aotivities, however, for which the difference between the late and early 
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start is positive have slack. For example^ the early start for activity b is 3 and 
the late start is 7; therefore as much as a 4-day delay can be incurred before 
the project is delayed. We can conclude that slack can be computed in the 
following way: 

S(6) == LS(5) - ES(5) = 7-3 = 4 days 

It is important to note that if w'e use some of these 6 days of slack in completing 
activity the computed slack for activities which follow’ may be affected. Fi¬ 
nally it should be obser\’ed that if the latest start of a noncritical path is violatedj 
a new critical path is born. 

- // LINEAR PROGRAIiMING FORMULATION OF NETWORKS 

The simple deterministic project network which w’as covered in this section can 
be expressed as a linear programming model. First w’e let Xj represent the 
early occurrence of event i] where i = 1. 2j 3^ . . . ^ k. The objective is to 
minimize the early occurrence of the last event k. We can therefore wwite the 
objective fimction as 

ilininiize Xi: 

Constraints are necessary to ensure that the assigned time for an activity is 
at least as great as the required time. Therefore if we let iij be the required 
time for completion of the activity between events i and 

Xj — Xi > tjj for all activities if 

Finally’ w’e must specify the nonnegativity constraints. 

Xih > 0 

Consider the example shown in Fig. 7-5. The linear programming problein 
can be wTitten in the following way: 

Minimize Xg 

Subject to 

X. - Xi > 3 

X 4 - Xi > 10 
Jts — Xi ^ / 

X 4 - X. > 5 
Xs - X 4 > 3 
X 5 - Xa > 7 
Xi, X., Xa, X 4 , Xg > 0 

Using a standard LP codej the solution to this problem was found to be 
Xg = 14. Therefore the earliest that the project can be completed is week 14. 
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Fig. 7-5 Linear programming 
example. 



The remaining events take on the following values: 

Xi = 0 Xs = 7 Z 5 = 14 

X 2 = 6 Z 4 = 11 

There are, however, several alternative solutions which will still yield the same 
value for Z 5 . This occurs because of slack in activities 1 - 2 , 2-4, 1-4, and 4-5. 
Therefore, Z 2 and Z 4 could be changed without affecting Z 5 . 

To ensure that the solution reflects the earliest possible start time for each 
event, the objective function must be changed to read 

k 

ZVIinimize ^ Xi 

The constraints go unchanged. //// 

PERT 

Up to this point we have assumed that each activity time was known with 
certainty. In many cases this becomes an oversimplification that cannot realisti¬ 
cally be accepted. In the case of a research and development project it would 
seem unrealistic to assume that we could know exactly how long each stage 
of the project would take. For in these kinds of projects, uncertainty is a 
natural phenomenon. There are countless projects where uncertainty is sig¬ 
nificant, and to ignore it would result in a superficial analysis. We now turn 
to a method for incorporating this added dimension into our analysis, PERT. 

EXPECTED TIME 

In PERT it is assumed that the administrator responsible for each activity 
can make three estimates, the first being the most likely time that it will take 
for the activity to be completed and the second being an optimistic time—a 
time which would result if everything w^ent exceptionally well. Finally he is 
asked for a pessimistic time, a time which w^ould result if the activity ran into 
difficulty. 



170. 


DESIGN OF THE SYSTEM 


The computation of the expected time for each activity depends on these 
three estimates. They are combined in the following way: 


tji) 


4 ® + 4f«,(i:) + tp(i) 


(7~1) 


where 4® = expected time for activity i 
4 (f) = optimistic time for activity i 
im(t} = most likely time for activity i 
tp(i) = pessimistic time for activity i 

The expected time for an activity represents the average time it would take 
if the activity were performed over and over again. Although this is not quite 
representative of the actual situation, it is usually the best estimate possible. 

Consider the following example. As part of a research and development 
project, an electronic eireuit must be designed, built, and tested. The engineer 
in charge feels that the most likely time for completion is 8 weeks. However, 
with imusually good luck that time could be reduced to as little as 5 weeks. 
With bad luck, however, it could take as much as 12. Underlying these three 
estimates is a continuum of possible times between 4 and tp, with 4 being its 
aiithmetie mean and the mode. This is illustrated in Fig. 7-6. Since it might 
be very difficult to obtain the exact nature of this probability distribution, these 
tliree estimates are considered satisfactory" in estimating its mean and standard 
deviation. Using Eq. 7-1, the mean is computed in the following w"ay: 

^ 5 + 4(S) + 12 _ 

4 - ^ - 8 -’ 

Next we turn to the problem of estimating the standard deviation of the activity. 

If the activities that make up the project display some variability, this 
source of uncertainty should be incorporated in statements concerning the 
projectk length. One such measure of variability, the standard deviation of 
each activity, can be estimated hj taking one-sixth the difference between the 
optimistic and the pessimistic estimates. 

tp{i) 4(f) 


I 
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Fig. 7-6 Distribution of PERT time 
^timates. 
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In our example 
12 - 


Si 


7 

6 


1.16 


Since variance is equal to the standard deviation squared, we have 
^ i — (i) “ = M 

Now we turn to an example where these concepts are utilized in constructing 
and analyzing a PERT network. 


THE CRITICAL PATH OF A PERT NETWORK 

Consider the research and development project whose network is presented in 
Fig. 7-7. The expected time, standard deviation, and variance for each activity 
are shown in Table 7-2. The network is redravm in Fig. 7-8; however, this 
time the expected time te is entered above the activity arrow. The critical 
path is 1-3-4-5-7, and the expected completion time is 8 + 7 + 5 + 
weeks. The variance of the critical path is equal to the sum of the variances 
associated with every critical activity along the critical path. Therefore, 
7 = 4 + 4+1 + 9 = 18. 

PROBABILITY ESTIMATES FOR COMPLETION DATES 

We have estimated that the expected completion time is 33 weeks. However, 
since it has been acknowledged that some variability does exist for each activity, 
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Fig. 7-7 PERT network. 
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Tafaie 7-2 Computation of expected time, standard 
deviatton/and variance for PERT analysis 


Aciwiiy 

Ex-pecied time 

Standard dmiation 

Variance 

a 

4 

1 

1 

b 

8 

2 

4 

c 

8 

1 

1 

d 

7 

2 

4 

e 

6 

1 

1 

f 

5 

1 

1 

§ 

8 

2 

4 

h 

13 

3 

9 


other compietion times on either side of 33 weeks are possible. The likelihood 
of other times depends upon the variability computed for the critical path. Ac¬ 
cording to the ceniral-limit theorem of statistics, it is reasonable to assume 
that the variability associated with any path through the network, including 
the critical path, can be approximated by a normal distribution. Therefore 
in our example the completion time of the project can now be represented as 
a normal distribution with a mean of 33 and a standard deviation of \,/l8 = 4.2. 

As a result of its normality, it is possible to make probability estimates 
of completion dates by referring to a normal table. For example, we can say 
that there is a 68 percent chance that the project will be complete within plus 
or minus 1 standard deviation of its mean. This stems from the fact that 
68 percent of the area under a normal curve is within 1 standard deviation 
of its mean. In our example, it therefore follows that there is a 68 percent 
chance that the project will be completed between 28.8 and 37.2 days after start¬ 
ing. There is a 95 percent chance that the project will be completed within 2 
standard detiations of the mean, or between 24.6 and 41.4 days, and there is a 
99 percent chance that the project will be completed within 2.56 standard devia¬ 
tions of the mean, or between 22,3 and 43.7 days. These probability statements 
are illustrated in Fig. 7-9. 
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Fl§. 7-9 Probability distribution of completion dates. 
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SOI^E ASSUMPTIONS BEHIND THE ANALYSIS 

Behind our analysis are two assumptions that should be considered when using 
this approach. The first is that we have an unbiased estimate of the expected 
times for each activity. This means that if we used the expected time over 
and over again for our estimate, on the average we would be right. The second 
assumption is that the activity times are independent of one another. For ex¬ 
ample, this assumption implies that activity a is independent of activity c, 
and that even if activity a is behind schedule and there is pressure on activity 
Cj activity c will not respond by a completion time earlier than expected. 

THE CONSEQUENCE OF NEAR-CRITICAL PATHS 

Xot always is it safe to estimate a probability range for project completion 
based solely on the mean and variance of the critical path. Completion of 
the project may also hinge on the mean and variability of near-critical paths. If 
there is a noncritical path, for example, whose length is close to the critical 
path and whose variance is larger, it is certainly possible for this path to become 
critical. Therefore, using uncertainty analysis, which focuses only on the critical 
path, would result in an erroneous probability statement. If we used conven¬ 
tional statistical techniques to take this added dimension into consideration, 
the analysis would prove to be quite cumbersome. A much more manageable 
approach is to resort to simulation. 

SIMULATION OF A PERT NETWORK 

The first step in the simulation process is to draw the project network. In 
Fig. 7-10 a network is shown for the construction of a special-purpose steam 
turbine. Next we must determine subjective probability distributions for the 
completion times of each activity. For example, it was determined that the 
engineer in charge of activity a felt that there vras a 70 percent chance that 
his activity could be finished in 5 weeks, a 10 percent chance of completion 
ill 4 weeks, a 5 percent chance of 3 weeks, a 10 percent chance of 6 weeks, 
and a 5 percent chance of 7 w^eeks. This and the remaining subjective probabil¬ 
ity distributions are shown in Fig. 7-10. 

The object of each replication will be to generate a project length based 
on its critical path. After this process is repeated a number of times, a distribu¬ 
tion can be drawn depicting the length of the project. 

The first step, therefore, is to generate an activity time for each activity, 
using random numbers. Second, the critical path for this trial is recorded, as 
is the completion time for this path. Now^ steps 1 and 2 are repeated several 
times. The results of 25 replications are summarized in Table 7-3. 

The average completion date is 35.3 days. A distribution of the completion 
dates as showm in Fig. 7-11 conveys much more information than the simple 
average; from it w^e can estimate the likelihood of different completion 
times. For example, we can conclude that the likelihood that the project will 
take more than 37 days is 12 percent. What is the likelihood that it will take 
more than 35 days? 
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.10 

Simulation of PERT network. 

19 

.05 
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.25 




I3F 

^ ^ Fig. 7-11 Distribution of simulated 

33 34 35 36 37 38 Project length completion dates. 

Critical index Another useful piece of information that the simulation provides 
is a critical index for each activity. In Table 7-3 the critical path was 
recorded for each iteration. At the bottom of the table the percent of the time 
that each activity was critical is computed. This is called the critical index” 
and is a measure of the likelihood that an activity will be critical. For examplej 
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Table 7-3 SImylation results 


Simulation 




Critical path 




Completion date 

a 

h 

c 

d 

e 

/ 

9 

1 

1 


1 


1 


1 

34 

2 


1 


1 



1 

38 

3 


1 


1 



1 

34 

4 


1 


1 



1 

38 

5 

1 

1 

1 

1 

1 


1 

35 

6 

1 

1 

1 

1 

1 


1 

33 

7 


1 


1 



1 

34 

8 

1 

1 

1 

1 

1 


1 

36 

9 

1 


1 


1 


1 

35 

10 

1 


1 


1 


1 

37 

11 


1 


1 



1 

36 

12 


1 


1 



1 

34 

13 


1 


1 



1 

3§ 

14 

1 


1 


1 


1 

36- 

15 

1 


1 


1 


1 

37 

16 

1 


1 


1 


1 

36* 

17 

1 

1 

1 

1 

1 


1 

35 

18 

1 


1 


1 


1 

35 

19 

1 


1 


1 


1 

35 

20 

1 


1 


1 


1 

34 

21 


1 


1 



1 

35 

22 

1 


1 


1 


1 

38 

23 

1 

1 

1 

1 

1 


1 

34 

24 

1 

1 

1 

1 

1 


1 

35 

25 

1 

1 

1 

1 

1 


1 

36 

Critical index 

.68 

.60 

.68 

.60 

.68 

.00 

1.00 



activity a has a critical index of .68. This means that if the project was under¬ 
taken repeatedly, approximately 68 percent of the time activity a would be 
found on the critical path. With these indices management knows which activi¬ 
ties to watch closely, which to watch occasionally, and which are quite unlikely 
to become critical. 

Quite noticeable, then, should be the fact that a critical path does not 
accompany a solution by simulation, but only a critical index for each activ¬ 
ity. This, in fact, is more useful than the traditional approach to PERT which 
we first developed, for now w^'e have taken account of critical and near-critical 
paths ill our project plan. 


CRSTICAL PATH METHOD 

The critical path method (CPM) Tvas developed for situations where the project 
manager has the flexibility to channel additional resources to certain activities in 
the interest of reducing the project’s completion date. It does not, however, 
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have PERT^s ability to incorporate uncertainty^ into the analysis. Therefore 
CPM is a deterministic model. 


ACTIVITY AHD PROJECT COSTS 

The central idea in CPM is that certain costs vary with time. These costs 
are broken down into two categories: direct activity costs and indirect project 
costs. Direct activity costs are those costs wdiich are incurred by the use of 
men, machineSj and money. There is an inverse relationship betw-een these costs 
and the length of time that it takes to complete an activity. In Fig. 7-12a 
it can be seen that as the expected completion date of an activity is pushed 
up, the direct cost of performing that activity increases. This follows since 
additional resources are necessary to accomplish a decrease in activity time. 

The second set of costs is related to the indirect costs associated with 
the entire project. These include supertdsion, some supplies, and a host of fixed 
expenses which are normally allocated to the project. IMany of these increase 
with the duration of the project. Therefore if the total project length can be 
shortened, these costs will be saved. The direction of these project-related costs 
is shown in Fig. 7-126. 

We have identified two sets of costs each w^orking in opposite directions. If 
an activity is shortened, certain costs increase; whereas if the project is 
shortened, other costs decrease. It can therefore be concluded that additional 
resources can be applied to an activity provided that the cost of this additional 
effort is less than the savings which accrae from a shorter project cycle. 

Consider the example shown in Fig. 7-13. The data above each arrow 
represent the average time or normal time for the completion of that activity, 
the minimum possible completion time if extra resources were employed, and 
finally, the cost' of reducing the average time in ^‘l/day^^’ Activity 6, for exam¬ 
ple, has a normal completion time of 4 days and can be completed in a minimum 
of 2 days if sufficient resources are used. The cost of reducing the completion 
time is $1 per day. Therefore if the actmty time is reduced from 4 days 
to 3 days, an additional cost of $1 is incurred. If the time is reduced to 2 
days, then the total cost of reduction is |2. It is not possible to reduce the 
time further. 




Fig. 7-12 Direct activity and indirect 
project costs. 
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Key: 



Q. r. s 
qL —kD 
q = average time 
r = minimum completion time 
s = cost of reducing activity time in S/day 


5,4,2 


O 


Fig. 7-13 Critical path method example. 


Fig. 7-14 Critical path method 
time graph. 



CPM TIME GRAPH 

The problem is solved on a CPM time graph. First a time scale is drawn, 
after 'which the activity arrows are entered at their earliest start time. This 
is illustrated in Fig. 7-14. The only way that this schedule can be reduced 
is by the commitment of additional resources. For each day that the schedule 
is reduced, a savings of $5 per day in indirect project costs is realized. Therefore 
if the project is shortened by 3 days, this indirect savings would total $15. 

Now we can compare these direct costs and indirect project savings to 
see if any action should be taken. As it stands now", the project wnll be com¬ 
pleted in 12 days. The critical path of the project is a-d, and to shorten the 
project length it only makes sense to focus on activities which lie on the critical 
path. Therefore, either activity a or activity d should be shortened. Activity 
a can be reduced to a minimum of 4 days at a cost of $3 per day, and d 
can be reduced to a minimum of 4 days at a cost of $2 per day. It is therefore 
more economical to reduce activity d to its minimum of 4 da 3 ^s. Since the 
project now takes 1 less day, the indirect cost saving is $5 and the net saving 
is $5 — $2 = $3. 

If we ignore those costs which are not under our control at this stage 
in the planning process, the controllable cost of the schedule before an^" changes 
were made was: 


Cost = 


Cost of reducing 
completion date 


+ indirect costs 


0 + (12 da3^s)($5/da3") 
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Now that we have reduced the schedule to 11 days, the cost becomes 
Cost = 12 + 11($5) = $57 

We have therefore effected a $3 cost savings. The iie'w CPM graph reflecting 
this change is found in Fig. 7-15. 

The critical path of our new CPM graph is still a-d] howeveij d can 
no longer be shortened. The cost of shortening a is $3 per day and it could 
be shortened to 4 days; but after it is shortened by 1 day, two critical paths, 
b-c-d and a-d. occur, iloving one step at a time, we first reduce a by 1 day. 
The controllable cost of this new 10-day schedule now becomes 


Cost = ($2 + 13) + 10($5) =5 + 50 
= $55 

The first cost in the first parenthesis represents the $2 cost that was incurred 
in the previous step, at ’which time we shortened the project from 12 to 11 
days. The $3 is the cost of shortening the project from 11 to 10 days. The 
new CPM graph is drawn in Fig. 7-16. 

We now have two critical paths a-d and 5-c-d. Since d cannot be shortened 
mij further, any reduction in the project must now occur in activity 6 or c 
and in a. The choices w^e have, therefore, are to shorten h and a or c and 
a. The cost of shortening b and a is $4 per day. The most that they can 
be shortened is by 2 days, since b cannot be completed in less than 2 days. If, 
on the other hand, we shorten c and a, the cost per day is $7. We therefore 
choose to shorten b and a. The cost of the schedule is 

Cost = [$2 + $3 + 2($4)] + 8(15) 

= $13 + $40 
= $53 




Fig. 7-lS Critical path method graph 
shortened to 10 days. 
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Fig. 747 Critical path method graph shortened to 
8 days. 



2 3 


7 8 Days 


The new CPM graph is shown in Fig. 7-17. This is the schedule with the 
lowest Gostj since any further reduction in project time must come as a result 
of decreasing actiyities c and a at a cost of $7 per day, which exceeds the 
savings that such a change would generate. 

//// LINEAR PROGRAMMING FORMULATION OF A CPM NETWORK 

In the PERT network the variable minimized was project time, and activity 
times were given. In the CPM network, however, the variable minimized was 
total cost, which was a function of both activity time Uj and project length. 
Therefore we must consider activity time in the CPM linear programming model 
as a variable. 

If we assume that the cost for reducing the activity time is linear, we 
can express it as 

Cij = dij hijtij 

where a,y = intercept 

— hij = negative slope of cost function 

As you recall, this function is defined only between the minimum activity time 
Mij and the average time Aij, 

Mij < tij < Aij 

In CPM there are two relevant costs, the direct activity costs and the 
indirect job costs. The objective is to minimize their sum. The total direct 
activity costs can be expressed as: 

^ (u-ii bijtij) 
all ij 

The indirect project costs are: 

w^here Xm = completion date of project 
C = indirect costs per day 

Therefore, if we minimize the sum of these costs, we have 
Minimize C = ^ 

all ij 
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Since all the Oy are constantj we can rewrite this objective function in the following 
way: 

]\Iini.mize = -“ X 

sM V 

The first set of constraints must specify that the difference betw^een two 
connected events be at least as great as the duration of the activity. 

Xj — Xi > tij for all ij 

or 

Xi — Xi — > 0 for aH ^ 

The second set of constraints restricts the values of tij to a maximum of Aij, 
tij < Aij for aE y 

The third set of constraints ensures that the Uj will be larger than il/y. 

tij > Mij for all ij 
Summarizing the model y we have 

ilinimize C = — X + CX^ 

all a 

Subject to Xj — Xi — tij > 0 for all ij 

tij < Aij for all ij 
tij > Mij for all ij 
Ail Xij, tij >0 

We will now proceed to formulate the problem illustrated in Fig. 7-13 
as a linear programming model. For convenience the network is repeated in 
Fig. 7-18. First we formulate the objective function: 

^Minimize C = — lfi 2 — Bfis — 4:Us — 2^34 + 0 X 4 
The first set of constraints can be formulated as: 

Xs — JlI — fi2 ^ O' 

Xs — Xl — fl'S ^ 0 

Xs — X 2 — t*23 ^ 0 

X 4 - Xs - f34 > 0 
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Next the constraints that limit Uj to a maximum of ^ 4 , 7 : 

ti2 ^ 4 
tu < 7 
h, < 2 
^34 < 5 

Finall}" the constraints that require values of tij at least as large as il/, 7 : 

t r2 > 2 
hz ^ 4 

^23 ^ 1 

hi ^ 4 

Solving this problem a standard linear programming code we get 


ti, = 2 

II 

0 

tu — 4 

Z. = 2 

01 

II 

II 

II 

GO 

II 


This agrees with our previous solution. //// 


SCHEDULING WITH LIMITED RESOURCES 

The analysis up to this point has been based on the assumption that if its 
predecessors were completed, an activity could begin. Underlying this assump¬ 
tion is the fact that sufficient resources will be available to start each activity 
at its earliest start date. Consider the network shown in Fig. 7-19. It is drawn 
on a time graph from wffiich it can be seen that the critical path is c-/-g and 
that the earliest this project can be completed is 10 days. 

The figures above the activities represent a dimension to the problem wffiich 
has not yet been considered: the resource requirement of that activity. A re¬ 
source could be any number of things, including work force size, number of 
pieces of equipment, number of machines, and money. In this example the 
work force size will be that resource wrhich is considered to be in scarce sup- 


Fig, 7-19 Scheduling with limited resources. 
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ply. Therefore the figures above each activity represent the work force size 
that is required to undertake that actmty. 

If the project is executed according to the schedule of Fig. 7-19, the peak 
work load demand of 23 men, occurs on the fourth and fifth days. As you 
can see from Fig. 7-20, the demand on other days drops of significantly. It 
may be that on any one day all 23 men are not available. Even if they were, 
it would seem to be more efficient if the demand for manpower could be smoothed 
by taking advantage of slack time that exists in noncritical paths. This would 
avoid costs of hiring and firing, overtime, and idle capacity. 

HEURISTIC APPROACH TO RESOURCE SMOOTHING 

In a simple ease such as this, where but one resource must be considered, a 
simple heuristic procedure can be used to smooth the demand for the re¬ 
source. First we focus on the dav" of peak demand and adjust an activity 
which has some slack. If we delay activity e by 3 days, the peak demand 
is reduced to a work force size of 14. The new network and load chart are 
shown in Fig. 7-21. 



I 234567S9 10 


Days 


Fig. 7-20 Distribution of work load. 




34 5 6 7 8910 Days Fig. 7-21 Improved solution. 
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This rather inforinal approach to solving the problem becomes more difficult 
as we not only add complexity to the netw^ork but also introduce additional 
kinds of resources which are in scarce supply. If 3rou do not believe this, tr^^ 
drawing a netvrork wdth 15 or so activities wdiere three resources are required 
by each activity. After you have drawn several networks and have been driven 
mad as the reduction in one resource leads to the violation of others, you 
will have an intuitive feel for the extent of the problem. 

//// AN INTEGER PROGRAMiVllNG FORMULATION OF PROJECT SCHEDULING WITH 
ilMITED RESOURCES 

hlow we turn to one way in wiiich an optimal solution to this problem can 
be achieved. Here we will present a model developed by Wiest and Levy.^ In 
the model w^e will utilize a decision variable Xj^ which has the following 
interpretation: 

1 if activit}^ j is performed on da^" d 
I 0 otherwise 

Therefore the first set of constraints must include 
0 < Xjd <1 y = 1, . . . , 

d = 1, . . . , 0 

all Xjd limited to integers 

In addition to being constrained betw^een 0 and 1, the further restriction that 
all Xjd are limited to integers allows only 0,1 values and requires that we 
use integer programming codes. 

The second set of constraints ensures that all activities will be performed 
and completed. 

z 

X ~ ij J = 1, - . . , 

where tj = number of days required to complete activity j 

According to this constraint, activity j must be scheduled for exactly tj days. 

The third set of constraints specifies that the capacit}^ of each scarce resource 
will not be exceeded each day . 

^ d = 1, . , . ,z 

I CrjXjd <Ard 

3=1 f = 1, . . . , m 

where Crj = quantity of resource r required in performing activity j 
Ard = maximum quantit}^ of resource r available on day d 

^Jerome Wiest and Ferdinand Levy, A Management Guide to PERT/CPM, Prentice-Hall, 
Inc., Englewood Cliffs, N.J., 1969, p. 124. 
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The fourth set of constraints ensures that all predecessors must be completed 
before an activity is begun. 

all p G Pj 
d = I, ... ,z 
i = ii . . . . « 

First we must define p. Let p represent an activity which is an immediate prede¬ 
cessor to j. All immediate predecessors to activity j will be said to be contained 
in set P. Therefore, we can vTite p G Pj, ^vhich can be interpreted as all the 
immediate predecessors of activity j. Since this set of constraints may be difficult 
to understand, an example should help. 

Let us turn our attention to one subset of these precedence constraints. We 
will analyze the constraints that must be developed for the fifth activity on 
days 1 , 2 , and 3. Furthermore, we assume that activities 1 and 3 are the im¬ 
mediate predecessors of activity 5. Constructing these constraints, we have 


d~i 

ip^jd < 2 V 


fp = i 

For -1^ = 1 

i J = 5 


fp = l 

For 1 d = 2 
I i = 5 
fp = 1 
For I d = 3 
i i = 5 


tiXii < 0 


hXs2 Xti 

fiXss < Xii -r Xi2 


[/) = 3 
For I = 1 
[j = 5 


(p = 3 
For < c/ = 2 
li = 5 
{■p = 3 
For ^ d = 3 

I J = 5 


f^Xal ^ 0 

^ 3 X 52 ^ X 31 

^3X53 < Xsi + X32 


The two constraints across the top row require that activity 5 can begin on 
day 1, X 51 = 1 , only if its immediate predecessors, activities 1 and 3, require 
zero time, ti = 0 and tg = 0 . It is only under this condition that the constraints 
will not be violated. For example, if acthfity 1 took 1 day, ti = 1, and activity 
5 was performed on day 1, X 51 = 1 , the constraint would be violated, for 1 <|; 0 . 

The last row’ of constraints can be interpreted in a similar fashion. If 
activity 5 is started on day 3, X 53 = 1 , its immediate predecessors, activities 
1 and 3, must be fully completed by day 2 . Suppose predecessor 1 , p = 1, 
requires rt = 2 days, and activity 5 is scheduled to begin on the third day, 
X^'ss = 1 . If activity 1 has been scheduled on day 1 , X^ = 1 , and day 2 , 
X 12 == 1 , the plan thus far is feasible, since 


4X53 < Xn + X12 
2 ( 1 ) <1 + 1 
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Since precedence constraints must be written for all immediate predecessors of 
each activity, and for each day, you can see where the size of the problem 
can get quickly out of hand. 

Next we turn to the last set of constraints, which ensures that no jobs 
will be split. 

tjXjd — ^ Xji < tj 

i = d-\-2 J tj . I ?2’ 

A s'plit is defined as performing part of the activity on day 2 and the rest 
of the activity on days 7 and 8. Again we will use an example to illustrate 
this constraint set. Consider an activity ; = 6 which requires i^e = 3 days for 
completion. The maximum number of days that the entire project could take 
is estimated at z == S days. If the activity is split between days 2, 7, and 
8, the constraint associated with day ^ can be written as 

t&Xe 2 — teX^z + (^64 + Xqo + Aes + Ae? + Aes) te 
3(1) - 3(0) + (0 + 0 + 0 + 1 + 1) < 3 

5 £ 1 

It is clear that this split has violated the constraint. The only way in which 
the set of constraints associated with each activity will not be violated is if 
the activities are not split. The task of constructing this set of constraints 
is also sizable, since one must be constructed for each activity and for each 
day. The objective function is written as follows: 


ilinimize 1 2/ Aj* + 4 X Ay(fc4_i) + 16 X A;(a-4.2) + • * * + X 




y = i 


i = i 


i = l 


where 0 < ^ < 2 

Rs = 4R(z^i) 


The R^'s serve as a cost explosion making the assignment of an activity to 
a later day more and more costly. This, of course, forces the completion date 
to be as early as possible. //// 


SUMMARY 

Each network model that has been presented has its own set of assumptions. 
The choice of a model, in any one situation, depends upon the degree to which 
that model incorporates the predominant characteristics of the real-wmrld prob¬ 
lem. If, for example, there are limited resources, the PERT and CPM models 
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would be inadequate by themselves. If the project is plagued with uncertainty, 
a PERT model would seem appropriate. 

If resources are available to shorten the project time, CPM methods can 
be used to minimize the total cost of the project. The assumption, however, 
in the CPM model that these costs are linear may prove to be too severe. 

The user, then, has a difficult time in selecting the appropriate model, 
since it is unlikely that any one will exactly meet his requirements. Therefore, 
when the outcome of a model is in turn used to solve the real-world problem, 
some discretion may have to be exercised. 


QUESTIONS 

Q7-1- What is the difference between PERT and CPI^I? 

Q7-2. What is a dummy acthity and when must it be employed? 

Q7-3. What is the significance of a critical path? 

Q7-4. 

How is slack time computed? 

Q7-5. As the result of a PERT analysis, the expected completion time of a project 
is computed to be 60 days vdth a standard delation of 4 days. T\Tiat can be said 
about the ,likeiiliood of an actual completion time in excess of 70 days? 

Q7-6. Suppose that the outcome of a PERT analysis is such that the expected completion 
time for the critical path is 45 days with a standard deviation of 3 days. There is, 
however, another path whose expected completion time is 42 days with a standard 
deviation of 4 days. I\liaT would be the problem if the critical path was used 
to make probabilitT statements about project completion? 

Q7-7. Why might it be necessary’ to employ simulation in PERT analysis ? 

Q7-8. Is the outcome of a conventional PERT analysis any different from a simulated 
PERT analysis? Explain. 

Q7-9. In CP]iI, trade-offs can be made between two kinds of costs. Explain. 
Q7-10. Wliy is it more difficult to solve a critical path problem with scarce resource 


PROBLEMS 

P7-1- Find the critical path and slack times for the following network. 
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P7-2. Draw the network and find the critical path and slack times for the following 
problem. 


Activity 

Immediate predecessor 

Time 

1,2 

_ 

5 

1,3 

— 

7 

2,4 

1,2 

4 

3,4 

1,3 

3 

4,7 

2,4 

6 

3,5 

1,3 

4 

5,10 

3,5 

1 

7,9 

4,7 

6 

4,6 

2,*4 and 3,4 

7 

6,8 

4,6 ' 

2 

7,8 

4,7 

4. 

8,10 

6,8 and 7,8 

5 

9,10 

7,9 

6 

10,11 

9,10 and 8,10 and 5,10 

2 


P7«3- Draw the network for the following project and find the critical path. 


Activity 

hnmediate predecessor 

Time 

1,2 

_ 

5 

1,3 

— 

4 

2,4 

1,2 

6 

3,4 

1,3 

2 

4,5 

2,4 

1 

4,6 

2,4 and 3,4 

7 

5,7 

4,5 

8 

6,7 

4,6 

4 

7,8 

6,7 and 5,7 

3 


P7-4. Find the critical path of the following PERT network. 
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P7-5. What is the likeiiliood that the critical path found in Prob. 7-4 will take longer 
than 30 days? 

P7-6- Find the critical path of the following PERT network and determine the likelihood 
that this path will, take more than 21 days. 



P7-7- Simulate the following PERT network. Base your distribution of completion date 
on 20 replications. What is the likelihood that each actirity will become critical? 


Time Prob. Time Prob. 



P7-8. The design of a new’ production system requires the completion of five major 
actiraies. This netw’ork is showm below. The snpervisor of the project has subjectively 
estimated the possible completion times for each of tiiese activities. On the basis of 
20 replications, estimate the likelihood that this project will take more than 12 w’eeks. 
What is the likelihood that activity 1>2 will be critical ? 
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Activity 1-2 Activity 1-3 


Time 

Probability 

Time 

Probability 

3 

.12 

1 

.10 

4 

.35 

2 

.20 

5 

.23 

3 

.45 

6 

.17 

4 

.25 

7 

.13 




Activity 2-4 Activity 3-4 


Time 

Probability 

Time 

Probability 

4 

.10 

5 

.10 

5 

.20 

6 

.20 

6 

.60 

7 

.35 

7 

.10 

8 

.25 



9 

.10 


Activity 4-5 

Time 

Probability 

1 

.20 

2 

.25 

3 

.35 

4 

.20 


P7-9. Formulate the following as a linear programming problem. Set up only. 



P7-10. Solve Prob. 7-9 using a standard LP computer code. 

P7-11. Formulate the following as a linear programming problem. Set up only. 
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P7-12. Solve the followiiig CPIVl problem,. 

The figures above each activity represent the average time in which the activity ca,n 
be completed, t,lie minimum time, and the cost o,f reduei.ng activity time .in doik,rs 
per day. In addition, the savings which accrue if the project is shortened is $5 per 
day. 



P7-13. Solve the following CP^I problem. 

.For each day that the project is shortened, a savi.ngs of S7 is reahzed. 



P7-14, Formulate Prob. 7-12 as a linear programming problem. 

P7-15. Formulate Prob. 7-13 as a linear programming problem. 

P7-16. The major resource which a firm requires to complete the following network 
is labor. Since they would like to smooth the demand for this resource, determine 
a plan whereby this is accomplished as well as possible. 



Figures above each aethity indicate the quantity of the scarce resource required. 
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Facilities Layout 


!NTIK)DUCTION 

Facilities layout is closely tied to the macro, micro, and behavioral design of 
the process. For it is only after the process has been designed, the make or 
buy decision made, the sequence of actmties determined, the equipment selected, 
and the materials handling problem considered that plant layout usually be¬ 
gins. In other words, plant layout is realty a continuation of process design, 
and as such it should be subjected to the same iterative process. As the attention 
shifts from macro to micro to beha\dorai and then to plant layout, decisions 
made at these earlier stages constrain the way in which the plant can be laid 
out. If an existing plant will be used, then its physical dimensions and facilities 
will impose additional constraints on the layout. Therefore, what seemed like 
a feasible design as it progressed through the macro, micro, and beha^doral 
stages might prove infeasible when the layout of the existing plant is consid¬ 
ered. The designers must then go back and make the necessary changes in 
these earlier stages, or perhaps even consider changes in the physical plant. It 
should be made clear that although w^e focus on each of these stages separately 
in the text:, they are usually considered sequentially in the design process, al¬ 
though sometimes a select few are considered simultaneously. 
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PRODUCT AND PROCESS LAYOUTS 

PRODUCT LAYOUT 

One way in which to categorize a layout is by product or by process. A product 
layout takes the form of a production line and can be justified only when planned 
output is high and the product specifications are certain. The stations and 
equipment are devoted exclusively to a single product; and since they are usually 
special-purposcj the fixed costs are high and the process is inflexible. Therefore 
a high volume must be anticipated to defray this cost; and because of the 
inflexibility of the equipment, the product specifications should not be expected 
to change by very much over the life of the equipment. 

A consequence of these characteristics is that the layout problem for prod¬ 
uct-oriented lines is typically small. Once the process decision has been made, 
there is usually little area for discretion in the location of the equipment; layout, 
for the most part, is determined by technology itself. 

For example, a large electroplating department is considering the installa¬ 
tion of an automatic chrome-plating machine with 25 different stations. Each 
station contains either a chemical cleansing solution, an electroplating solution, 
or a water rinse. The part to be chrome-plated is mounted on an overhead 
conveyor which moves both horizontally and vertically. It drops the part into 
the solution, raises it when the plating time is up, moves it to the next station, 
low’ers it, and so on. If the machine is purchased, it is clear that there will 
not be a sizable layout problem. The manufacturer of the plating equipment 
offers but a few alternative layouts for the process. The stations can either 
be strung out in a straight line or arranged in the form of the letter U. Beyond 
this basic choice there is little more that needs to be done in laying out this 
facility. 

Product layouts need not be highly capital-intensive. They can embody 
substantial levels of labor. Many times, for example, the final assembly of 
a product is laid out as a labor-intensive assembly line. Workers, therefore, 
perform the necessary operations at each station with the help of tools and 
fixtures. To determine if such a strategy is efficient, the line must first be 
balanced, perhaps using the techniques presented in Chapter 6. Then the cost 
consequence of this strategy can be compared with the cost of others. If the 
product layout is chosen, the outcome of the line-balancing analysis will play 
a dominant role in the physical layout; again there will be little room for 
discretion. 

We can therefore conclude that the facilities layout problem associated with 
product layouts is not large. In fact, graphic aids such as two- and three- 
dimensional drawings, as w^ell as two- and three-dimensional models, can be 
used to scrutinize the possible alternatives with little risk of being too super¬ 
ficial. This is not the case for process layouts. They are more complex to 
analyze and design. Consequently the rest of this chapter is devoted to process 
layout problems. 
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PROCESS LAYOUT 

Gliaraeteristic of process layouts is the fact that similar work stations are 
grouped together. In a job- shop, for example, we find a work center containing 
a group of lathes, another center with a group of milling machines, and so 
on. Other examples include a hospital laboratory, a schooFs language lab, and 
an office typing pool. 

In a process layout many different jobs are processed through each ma¬ 
chine. One job by itself could not justify the exclusive use of the stations 
through which it is routed. Therefore a product layout would be uneconomical, 
and a process layout in which the job shares facilities with others is a much 
more effective use of scarce resources. 

With the job moving from one work center to the next, material handling 
costs are higher than they would be under a product layout strategy. As a 
result, a major consideration in process layout is the design of a layout which 
minimizes transportation costs for the jobs which are processed through the 

facility. 

The structure of this chapter will be to first analyze the problem of placing 
a facility in a location when the consequence of such a placement is totally 
independent of the facilities which occupy other locations. We call this problem 
process layout .'independence. To solve such a problem, a branch and bound 
assignment algorithm is developed. Then the attention will shift to facility 
layout problems where the consequence of placing a facility in a location is 
dependent on the location of other facilities. Two methods for solving this 
problem are presented. The first is a mathematical programming model whose 
size turns out to be quite substantial. To saA^e the day, a heuristic is introduced 
which finds very good but not optimal solutions to the problem. Those who 
wish to avoid the mathematical programming model may do so with only a 
modest loss to the continuity of the chapter. 


PROCESS UYOUT: INDEPENDENCE 

Sometimes the consequence of placing a facility in a location is totally inde¬ 
pendent of the facilities which occupy other locations in the immediate xicinity. 
As an example of this, consider the problem faced by the Ace Steel Company. 
They produce five steel products, including steel cable, I beams, sheet steel, bar 
stock, and steel rods used in reinforced concrete. To store these products after 
they haA’-e been manufactured, they liaA^e set aside an area which has been diAuded 
into five locations. The problem that must be soh^ed is this: W^iieh product 
or ^ffacility-’ do we assign to each location? 

The choice of assignment depends upon the criterion chosen. Here it seems 
logical to choose as that criterion the minimization of material handling cost. 

When one of these five items is demanded, a forklift truck is dispatched 
to the appropriate location. It then moA^es the item to the shipping ramp or 
onto a waiting delWer^^ truck. The handling costs associated with this actmty 
therefore depend only upon the zone to which that product is assigned. 
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Fig. 8-1 Independent facilities layout problem. 


1 


These costs for all possible combinations of facilities and locations have 
been determined and are recorded in Fig. 8-1. For example, if facility A is 
assigned to location 1, the yearly cost of handling will be $5(000). If facility 
A is, instead, assigned to location 2, the cost will be $12(000), and so on. 

In addition to these costs, the constraints associated with this problem 
are also recorded in Fig. 8-1. The Is located below the last row imply that 
each location should have assigned to it one and only one facility. The Is 
located to the right of the last column imply that each facility should be assigned 
to one and only one location. These constraints are called rim conditions. We 
can now say that the problem is to assign facilities to locations in such a way 
as to minimize material handling costs while obser\dng the rim conditions. 

Let us look at one alternative assignment. 


Facility ABODE 

Location 


Assignment 

Cost 

A-3 

15 

B-2 

10 

C-1 

9 

D-4 

4 

E-5 

13 


51 


The cost of this alternative is 51 (that is, $51,000). There are, however, many 
other alternatives. In fact, there are 51, or 120, of them. To compute the 
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cost for each and then from this set select the lowest-cost alternative would 
be inefficient. There iSj indeedj a better way. 

A MATHEMATICAL-PRCKSRAMifflNG FORMULATION OF THE PROBLEM 

The general form of this problem can be categorized as a linear assignment 
problein. In its formal description, a decision variable Xij is defined which 
can take on the following values: 

_ 1 if facility 2* is assigned to location j 

0 otherwise 

The objective function can be WTitten as: 

n n 

I\Iininiize C" = X 1/ CijXij 

1=1 j = 1 

where Cij = cost of assigning facility i to location j 

Another requirement of this model is that the number of facilities n must be 
equal to the number of locations n. This is expressed by the limits above the 
two summation signs. 

The constraints include a set which ensures that each facility is assigned 
to one and only one location. 

n 

2 Xfj = 1 i' = 1, 2, . . . , 

i-i 

The second set ensures that each location is assigned one and only one facility, 

>; Z;,- =1 J = 1. 2, . . 

J = 1 


Locaiioil 

3 4 5 


Location 


A 

5 

12 

15 

u 

17 

B 

8 

10 

6 

11 

7 

C 

9 

3 

11 

s 

9 

D 

\ 

5 

i 
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4 

5 
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1 

5 I 

1 

4 

4 ; 

3 

1 13 

1 


3 4 
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11 

10 

12 

6 

7 

2 
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2 

7 

0 

7 

5 

4 

0 

~) 

5 

1 

0 

3 

1 

0 

0 

8 


Fig. 8-2 The amount by which each 
column can be reduced. 


Fig. 8-3 After column reduction. 
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In additioii we must add: 

Xij = integer value 7 = 1, 2 , . . . , n 
y = 1, 2, . . . , 71 

The problem illustrated in Fig. 8-1 would be expressed in the following 

way. 

IMininiize C = "t~ 12 .X^a2 ~r 13.X^a4 H-^as 4“ SX^bi 

+ * • * + 13A^e5 

XaI + Xa2. + + ^A4 + -^A5 = 1 

+ ^Tb2 + -S^B3 + -^B4 + -Tb5 = 1 


A^’ei + Ae 2 + ArE3 + -Ae4 + Ae5 = 1 

A"ai + ATbi + Xci + Xdi + -Aei = 1 

Xa2 + ^^62 + -^02 + ArD 2 + -Ae2 = 1 


A"a5 + Ab5 + Xco + A^dS + A^Eo — 1 
Xij = integer value i = A, B, C, D, E 

y fj —j d, 4, o 

It is quite possible to solve this problem using standard integer program¬ 
ming codes; however, it is much more efficient to use the linear assignment 
algorithm, to which we will shortly turn our attention. 

SOLUTION BY OBSERVATION 

To solve this problem an opportunity cost matrix is developed. This is accom¬ 
plished by subtracting the lowest cost in each column from the other costs in 
that column. For example, in column 1 of Fig. 8-2 the lowest cost is 2. After 
reducing all the costs in that column by 2, we have the new column 1 of Fig. 
8-3. Column reductions continue for the other four columns. 

Interpreting the opportunity cost matrix of Fig. 8-3, we can see that if 
facility D is assigned to location 1, we will experience a zero opportunity 

cost. In other words, for location 1 the best possible assignment is facility 

D. If, however, we assign facility A to location 1, the cost is $3 higher than 
its best assignment. Clearly, if the zeros were positioned in such a way that 
each location could be assigned one of the five different facilities utilizing only 
zero cells, we w’ould have the best solution. Can we accomplish this in our 
problem? Location 1 can be assigned facility D, location 2 can be assigned 

facility C, location 3 assigned facility E, but location 4 cannot be assigned 
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Location 

3 4 5 
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0 

3 

1 

I 

_1 

0 

0 

8 


Fig. 8-4 Opportunity cost matrix. 


facility E, since it has already been assigned to location 3. Also, location 5 
cannot be assigned facility D, since that has been assigned to location 1. There¬ 
fore, we have not solved the problem—^yet. 

Xext we will subtract the lowest cost from each row and thereby generate 
an opportunity cost matrix with respect to facilities and locations. Therefore, 
from our last matrix, Fig. 8-3, w^e subtract the lowest cost in each row from 
the other costs in the row. The new’ matrix is presented in Fig. 8-4. We now 
have a matrix which has been reduced twice, once by columns and once by 
rows. There is therefore at least one zero in everr^ column and every row. Once 
again we check to see if there exists a feasible assignment of facilities to locations 
in zero cells. There is, and it includes A-1, 6-3, C-2, D-5, and E-4. The 
cost of this assignment is 5 + 6 + 3-T-5-4-3 = $22(000). There is no other 
feasible assignment with a lower cost. 

This example was a relatively simple one where the solution w’as identified 
after row and column reductions. In most cases, how^ever, the location of the 
zeros after row and column reduction is not such that a solution can be identi¬ 
fied, In those cases we must rely on the assignirient algorithm for a solution 
technique. 

SOLUTION BY ASSIGNMENT ALGORITHM 

Consider the example showm in Fig. 8-5. The result of column reductions is 
shown in Fig. 8-6 and row reductions in Fig. 8-7. It can be seen that there 
is no feasible assignment of facilities to locations, using only zero cells. Other 
nonzero cells will have to be used. To establish which of these to use, we 
must employ a branch and bound assignment algorithm. 

Branching technique The solution method w’hich will be followed takes a 
problem and replaces it with tw’o less complex problems. It then takes these 
new problems and replaces each of them with two more problems wiiich are 
even less complex, and so on, until a final optimal solution is reached. To 
accomplish this, w’e start with the original problem, which implicitly contains 
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Location 

3 4 5 


A 

9 
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9 
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10 

B 


26 

23 

24 

25 

C 

13 

15 

13 

16 

14 

D 

5 

8 

11 

13 

9 

E 

15 

17 

14 

16 

17 


12 


Fig- 8-5 Independent facilities layout 
problem. 
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Fig. 8-6 After column reduction. 
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Fig. 8-7 After column and row reductions. 
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Fig. 8-8 Branching technique illustrated. 

all possible solutions. Then we make an assignment of a facility to a loca¬ 
tion. It serves as the basis for partitioning the problem into these less complex 
problems. To illustrate this process, suppose that we decide that the best first 
assignment in our example is D-1. At that point we can reduce the problem 
to tTvo smaller problems, one which contains all solutions which include D-1 
as an assignment and another which explicitly eliminates D-1 from all possible 
solutions. This branching concept is illustrated in Fig. 8-8. The method then 
continues by branching from these reduced problems until a solution is reached. 
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Bolinds FoTtunately it will not be necessary to follow each branch in this 
tree. Only those branches which can clearly lead to the lowest-cost solution 
need be followed. To identify which these are^ it is necessary to compute the 
lower bound for each branch. The lower bound represents the lowest possible 
cost of a solution if that branch is followed. It can be computed by summing 
all column and row reductions that were necessary up to and including that 
branch. 

To begin, we must establish a lower bound for all possible solutions. This 
is accomplished by reducing the original problem by columns and rows.^ Then 
the sum of these rediictioiis is computed. In our example, column and row 
reductions were taken in Figs. 8-5 and 8-6. Their sum is 43 + 20 = 63, It 
is entered at the top of Fig. 8-9.t From this we can establish that there is 
no possible solution to the problem that will have a cost lower than 63. In 
fact, the only time that the optimal solution would be as low as 63 is when 
the zero cells are located in such a way that a feasible assignment can be made 
to them. We have already established that this is not the case for our problem. 

‘ If you prefer, you can reduce firsi by rows and then by columns in this and all subsequent 
steps. The final answers will have the same cost. 

fit- will prove ven’ helpful for studying the rest of this section if you reproduce this figure 
for reference purposes. 



Fig. S-9 BraneMiig to a solution. 
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Location 



Now we turn to making our first assignment. It will serve as the basis 
for the first two branches. 

Opportunity costs We make the first assignment to the zero cell which has 
the highest opportunity cost of not making an assignment to it. To accom¬ 
plish this we must compute such a cost for each zero cell. So that our bookkeep¬ 
ing will be as organized as possible, the fully reduced matrix of Fig. 8-7 is 
redrawn with slash marks dividing each zero cell. This is done in Fig. 
8-10. Below the slash mark the zero is entered, and above it we will place 
the opportunity cost of not making an assignment to that cell. 

First we will focus upon D-1. If location 1 does not have facility D 
assigned to it, it must be assigned some other facility. In the interest of cost 
minimization, either one of facilities A and C could be assigned to location 
1 at an additional cost of 4. Now’, if D is no longer assigned to location 1, 
it must be assigned to some other location. Again in the interest of cost mini¬ 
mization, the low’est-cost alternative is to assign it to either of locations 2 and 
5 at an incremental cost of zero. We can therefore conclude that the opportunity 
cost of not making an assignment of a facility to a location is the mm of 
the incremental cost of making another assignment to that location and that 
of assigning that facility to another location. In this case the opportunity cost 
is 4 -j- 0 = 4. It is entered above the slash mark in that cell. 

Next w’e evaluate the opportunity cost of not making an assignment to 
E-4. The low’est incremental cost of making another assignment to location 
4 is zero, since any of facilities A, B, and C could be assigned to it. The 
low’est incremental cost of assigning E to another location is 1, since E could 
be assigned to location 3. Therefore the opportunity cost of not making the 
assignment E-4 is 0 + 1 = 1. 

Each zero cell must be evaluated separately, and the opportunity cost 
entered above the slash mark. The remaining opportunity costs are entered 
in Fig. 8-10. 
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The irst assignment The assignment should be made to that cell with the 
highest opportunity cost. In this way we avoid incurring this high cost 
if an assignment is not made. The first assignment is therefore made in cell 

D-1. 


The first two hranches The first assignment serves as the basis for partition- 
iiig the problem into two less complex problems. This partitioning process is 
showni at the top of Fig. 8-9. One branch contains those solutions which include 
D-1 as an assignment and the other branch includes all t^se solutions which 
exclude D-1. We vill denote the exclusion of D-1 as D-1. Next we must 
compute the lower bound for each of these branches. 

Lower bouncis for the first two branches First we compute the lower bound 
for the branch which includes D-1. To accomplish this we eliminate row D 
and column 1 from the matrix. This is shown in Fig. 8-11. Then column 
reduetions are made, followed by row reductions. The columns can be reduced 
by 3 and 1, and the new matrix reduced by columns is shown in Fig. 8-12. No¬ 
tice that no row reductions are possible. Therefore Fig. 8-12 represents the 
neWj fully reduced matrix^ and it has a lower bound of 63 4- 4 = 67. We can 
therefore conclude that all solutions which include D-1 as an assignment have 
a minimum cost of at least 67. This lower bound is entered in Fig. 8-9. 

Now the lower bound associated with excluding D-1 from all solutions 
must be determined. To accomplish this we must return to Fig. 8-7. In cell 
D-1 we enter a dash, which will imply an infinitely high cost if that assignment 
is made. This is shown in Fig. 8-13. Nextj column and row reductions must 
be taken. From Fig. 8-13 it can be seen that a column reduction of 4 can 
be taken in the first column. The column-reduced matrix is shown in Fig. 
8-14j and we can see that no row reductions are possible. The lower bound 
for all solutions which exclude D-1 is therefore 63 -j- 4 = 67. It is entered in 
Fig, 8-9. 
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Fig. 8-12 Fullv reduced matrix 
D-1. 
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Fig. 8-13 


Fig. 8-14 Fully reduced matrix D-1. 


Location 



At this point we are ready to branch from either D~1 or D-1. Both have 
the same lower bound (by coincidence only); but since D-1 has one more assign- 
ment than does D-1, we shall elect to branch from it. We might have to return 
to D-1 later to ensure that it does not lead to a better solution, but for now 
we will neglect it. 

Branching from D-1 To branch from D-1, we return to its fully reduced 
matrix in Fig. 8-12. Again the opportunity costs are computed for each zero 
cell It can be seen from Fig. 8-15 that the cell with the highest opportunity 
cost is cell B-4. Therefore it will serve as the basis for partitioning this reduced 
problem even further. 

We can now enter the second twm branches in Fig. 8-9. First we have 
P-1,B-4, or all of those solutions which include both D-1 and B-4 as assign¬ 
ments. Second we have D-1,B-4, or all of those solutions which include D-1 
and not B-4. Next we must compute the lower bounds for these branches. 

First we will compute the lower bound for D-1,B-4. Reflecting the fact 
that B-4 is also assigned, we remove row B and column 4 from Fig. 8-15. The 
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new matrix is shown in Fig. 8-16. Next, column and row reductions are 
made. These total 1; therefore the lowest bound for this branch is 
67 + 1 = 68. It is entered in Fig. 8-9. The new, fully reduced matrix is showm 
in Fig.-8-17. _ 

Now the lower bound for D-I5B-4 must be computed. To accomplish this 
we must return to Fig. 8-12 and enter a dash into B-4. This is shown in Fig. 
8-18. It can be seen that no column reduction, but a row reduction of 2, can 
be made. The fully reduced matrix is shown in Fig. 8-19. Its lowest bound 
is 67 -[- 2 = 69. Finally we enter this into Fig. 8-9. 


Location 


Location 


5 3 5 


A 

0 

0 

0 

A 

0 

0 

0 

>» 




>. 




I ^ 

0 

0 

j 1 

0 

1 

0 

0 

0 

E 

1 

1 

1 - i 

1 1 

1 1 

' 1 

3 

E 

1 

1 

0 



Fig. 8-16 Fig. 8-17 Fully reduced ma¬ 

trix D-l,B-4. 
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Fig. 8-19 Fully reduced matrix D-l,B-4. 
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Where to go next By referring to Fig. 8-9 we can see that at this s-^e 
branching can take place from one of three points. These include D-1; 
and D-LB-4. Choosing the alternative with the lowest bounds we therefore 
elect to branch from D-1. 

Branching from D-1 To branch from D-1 we must return to its fully re¬ 
duced matrix shown in Fig. 8-14. In Fig. 8-20 the opportunity costs are showm 
in the zero cells. It can be seen that D-2 will be the assignment which will 
serve as the^basis for bmiching. We therefore branch in the following two 
directions: D-ljD-2, and D-ljD-2. Th^ are entered in Fig. 8-9. 

To find the lowest bound of D-1,D-2, first we eliminate row D and column 
2 from Fig. 8-20. This new matrix is shown in Fig. 8-21. Then w^e reduce 
by columns and rows. The total reduction possible is 1; therefore, the lowest 
bound is 67 -f* 1 = 68. It is entered in Fig. 8-9. The fully reduced matrix 
is shovm in Fig. 8-22. 


Location 


Fig. 8-20 Branching from D-1, 
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Fig. 8-21 


Fig. 8-22 Fully reduced matrix 
D-1,D-2. 
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Now we look at the other branch, D^1,D^2. To find its lower bound we 
must return to Fig, 8-14 and enter a dash in cell D-2. This is done in Fig. 
8-23. Next we make column and _rQW reductions. These total 3; therefore the 
lowest bound of the branch D-I5D-2 is 67 -f- 3 = 70. This is entered in Fig. 
8-9. The fully reduced matrix is shown in Fig. 8-24. 

Where to go next Referring to Fig. 8-9, it can be seen that there is a 
tie between the lower bounds of D-l,D^2jand D-I5B-4. However, since D-l,B-4 
has one more assignment than does D-l,D-2, we will choose to branch from 
it. 

Branching from To branch from D-l,B-4 we return to Fig. 8-17. 

In the zero cells are entered the opportunity costs. This is shown in Fig. 
8-25. Cell E-3 will serve as the basis for branching. We can^therefore 
branch in the following two directions: D-l,B-4,E-3 and D-l,B“4,E-3. These 
are entered in Fig. 8-9. 

To find the lowest bound of D-l,B-4,E-3, first we eliminate row E and 
column 3 from Fig. 8-25. The new matrix is shown in Fig. 8-26. 
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Fig. 8-24 Fully reduced matrix D-1,D“2. 



Fig. 8-25 
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It is clear that no column and row reductions are possible. Therefore 
the lowest bound for is 68 + 0 = 68. 

Following our usual pattern, we should now determine the lowest bound 
of However, its lowest bound can certainly be no lower than 

the lower bound of D-l,B-4, the point from w^hich it branches. Therefore at 
best it would be 68, and this would be the same as D-l,B-4,E-3. We therefore 
can temporarily avoid evaluating this branch and proceed to branch from 
D-l,B-4,E-3. 


Brancfiing from D-l,B-4,E-3 We return to Fig. 8-26 and compute the oppor¬ 
tunity costs. These are shown in Fig. 8-27. 

It should be clear that it does not matter which assignment is made. Let 
us make the assignment in A-2. We can then branch in the following two 
directions: D-l,B-4,E-3,A-2 and D-l,B-4,E-3,A-2. These are entered in Fig. 8-9. 

Calculating the lower bound for D-l,B-4,E-3,A-2, we eliminate row A and 
column 2 from Fig. 8-27. Since no column and row reductions can be taken, 
the lewdest bound of this branch is 68 4-0 = 68. This^ entered in Fig. 
8-9. Again it is not necessary to evaluate D-l,B-4,E-3,A-2, since its lowest 
bound will be at least 68. 

Sofution We now have only one choice left, and that is to assign C to 
5. This branch will be depicted as D-l,B-4,E-3,A-2,C-5, and it will have a 
lower bound of 68 since there is nothing left to reduce. We have a solution! 

Notice also that all other branches have a lower bound at least as great 
as our solution. Therefore it is unnecessary to go back and continue branching, 
since solutions can be no better than the one we have just computed. If, on 
the other hand, some of the branches had a lower bound less than 68, we would 
have to go back to them and branch until the lo'wer bound increased to 68 
or we reached a better solution. 


Location 
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Fig. 8-26 Fully reduced matrix D-l,B-4,E-3. 
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Computing the cost of our sofution The cost of this solution can be computed 
by referring back to the original problem matrix in Fig. 8-5. 


Assignment 

Cost 

D-1 

5 

B-4 

24 

E-3 

14 

A-2 

11 

C-5 

14 

Total cost 

68 (tkat is, f68,000) 


Notice that it is the same as the lowest bound of our solution branch. 

Case study: Giover Landing Glover Landing is a very exclusive apartment 
complex located on the shores of ^larblehead Harbor, approximately 18 
miles north of Boston. When it was built in 1966, it w^on architectural 
acclaim for its design and for the way in which it harmoniously blended 
with the natural beauty of the harbor. 

It was originally operated as a rental complex, but recently manage¬ 
ment has decided to sell all 116 apartments as condominiums. As of now, 
three-quarters of them have been sold. 

Parking has alwa3"s been a problem. The location of its 136 parking 
places played a secondar\^ role in the design of the complex. Some apart¬ 
ments located on Skinners Head, in fact, are quite far from the nearest 
parking. As a result it has never been quite clear who should park 
where. Since it is a town law that each apartment must have its own 
parking place, management is now faced with making permanent 
assignments. 

If the present parking assignments are made permanent, the current 
owners definite^ have the advantage over those who will eventually pur¬ 
chase the remaining units. New owners will have to w^alk relatively long 
distances. Management has therefore decided to review the situation and 
make new permanent assignments. The question is, Which parking place 
should be assigned to each apartment? 

To help solve this problem, management brought in a consulting 
firm. The consultant first determined that the objective should be to mini¬ 
mize the distance w^alked for all tenants. He then decided that this was 
actually an assignment problem, and that if he could measure all of the 
distances between apartments and parking places, he could utilize a stand¬ 
ard assignment computer code to solve the matrix. 

PROCESS UYOUT: DEPENDENCE 

In the last section we studied the case where flow was strictly between a central 
point and one location. The cost of a particular assignment was determined 
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Fig. 8-28 Distance matrix. 


Fig. 8-29 Traffic-intensity ma¬ 
trix. 


only by the assignment of a facility to that location; it 'vvas independent of 
the assignments made to other locations. It frequently occurs, however, that 
the cost of assigning a facility to a location is dependent on the locations assigned 
to other facilities. As an example of this, consider the location of a lathe in 
a machine shop. If the consequence of the location of this lathe was truly 
independent of other machine locations, then w’e would expect that any spatial 
arrangement of the remaining machines in the shop would not affect the cost 
of the lathe assignment. This, however, is quite unusual. More likely there 
are recurring patterns of flow betw^een machines. If several of the jobs which 
are scheduled on the lathe will also be processed by a drill press and a grinder, 
the location of these machines should be taken into consideration when the 
lathe is located in the shop. We then say that the consequence of the location 
of the lathe is dependent on the location of other machines. The magnitude 
of this facilities location problem is many times that of the independent case. 

CRITERION FOR EVALUATING ALTERNATIVE LAYOUTS 

Distance and traffic For any given assignment of facilities to locations, 
its cost is frequently measured by the product of the distance betw^een these 
locations and the intensity of the traffic flow" betw^een these facilities. The dis¬ 
tance data should be easy to obtain. The intensity data would either have 
to be collected over a period of time, uncovered from company records, or 
estimated. 

As an example, consider the problem of assigning four facilities. A, B, 
C, and D, to four locations, 1, 2, 3, and 4. The distance and traffic-intensity 
matrices are shown in Figs. 8-28 and 8-29. The distance matrix is symmetri¬ 
cal. That is, the distance from location k to location t is equal to the distance 
from location t to location k. For example, the distance from 1 to 2 is 5 and 
the distance from 2 to 1 is also 5. The diagonal is, of course, all zeros. The 
traffic-intensity matrix, how^ever, is not symmetrical. The intensity of the traffic 
from machine i to machine ; is very infrequently the same as the traffic from 
i to L In Fig. 8-29 it can be seen, for example, that the number of trips from 
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Fig. 8-30 Trial assignment. 


machine A to machine C was whereas the number of trips from machine 
C to machine A was 3. 

The evaluation of a layout strategy Let us examine the procedure for deter¬ 
mining the cost of a possible layout strategtn Consider the layout shown in 
Fig. 8-30. Facility A is assigned to location 1, B to 2, C to 4, and D to 3. First 
the flow between 1 and 2 will be examined. The distance between these locations 
is 5. The intensity of the traffic between facilities A and B is 5 in the direction 
A to B and 4 in the direction B to A, for a total intensity of 5 + 4 = 9. Measur¬ 
ing cost as the product of distance and intensity, the cost of assigning facilities 
A and B to locations 1 and 2 is 5 X (5 + 4) = 45. 

Next we turn to the cost of assigning facilities B and C to locations 2 
and 4. The distance between these locations is 6 and the intensity is 
(4 + 6). Therefore the cost is 6X (4 + 6) =60. We continue to evaluate 
the cost for all possible flows. In total there are six possible directions of 
flow. These are all shown in Fig. 8-30. The cost for each of these directions, 
as well as the total cost of this trial solution, is given in Table 8-1. 

All of this effort was necessary to calculate the total cost of but one of the 

iV! = 4! = 24 

possible assignment strategies. As the number of facilities and locations grows, 
so does the task of evaluating each possible strategy. For example, if there had 


Table 84 Cost of trial assignment 


Assignment 

Distance X Iniensiig 

Cost 

1-2, A-B 

5 X (5 -f- 4) = 

45 

2-4, B-G 

6 X (4 -i- 6) = 

60 

4-3, C-D 

3 X (1 -f- 4) = 

15 

3-1, D-A 

7 X (2 4- 3) = 

35 

1-4, A-C 

8 X (9 4- 3) = 

96 

2-3, B-D 

9 X (2 4- 7) = 

81 

332 
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been five facilities to assign to each of five locations, then there would have been 
51 

= 10 directions, for which the cost would have to be determined for 

each of the 5! = 120 possible strategies. Table 8-1 would then have had 10 rows. 
Recall that in the independent case, a problem with five facilities and five loca¬ 
tions requires only that five numbers be added to establish the total cost of a 
trial solution. You should now be convinced that the dependent case is much more 
complex. 

Now we turn to ways in which we can solve this problem. We can formu¬ 
late it as a quadratic programming problem; however, the size of the problem 
gets quickly out of hand. For those who are interested, the quadratic program¬ 
ming model is presented in the next section as optional material. As you have 
found to be a common practice, when things get tough, we resort to heuris¬ 
tics. This time is no exception. In the section after the next, you will find 
a heuristic model for finding a satisfactory solution to the facilities layout prob¬ 
lem under dependent conditions. 


//// A MATHEMATICAL PROGRAMMING FORMULATION OF THE PROBLEM 

We can formulate the dependent case of the facilities layout problem in the 
following way: 


Il#et Yijfc — 


1 

0 


if facility i is assigned to location k 
otherwise 


and Ajf — j q 


if facility j is assigned to location t 
otherwise 


The objective function can then be wTitten as: 

n n n n ^ ^ ^ 

Mmimize C = X X X S DkilaXikXjt . - . 

w'here Dm = distance from location k to t 

lij = traffic intensity between facilities i and j, and only in direction i to j 


Perhaps some explanation will make this less formidable. First, this objective 
function essentially considers all possible combinations of assignments. Con¬ 
sider the following simple problem wffiere twm facilities must be assigned to twm 
locations. 


Tot 

1 2 


S 


o 



A 


B 


To/ 
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The objective function can be written in the folioiving w’^ay: 

]Minimize C == DsiIab^as^bi + Di2/abX4i^b2 + D 2 iIba^b 2 ^ai 

i*,.'-' / + -Di2/baXbiXa2 

By substituting the numbers and grouping like terms, we have 

\lhmmze C = 45Xa2^bi + 45XaiXb2 

In this trivial problem we had four terms in the original objective func¬ 
tion. As the size of the problem grows, however, the number of terms in the 
objective function rapidly increases. For example, in a problem with three facil¬ 
ities and three locations, there are 36 terms in the objective function. Can 
you verify this? As you can see, the optimal solution of large problems is 
a task of considerable magnitude. This is why heuristic solutions have fre¬ 
quently been used. Now let us turn to the constraints. 

The first set of constraints ensures that each location wull be assigned but 
one facility. 

n 

X -Vi: = 1 k = 1,2, ... , n 

The second set of constraints ensures that each facility wull be assigned to only 
one of n locations. 

n 

X Vii = 1 I = 1, 2, . . . , n 

k=l 

In our simple example we would have: 

XaI + Xbi = 1 

^A‘2 + = 1 

and Aai “h -^^,2 ~ 1 
A'b i “h = 1 

Have 3 mu discovered why this is a nonlinear programming model? The 
constraints are indeed linear, but look once again at the obj ective function. The 
product XiiXft is certainty not linear. A program of this type is called quad¬ 
ratic^ and unfortunately no easy solution technique exists. There are, hoW'ever, 
quadratic assignment algorithms that exploit the special structure of this prob¬ 
lem.- They, too, require considerable computational effort, but using them is 
much more efficient than solving this as a full-blown quadratic programming 
problem. //// 

® Eugene L. Lawler, ^‘'The Quadratic Assignment Problem,” Management Science, vol. 9, 
no. 4, July 1963, pp. 586-599. 
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A HEURISTIC WODEL 

There are several heuristic rules available for solving the dependent-facilities 
layout problem. The most popular one, CRAFT, has been developed by 
Buffa.^ It proceeds by requiring as input an initial trial solution. Either the 
present layout or a good guess can be supplied. Together with this trial assign¬ 
ment of facilities to locations, a traffic-intensity matrix is required. The heuris¬ 
tics’ first step is to compute the cost of this trial solution. It then exchanges 
pairs of facilities and computes the cost of each new layout. When completed, 
these new layouts are compared with the original one. If one of them yields 
a lower cost, it becomes the layout which acts as the standard of comparison 
for a new round of paired exchanges. The process continues until no further 
improvement can be found. Now we turn to an example. 

First set of paired exchanges Consider the problem shown in Figs. 8-28 
and 8-29. Let us use as our input the trial solution illustrated in Fig. 8-30. We 
record it together with its cost of 332 in Fig. 8-31. Now we can proceed to 
exchange pairs of facilities. This is accomplished by exchanging the first facil¬ 
ity with each of the others. First facility A is exchanged with facility B. This 
represents trial 2. Then facility A is exchanged with D, and finally it is ex¬ 
changed with C. These steps are recorded in Fig. 8-31. Each one represents 
a trial solution whose costs must be computed. 

Cost matrix To make the job of determining costs easier, it is helpful to have 
a cost matrix. It can be compiled by listing ail possible pairs of locations 
down the first column and all possible pairs of facilities across the top row. This 
is shown in Fig. 8-32. In Table 8-1 the cost of six of these combinations has 
already been determined. These are entered in the appropriate ceils of the 
cost matrix. The remaining cells can be filled only after the cost for each par¬ 
ticular combination has been calculated. Before moving on, ^mu should verify 
a few of the cell entries. 

Evafuation of paired exchanges Now the cost of each remaining trial solution 
in Fig. 8-31 must be evaluated. For trial 2, the layout is illustrated in Fig. 

*EIwood S. Buffa, Gordon C. Armour, and Thomas E. Vollman, “Allocating Facilities with 
CHAFT,^^ Harvard Business Eevieiv, March-April 1964. 
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Fig. 8-31 First set of paired exchanges. 
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Table 8-2 


Assignmefit 

Cost 

1-2, B-A 

45 

2-4, .A-C 

72 

4-3j C“D 

15 

3-1, D-B 

63 

1-4, B-C 

80 

2-3, A-D 

45 


320 


8-33 and the cost computed in Table 8-2. The cost of this assignment is 320. It 
is entered in Fig. 8-31. The costs for the other trials are computed and entered 
in Fig. 8-31. It can be seen that trial 3 is the assignment with the lowest 
cost. Trial 3 therefore becomes the starting point for a new round of paired 
exchanges. 

Second set of paired exchanges The process is repeated in Fig. 8-34. This time 
the first trial solution is the best that was uncovered in the last round. Again 


Facility pairs 

A-B A-C A-D B-C B-D C-D 
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45 
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Fig. 8-32 Cost matrix. 
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Fig. 8-33 Direction of flows in trial 2. 
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Fig. 8-34 Second set of paired exchanges. 


the first facility is exchanged with the other facilities. Then the cost for each 
of the new trials is computed. 

Solution It can be seen that these exchanges did not lead to a cost lower than 
297. As a result we have finished our search and choose trial 3 as our solu¬ 
tion. If, of course, any other trial solution had displayed a cost lower than 
297, the process wmuld have continued for at least another round. Only when 
the trial which w^as best in the previous step is also best in the current step 
is the process complete. 

It should be clear that this heuristic does not guarantee the optimal an¬ 
swer. In this example only eight out of the possible 4! = 24 possibilities were 
examined. Nevertheless, the heuristic has been found to be quite acceptable 
in practice. 

Comparison of craft with other heuristics The performance of several layout 
heuristics, including CRAFT, has been compared, using a set of representative 
layout problems.^ The objective of the study was to compare these heuristics 
on the basis of computer-time requirements and computed cost of layout solution 
(objective function value). The best performance on both counts was achieved 
by using the CRAFT routine. 


Sensitivity Vollman and Buffa® have studied the relationship between in¬ 
formal graphical solutions to the layout problem and this heuristic solution. To 
determine the potential contribution of the heuristic, the standard deviation 
of the traffic-intensity matrix is computed by regarding each element within 
the matrix as an observation. Then its coefficient of variation is computed 
by dividing the standard deviation by the mean. Large coefficients of variation 
indicate dominance. They found that where dominance is significant, informal 
methods such as graphical analysis can lead to solutions nearly as good as 

* Larry P. Ritzman, “The Efficiency of Computer Algorithms for Plant Layout,” Managemeyii 
Sciencej vol. 18, no. 5, January’- 1972, p. 240. 

® Thomas E. Vollmann and Elwood S. Buffa, “The Facilities Layout Problem in Perspective,” 
.Mamgement Science, voL 12, no. 10, June 1966, pp. B450-B468. 
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solutions by the heuristic rule. For example, in one problem where the coeflScient 
of variation was 135j graphical techniques were used to construct a layout. The 
strategy" used was to focus on the dominant flows. The cost of the resulting 
layout was 12 percent higher than the layout generated by the heuristic rule. In 
another problem, with a coefficient of variation of 519, the heuristic rule could 
do only 3 percent better than the informal graphical approach. Their conclusion 
was that when the coefficient of variation exceeds 200, the problem is dominated 
by certain flows and informal methods can be used to achieve a layout that 
will be within 5 percent of the heuristic’s solution. Only when dominance is 
not significant is it worthwhile to use the heuristic rule. 


SUMMARY 

In this chapter we have examined the problems associated with the layout of 
facilities. The simplest case occurs when the consequence of locating a facility 
is completely independent of the location of other facilities. To solve this prob¬ 
lem the assignment algorithm can be used. 

If, however, the consequence of the assignment of a facility to a location 
depends upon where the other facilities are located, the solution of the problem 
becomes much more complex. A quadratic programming model was presented 
which can be used to find the optimal solution; however, it usually becomes 
too large and unwieldy to be useful. Practitioners have preferred the use of 
heuristics, the most popular of which is Buffa’s CRAFT. However, it finds 
good, not necessarily the best, answers. These practitioners have found it, none¬ 
theless, quite adequate. 

In both cases the major assumptions were that the intensity of traffic was 
known with certainty and that the cost of an assignment was linearly related 
to distance. It might be, however, that costs are not linear but behave as 
a step function. For example, costs could be constant up to a certain volume 
of work, and be 3 mnd that point additional men and equipment would be re¬ 
quired. Just after that addition, a considerable amount of idle capacity would 
exist and small increments to volume would incur little if any extra costs. 

The other assumption was that the traffic intensity was known with cer¬ 
tainty. In fact the usual approach is to collect traffic-intensity data from com¬ 
pany records and use them to estimate the intensity over the planning pe¬ 
riod. The relevant question that should be asked is, What effect would uncer¬ 
tainty in this traffic-intensity matrix have on the final la^mut solution? If the 
final solution is quite sensitive to these data, perhaps a forecast of traffic intensity 
should be carefully compiled. 

Finally", we assumed that the traffic mix and total volume would not change 
over time. That is, if projects A, B, and C flowed through the shop today, 
they^ would flow through the shop tomorrow and the day after in the same 
ratio and at the same level of intensity. An interesting problem which we 



FACIUTiES LAYOUT 


217 


have left unanswered is how one would respond to a changing mix and a changing 
level. 


QUESTIONS 

Q8-1. Contrast product and process layout. What criteria should be used to choose 
between them? 

Q8-2. What is the difference between the dependent and independent layout problems? 
Q8-3. Why is the dependent facilities layout problem more complex than the independent ? 
Q8-4. Is the facilities layout problem in a hospital any different from that in a manufac¬ 
turing firm? What about the criterion by which alternative layouts are compared? 
Q8-5. What difference in objectives exists between the layout of a manufacturing facility 
and the layout of a supermarket ? 

Q8-6. If in the first round of column and row reductions the zeros were situated in 
such a way that a feasible solution to the problem could be identified, would this be 
the optimal one? Explain. 

Q8-7. Did the strategy taken by the consultant in the Glover Landing case seem 
reasonable? 

Q8-8, Develop a heuristic rule which might be used in place of the assignment algorithm 
for the Glover Landing case. 

Q8-9. Why is Buffa's CRAFT routine a heuristic? 

Q8-10- What is the consequence of a matrix which has no clear dominance? 

Q8-11. What relationship is there between facilities layout, human behawor, and 
productiwty ? 

Q8-12. A large Eastern imiversity has announced that its new 15,000-student campus 
will be subdhided into five campuses with 3,000 students each. Only a very few facilities, 
such as a central library and a student health center, will be shared by ail. What 
advantages and disadvantages do you see in this layout strategy? 

Q8-13. When can the linear assignment algorithm be used to solve integer programming 
problems? 


PROBLEMS 

F^-1. Solve the following assignment problem. 


Location 
I 2 3 


11 

7 

4 

8 

3 

14 

12 

6 

9 

7 

13 

10 

i 

6 1 

i 

11 

5 

14 
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P8-2. The following five facilities must be assigned to five locations. Wbich strategy 
will minimize costs? 


Location 



1 


3 

4 

5 

A 

6 

3 

4 


4 

B 

7 

5 

9 


5 

C 

4 

3 

6 

8 

4 

D 1 

3 

T 

4 

3 

6 

E 

6 

1 

10 

7 

3 


P8-3. The following table represents the cost of assigning facility i to location j. As¬ 
sign each of the five facilities in such a way as to minimize costs. 

Location 


3 4 


! 

A 

1 ! 

12 

7 

i 

13 

6 

4 

B ! 

1 

9 i 

1 

6 ^ 

1! ^ 

17 

c 

1 

5 1 

7 

8 

7 

5 

D 

12 

13 

9 

9 

6 

E 

1 6 

5 

8 

8 

5 


P8-4. Using the heuristic rule and the following initial layout, find a solution to the 
following problem. 

To f To/ 


1 


- 

3 

6 

4 

3 

- 

9 

7 

6 

9 I 

- 

5 

4 

7 

5 
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B : D 


A 

- 

10 

7 

4 

B 

6 

- 

8 

6 

C 

4 

8 

- 

11 

D 

5 

9 

4 

- 


Distance matrix 


Traffic intensity matrix 
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Initial layout 

u 

B D‘ 


P8-5. A shop mth four machines has assigned them to the following locations. 

Location 



Given the following distance and trafi&c data, determine whether this assignment is 
the best possible one. If not, find a better solution. 
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P8-6. Given the following initial trial solution, find a better layout, using the heuristic 

rule. 
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P8-7. Set up the following quadratic programming model. 
To r To/ 
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INTRODUCTION 

The impetus to embark on a facilities location study can usually be attributed 
to one or a combination of several reasons. Perhaps an increase in product de¬ 
mand necessitates an addition to the firm's productive capacity. In that case 
either the present facilities can be expanded, a new plant erected, or the increase 
subcontracted. Perhaps the location problem must be considered because the 
market for the firm’s product has shifted, or because a new product is being in¬ 
troduced. A change in the cost and availability of input factors is yet another 
reason why new facilities might be considered. Whatever the reason, once 
this need is apparent, alternative sites must be identified and both the tangible 
and intangible costs evaluated. The site which minimizes the sum of these 
costs is considered the most attractive. 

Some of these costs vary with the location chosen, while others do not. In 
this chapter we are interested only in those costs that do so vary. These might 
include electric power costs, transportation costs, labor costs, land and construc¬ 
tion costs, taxes, and so on. In the next section a closer look will be taken 
at these and other location-dependent costs. Then we will consider a method 
for comparing alternative sites when a single new facilit}’^ is being considered 
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and the dominant costs are both tangible and intangible. Next, a model will 
be developed which is useful in single-location decision situations when the domi¬ 
nant factors are measurable costs. Finally, we turn to multifacility location 
problems where the dominant factors are measurable costs. 

FACTOiS WHICH INFLUENCE LOCATION DECISIONS 

Zoning regulations can exert- a strong influence over the dimensions and structural 
characteristics of the facility. This, in turn, might require feedback and subse¬ 
quent changes during the process planning and plant layout stages. Conse¬ 
quently these regulations must be carefully analyzed before the final choice 
is made. 

If the facility requires large amounts of power, then its accessibility and 
cost are quite important. As a result we find the power-consuming industries 
located in the Pacific Northwest and in the Southeast. 

For those firms that depend on subcontractors, the availability of qualified 
subcontractors represents another consideration in the evaluation of alternative 
sites. 

Shipping and receiving facilities are other factors. If air transportation is 
important, how far away is the airport? Are there frequent flights to major 
market areas? If trucks will be used to ship the product, will the local facilities 
be adequate? Perhaps shipping by ocean, canal, or St. LawTence Seaway might 
be efficient. If so, a location near a port narrows the range of alternatives. 

In some cases the cost of tramporting the input factors to the facility 
or the product to the market varies considerably between location alterna¬ 
tives. When the weight or volume of the product is substantially reduced during 
the production process, as in the transformation of iron ore into steel, the empha¬ 
sis will be on locating close to the source of the inputs. In general, as the 
weight or volume of the product increases in relation to its value, the tendency 
will be to maintain multiple factories and warehouses. A good example of this 
is found in the brewing industry. 

The availability of an adequate labor supply can play a major role in 
plant location. Textile plants of New England, for example, have abandoned 
this region for the low’er labor costs of the South. In the past the nonunionized 
labor pool in the South, as a source of cheap labor, has attracted many labor- 
intensive industries. The market mechanism, albeit slow, responds with an in¬ 
flux of firms to this area. However, as the demand for labor goes up in this 
region, if there is little or no change in the labor supply, wage rates will in¬ 
crease. The move could therefore prove to be a temporary respite. 

In some cases the firm’s search for low labor costs has led them to 
foreign operations. It is important, however, not to confuse wage rates and 
total labor costs. Although some countries entice American manufacturers with 
low wage rates, the total labor cost finally embodied in the product can be 
higher than expected because of the differences in efficiency between American 
and foreign labor. 
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Frequently foreign operations are a response to competitive pressures in 
once unchallenged foreign markets. For example, the potential of the Common 
Market has prompted many firms to establish foreign manufacturing and sales 
centers. Therefore, in this burgeoning era of the multinational corporation, the 
process of facility location has broadened to such an extent that it now encom¬ 
passes the entire free world. 

Another factor which can affect the location decision is land cost. Its 
magnitude depends upon whether the facility must be located in an urban, subur¬ 
ban, or rural setting. Telephone switching exchanges, hospitals, post offices, 
and downtown airline ticket offices must be centrally located, and therefore 
there is little leeway for them in the choice of a location. This choice, however, 
is not nearly so limited for most other industries, and the opportunity to compare 
land prices over a much broader geographic region does exist. In addition to 
these land costs, construction costs w^arrant close attention. They also vary 
between location alternatives. 

Frequently a locality offers to an attractive firm free land and a substantial 
tax concession for perhaps five years. In many cases the package may not 
be as attractive as it sounds. In the long run it is impossible for the firm 
to receive public benefits of sewage disposal, police and fire protection, schools 
for employees’ children, and so on, at no cost. What appears as a temporary 
advantage may turn out to be a long-run disadvantage as the firm takes over 
its share of the tax burden once the period of iimnunity is over. 

What must be considered are the long-run as well as the short-run tax 
implications. The efficiency of the town management, as w^ell as its indebtedness, 
is a clue which should be examined carefully. 

When the firm must locate close to its market, the choice of location is 
severel}" restricted. Examples include hospitals, schools, churches, telephone 
switching exchanges, police and fire stations, and cable TV companies. 

Recently a new dimension has been added to the facilities location problem: 
compliance with pollution standards. In fact, these new constraints have risen 
to positions of primary importance in many location decisions. 

Since pollution standards are not uniform for all states or within states, 
there remain significant locational benefits. For heavy users of air and water 
resources, these could easily prove to be the decisive factor in choosing a new 
location. 

For example, several states have adopted some variation of the following 
scheme for classifying bodies of water. 

Class A: Suitable for any w^ater use, including drinking, recreation, and fish 
^ habitat. 

Class B: Suitable for bathing and recreation, irrigation, and agricultural uses; 
good fish habitat; good esthetic value. Acceptable for public water supply 
with filtration and disinfection. 

Class C: Suitable for recreational boating, irrigation of crops not used for con¬ 
sumption without cooking, habitat for wildlife and common food and game 
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fishes indigenous to the regioUj industrial cooling^ and most industrial-proc¬ 
ess uses. 

Class D: Suitable for transportation of sewage and industrial wastes without 
nuisancej and for power^ navigation, and certain industrial uses. 

The consequence of this is that the effluent generated from a process would 
have to be treated according to the river into wfflich it is discharged. For exam- 
plCj the costs of waste treatment for a plant located on a river classified as 
would be much higher than if the plant were located on a class river. 

An air shed into which stack effluents are discharged may also impose 
standards which are quite different from those of other air sheds. For example, 
sulfur oxide emission standards in New York City are substantially more severe 
than those in cities less than 75 miles aw'ay. 

There are, then, locational advantages. YTien large quantities of effluent 
must be disposed into the environment, these advantages become more and more 
important. 

A striking example of this new" problem is the location of a po'wer plant. In 
the past, if you needed additional pow’er, the location of the plant site w’as not 
considered the dominant problem. Today, how^ever, it is impossible to locate 
a plant just anywdiere. Public pressure and pollution standards prohibit it. En¬ 
vironmentalists have w^arned us that the hot water discharged from the plant 
can seriously upset the balance of nature. Therefore, if this w-ater is discharged 
into a river, lake, or ocean, the flora and fauna may never be the same 
again. The pow-er plants have responded wuth new- plant designs that are di¬ 
rected at reducing their impact on the environment. These include cooling 
towers, holding ponds, and discharge pipes wdiich extend w"ell into the 
ocean. Stack emissions are another example of effluents that will no longer 
be tolerated in unlimited quantities. It should be clear to you by now that 
the powder companies face a new" problem wiiich frequently dominates the location 
decision. 

Noise pollution is another environmental factor to w^hich a firm must re¬ 
spond. Consider the problem in locating a supplemental airport for a large 
city, or even in expanding a large metropolitan airport. Public pressure groups 
are having a good deal of success in making these previously unconsidered noise 
costs a very real component of the project cost. In some cases, wfflen all of 
the costs, including these noise costs, are tallied, the benefit of the project is 
less than its cost. 

Since these pollution problems are quite new, and since much time and 
money may be spent on this problem by the firms of the future, the next chapter 
has been devoted exclusively to them. 

Finally we have convenience factors. Although it is unlikely that they 
will sway a location decision, they are often considered quite important. In¬ 
cluded in this category are adequate parking facilities, public transportation, and 
even athletic facilities for employees. 
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Case study 1: location of a telephone switching exchange Consider the prob¬ 
lem of determining the location of a telephone switching exchange. The 
function of an exchange is to switch incoming calls to the appropriate 
subscriber and outgoing calls to the appropriate terminating telephone ex¬ 
change. Each exchange area serves approximately 10,000 subscribers. To 
accomplish its function, the exchange must be wired to each telephone 
instrument. This results in a substantial investment in copper wire. The 
more wire that has to be run to subscribers, the larger the investment 
and the maintenance costs. The objective, then, is to find that location 
within a defined set of telephone subscribers which will minimize the 
amount of wire required. 

Both General Telephone and Electronics Corporation and American 
Telephone and Telegraph Company have developed computer programs 
for solving this problem. As input data, the program requires the geo¬ 
graphic mix of telephone subscribers. A trial location is made and by 
means of a heuristic the location is varied until an improvement can no 
longer be obtained. The solution, then, specifies the best of these possibili¬ 
ties. However, whether or not this location can be purchased is another 
question. If it can be purchased at a reasonable price, the problem is 
solved. If not, alternative sites must be evaluated to determine which 
one of them will come closest. 

Case study 2: efficiency of ambulance service The City of New York pro¬ 
vides ambulance service to its approximately 10 million inhabitants. In 
an effort to deliver this service more efficiently, the oflSce of the mayor com¬ 
missioned their management science team to undertake a rather extensive 
study of the system.^ 

At the time the study was undertaken, approximately 109 ambulances 
were stationed at a total of 49 hospitals. The ambulances assigned to 
a particular hospital responded only to calls which emanated from its well- 
defined hospital district. 

One objective of the study was to determine whether or not the ambu¬ 
lances were located in the best possible locations. If not, what was the 
best placement? So that aiternative placements could be compared, the 
criterion chosen was response time. This is the period between the receipt 
of the call at the ambulance station and the arrival of an ambulance 
at the scene. 

The plan for the study w^as to compare the present system with a 
set of different strategies in which ambulances would be located at satellite 
garages. These satellite garages would be positioned at demand centers 


This study was reported in E. S. Savas, “Simulation and Cost-Effectiveness Analysis of New 
York% Emergency Ambulance Service,” Management Science, vol. 15, no. 12, August 1969, 
p. B-608. 
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within the hospital district. The hypothesis was that with the ambulances 
located directly in areas of high demandj response time w^ould decline. 

The problem then was reduced to one which required the development 
of a model for evaluating the effect that different locational strategies 
had on response time. A model of this nature is quite compleXj since 
the level of service depends on at least the following five factors: 


1. Geographic distribution of calls throughout the district 

2. Frequency of calls 

3. Number of ambulances in the district 

4. Location of the hospital in the district 

5. Location of ambulance garages in the district 

The only w^ay to cope with a model which displays this level of complexity 
is by simulation. This was precisely how they proceeded. 

About 175j000 calls were simulated for the Kings County Hospital 
district in Brooklyn. For the present system which includes seven am¬ 
bulances stationed at the hospital^ the response time which was generated 
by the simulation analysis was 13.5 minutes. When a satellite was added, 
the response time slowly declined as more ambulances were shifted to it. 
Only an 11 percent reduction w’as accomplished when all of the seven am¬ 
bulances W'ere assigned to the satellite garage as their new home base of 
operation. This reduced response time from 13.5 to 12.0 minutes. 

Also subjected to the simulation model was the assignment of addi¬ 
tional ambulances' at the hospital. When their strength was increased from 
seven to ten, response time dropped only from 13.5 to 13.2 minutes. 

Another simulation was run with 10 ambulances, but this time they 
were distributed between the hospital and the satellite garage. ’When six 
were located at the hospital and four at the satellite, response time dropped 
to 10.9 minutes. This strategy promised the most immediate improvement. 

As is so often the case in studies of this nature, the analysis of rela- 
twelj minor modifications to the system suggests even more beneficial 
large-scale changes. In this case it became apparent that rather than 
optimally designing each preconfigured hospital region, it would be more 
effective to start from scratch and separate the hospital from the ambulance 
services. LTnder this radically new approach, the ambulances would be 
stationed at patient demand centers vdthout regard to where the hospital 
was located. After the patient was picked up, he would be taken to the 
closest hospital which could administer treatment. 

A central dispatching facility would be required in which up-to-date 
information on the status of each ambulance and even of each hospital 
would be available. An integrated computer-based information system 
could eventually be envisioned where the following sequence of events would 
be initiated by a call for service. 
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1. The dispatcher receives the call and assigns the nearest ambulance. By 

employing statistical techniques the computer could even advise him 
whether to assign the call immediately to a relatively distant but 
available ambulance or to wait a short time for another ambulance 
which is currently on an assignment but close to being available and 
much nearer to the demand point. 

2. After picking up the patient, the ambulance driver determines if hos¬ 

pitalization is necessary and, if so, the nature of the emergency (burn, 
cardiac, poison, and so on). 

3. If a hospital bed is required, the dispatcher can determine the nearest 

hospital with the appropriate medical facilities and bed. 

4. The dispatcher instructs the driver to proceed to that hospital. 

5. Dispatcher advises hospital if special aid or equipment should be ready. 


Even without this fancy information system, it turns out that separa¬ 
tion of ambulance and hospital ser\dces can be very effective. A simulation 
of this strategy was undertaken for the Kings County region. Ten ambu¬ 
lances were scattered at the most active demand centers. Response time 
dropped 30 percent. This strategy was, then, clearly superior to all of 
the others. 


MEASURING THE RELATIVE MERITS OF SINGLE-FACILITY ALTERNATIVES WHEN 
THE DOMINANT FACTORS ARE BOTH TANGIBLE AND INTANGIBLE 

A complete list of location factors that must be taken into consideration mixes 
both tangible and intangible factors. Tangible costs may include land costs, 
building costs, taxes, transportation costs, labor costs, power and water costs, 
and some pollution prevention costs. Intangible factors may include the politi¬ 
cal climate, attitudes in the community, future tax burdens, and the reliability 
of the labor pool. 

If everything could be easily measured in dollars, there would be no prob¬ 
lem. Unfortunately this is not the case. Not only are some of these factors 
difficult to measure, but many are measured in different dimensions. How, then, 
can a figure of merit 'for each alternative be determined? One way is to utilize 
a technique called diniensional analysis. 

Consider a problem in which a single facility must be located. The choice 
lias been narrowed down to two alternatives: location 1 in Chicago and location 
2 in Dallas. The following six factors are seen as the ones which should guide 
the decision: cost of the land, cost of the building, labor supply, taxes, com- 
nmnity attitudes, and research climate. The land and building costs are esti¬ 
mated in Table 9-1. Taxes are estimated over the life of the plant, and the 
present value for each alternative is also presented in Table 9-1. The research 
climate depends upon educational facilities, other research organizations, and 
local professional societies. The presence of these helps to attract and keep 
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Table 9-1 Dimensional-analysis example 




Fi,i 


Wi 


Factor 

Alternative 1 

Alternative , 

Weight 

1 

Land cost 

600,000 

300,000 

5 

2 

Building cost 

1,000,000 

800,000 

5 

3 

Taxes 

800,000 

500,000 

5 

4 

Labor supply 

2 

1 , 

3 

5 

Researcb climate 

1 

2 

2 

6 

Community attitudes 

3 

1 

3 


Table 9-2 Dimensional-analysis scale 


Points 


Research climate 

Ho schools, research organizations, or societies exist 5 

A few iow-qnality schools but nothing else 4 

Good research organizations but nothing else 3 

Good schools, research groups, and societies 2 

Excellent research climate 1 

Labor supply 

Hone available 5 

Limited supply at premium rates 4 

Acceptable supply for now’ but doubtful for future 3 

Adequate supply of acceptable ability 2 

Plentiful supply of excellent ability 1 

Community aiiiiudes 

Actiwe pressure groups against company activity 5 

Will accept company activity with reservations 4 

Ambivalent 3 

Cooperative 2 

Very cooperative, encouraging, and helpful 1 


good research personnel To evaluate this and other intangible factors, a five- 
point scale is developed. The scales for research climate, labor supply, and 
community attitudes are shown in Table 9-2. Each of these alternatives is 
scored, and the results are shown in Table 9-1. 

Next, the importance of each factor must be weighed. The dollar costs 
of land, buildings, and taxes are considered the most important factors and 
are given equal weights of 5. Labor supply and community attitudes are con¬ 
sidered equally important and are given a weight of 3. Finally, research climate 
is given a weight of 2. These weights could be determined either by the individ¬ 
ual in charge of the project or by group consensus. 

To combine all of these factors, a ratio of the alternative 1 figure to the 
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alternative 2 figure is computed. This in turn is raised to its weighting fac¬ 
tor. Finally the product of all ratios is computed. 


Pi,2 


f^Y' 

P 1,2/ \F2,2/ \F3,2/ \F4,2/ \F5,2/ \F6,2/ 


ivhere Wi = weight for factor i 

Fi.,i = cost or score for factor i under alternative 1 
Ft, 2 = cost or score for factor i under alternative 2 


/Goo^oooy /i,ooo,oooY /soo^oGoy /sy /ly- /sy 

\300,00oj \ 800,000 / \500fiOo) \1/ W W 


If the result is greater than 1, alternative 2 is chosen, since the costs in the 
denominator are less than those in the numerator. If it is less than 1, alternative 
1 is preferred. Also note that the product has no dimension. In our example 
the product is 413, and since this is greater than 1, alternative 2 is chosen. 

This analysis is useful when many factors measured in different dimensions 
must be considered. Next we turn to the case where the predominant factors 
to be considered can be measured in dollars. 


SINGLE-FACILITY LOCATION DECISIONS WHEN THE DOMINANT FACTORS ARE 
MEASURABLE COSTS 

A FIXED- AND VARIABLE-COST MODEL 

If one plant must be chosen from among several alternatives, and if most of 
the important considerations can be measured in dollars, a breakeven analysis 
can be performed. 

First, the fixed and variable costs are identified for each alternative. Figure 
9-1 illustrates one such breakdown. Finally, all the total-cost curves are plotted 


Total cost 



j Taxes 
J Insurance 
j Land 

(jConstruction 


Volume 


Fig. 9-1 Variable and fixed costs for alternative C. 
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-Volume Fig. 9-2 Total-cost curres for eacli 

" ^ alternative. 

on one graplij as sho-^n in Fig. 9-2. Once the level of activity is forecastedj 
the alternative with the lowest total cost is selected. In this particular example 
and for an expected volume alternative d is the most economical. 

CAPACITY DECISIONS 

Another problem that must be considered at this point is the capacity of the 
facility. Should one be chosen which meets the requirements just for this year, 
the next 5 years, the next 10? Larger facilities mean a greater investment, 
but there are several advantages that must also be considered. In many indus¬ 
tries the per-unit costs of production, up to a certain level of plant size, decre^e 
with increasing size of the facility. Beyond that point, they increase. This 
economy of scale can be attributed to the operating efficiency of large planls 
whose volume is high enough to warrant efficient automatic equipment with 
product layout formats. Therefore, the construction of a larger plant, which 
will probably be underutilized in its first few years, may eliminate the necessity 
for a series of less efficient smaller plants in the future. 

Another advantage is that in a period of rising land and construction costs, 
a larger plant which is constructed early may prove to be a profitable investment. 

Given that there are several different plant sites under consideration a 
present value analysis could be undertaken for each one. Each of the alter¬ 
natives evaluated would include a certain size plant to be constructed now and 
any new plants or additions that would be necessary over the planning horizon 
of the analysis. Finallj^ the benefit/cost ratio for each of these alternatives 
would be computed and compared. 


HHULTIFACILiTY LOCATION DECISIONS WHEN THE DOMINANT FACTORS ARE 
MEASURABLE COSTS 

A common problem found in large firms is that there already exists a network 
of facilities. If a new facility is to be added, the problem is one of determining 
where it should be located. The consequence of each location alternative wEl 
depend on where in relation to existing facilities this new one is placed. 
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In our first multifacility model only one new addition to an existing complex 
of facilities can realistically be evaluated at one time. This is so because our 
model is essentially a variable-cost model. However^ the second model, which 
takes into consideration fixed and variable costs, can cope with any number 
of additions to an already existing complex of facilities, 

A VARIABLE-COST MODEL 

The problem Consider the problem faced by the Sudsdown Company, a producer 
of beer. They currently maintain two production facilities, one in Pittsburgh 
and one in Denver. From these plants they ship to regional w’arehouses located 
in New York City, Chicago, and Los Angeles. Recently the output from their 
two plants has fallen short of the warehouses’ demand. Management sees this 
as a permanent change in the demand for their beer. 

In response to this shortage they have decided to expand their capacity 
and add a third brewery. An exhaustive search has led to the consideration 
of two sites: one in Milwaukee and the other in San Francisco. 

The warehouse requirements, production capacities, per-unit variable pro¬ 
duction costs of the existing and proposed facilities, and the building and equip¬ 
ment costs are shown in Table 9-3. Transportation costs from all possible plant 
sites to warehouses are given in Fig. 9-3. The problem is to select a plant 
which will minimize the sum of production and distribution costs for the entire 
network. 

At first glance it looks as if the Milwaukee plant, with a per-unit production 
cost of $.60, is the best choice. It may, however, not be the choice once the 
interactions with the other plants and warehouses are considered. For example, 
a plant located in northern Idaho may achieve very low production costs, but 
when transportation costs to warehouses are considered, it may become quite 
unattractive. On the other hand, consider a plant with higher-than-average 
production cost. It may, however, be located in such a way that shipping routes 
for the entire network of plant and w'arehouses can be rearranged so that when 
total transportation costs for the entire system plus the production costs of 
the new plant are compared with other alternatives, it may be the most economi¬ 
cal solution. The conclusion is that any change of the system of plants and 
warehouses requires analysis of how this change affects the cost of operating 
the entire system. 


o 

Si 


To 


New York Chicago Los Angeles 


Pittsburgh 

Denver 

Milwaukee 


4 

6 

12 

7 

5 

6 

8 

2 

5 

13 

7 

3 


Fig- 9-3 Transportation cost (dollars per 
100 cas^). 


San Francisco 
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Table S-3 Location costs 


Wareliouse demand (cases) 

New York 

100(00) 


Chicago 

130 


Los Angeles 

210 


Total 

440 



Production 

Per-unit (case) 


capacity (cases) 

production costs 

Pittsburgh 

90(00) 

$.50 

Denver 

170 

.55 

Total 

260 


Shortage: 

440 - 260 = 180 


Estimated variable per-unit (case) production costs 

yiilwaukee 

$.60 


San Francisco 

.65 


Building and equipment costs 

^Milwaukee 

$13,100 per year over the life of the plant 

San Francisco 

12,800 



To investigate the consequence of adding a new plant to the system pre¬ 
sented ill Table 9-3 and Fig. 9-35 each of the possible alternatives must be 
analyzed separately. The first step will be to determine the total transportation 
cost of the system if Milwaukee is chosen. To accomplish this, a transportation 
strategy must be developed. In Fig. 9-4 the transportation costs between the 
plants and warehouses are entered in the appropriate cells. The demand gen- 


Warehoiise 

New York Chicago Los Angeles 

Pittsburgh 

Denver 

Milwaukee 
Demand 



100 130 210 


Capacity 


90 

170 

180 

440 


Fig. 9-4 Transportation costs with Milwaukee alternative. 
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erated by each warehouse is given along the bottom row and the capacity of 
each plant is given down the last column. The capacity of the Milwaukee 
plant is chosen to match exactly the needed capacity. As a result the total 
supply equals the total demand. 

The objective is to assign quantities to each plant-warehouse combination 
in such a way that the transportation costs are minimized and the demand 
and capacity constraints are not violated. This represents the format of the 
classical transportation method of linear programming. As you will see later, 
it is also a special case of linear programming. 

When it can be used, the appeal of the transportation method is the effi¬ 
ciency with which a solution can be reached. The name, transportation method^ 
can be traced to its early use for solving transportation-type problems very 
much like the one on which we are now working. Other problems, not neces¬ 
sarily having to do with transportation but which can be set up in matrix form 
with, a similar constraint structure, can also be solved by this method. Those 
of you who have been exposed to this algorithm may want to read through 
the next sections quickly; the others should study these sections carefully. 

Transportation method There are several methods for solving the transportation 
problem, and some are frequently more efficient than others. The method that 
is chosen here is not very efficient, but it is very intuitive. Since the practitioner 
■will seldom solve a matrix by hand, an understanding of the technique is more 
important for our purpose than efficiency. 

Initial allocation The first step is to make a trial allocation by starting 
in the upper left-hand corner. In this 7iorthwest corner, from which comes the 
name for this method, allocate as much as possible—in our case, 90 units. It 
is entered in Fig. 9-5. Now, working out from this corner, we assign as much 
as possible to each cell. The Pittsburgh-Chicago and Pittsburgh-Los Angeles 
cells cannot be assigned anything, since the capacity constraint for the Pittsburgh 
plant has already been met. The Denver-New York cell can be assigned but 
10 units, since New'^ York demands only 100 units. The Denver-Chicago cell 
can be assigned 130 units, and this meets the Chicago demand. Then the Den- 
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P-C. 


ver-Los Angeles cell can be assigned 30 units to reach the capacity of the Denver 
plant. Finally^ 180 units can be assigned to ]Milwaukee-Los Angeles. 

It is important at each step that exactly n + m — 1 routes be assigned^ 
where n is the number of rows and m is the number of columns in the prob¬ 
lem. In our case, n = 3 and m = 3 ; therefore, n — 1 = 3 + 3 — 1 = 5. 
We see that five routes have indeed been assigned. We can therefore proceed 
with the solution- When this is not the case and less than + m — 1 routes 
are assigned, we have a situation of degeneracy. One of the exercises at the 
end of this chapter gives you the opportunity to solve a problem of this type. 

Evalmthig empty cells The next step in the solution process is to deter¬ 
mine whether a cost savings can be realized by a shift in allocation from a 
cell already assigned to one which is unassigned. To accomplish this we focus 
on one unassigned cell at a time. After we have evaluated the consequence 
of shifting into each of the empty ceils, we choose to reassign to that cell which 
has the largest cost savings. Let us proceed determining the consequence 
of moving into the Pittsburgh-Chicago cell. 

T^lien evaluating an empty cell, changes must be made in such a way 
that the constraints along the rim of the matrix are not violated. If one unit 
is brought into the P-C cell, one unit must be taken out of the D-C cell; other¬ 
wise the Chicago demand constrant will be violated. If this one unit is taken 
out of the D-C cell, one unit must be added to the D-N cell; otherwise the 
Denver capacity constraint will be violated. Finally, a unit must be taken 
out of the P-N cell, since a unit was added to the D-N cell. This pattern 
of exchange is shown in the circles of Fig. 9-6. The net effect to the rim con¬ 
straints is zero. 

Two aspects of this series of moves should be mentioned. First, moves 
into cells other than the one being evaluated are restricted to cells which already 
have assignments. For example, if cell P-C is being evaluated, a move of one 
unit out of cell P-L is not allowed. If it were, one would have trouble interpret¬ 
ing the negative assi.gnment in cell P-L. 

The second aspect of the moves made around the matrix really follows 
from the first. Namely, there is only one possible pattern of moves for the 
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evaluation of each empty cell. Try establishing any other pattern of moves 
for empty cell P-C. You should find that the one just presented is the only one 
possible. 

Now that the 'pattern of moves for the evaluation of a cell has been deter- 
minedj the next step is to compute the economic consequence for this series 
of moves. If a unit is added to P-C, costs increase by 6 for every unit 
added. For every unit removed from D-C, costs decrease by $5. For every 
unit added at D-N, costs increase by S7; and for every unit removed from 
P-Nj costs decrease by $4. The net consequence of this shift is 
g — 5 -j- 7 — 4 = -j-4. That is, for every unit moved into P-C by this sequence, 
net costs increase by $4. Certainly not a profitable reallocation. This per-unit 
consequence is entered in the P-C cell of Fig. 9-7, so that we can keep track 
of the profitability associated with each alternative. 

Next we will evaluate P-L to determine the consequence of a reallocation 
into this empty cell. The pattern of moves is into P-L out of D-L into D-N 
out of P-N. The net per-unit cost consequence is -f 12 — g -f- 7 —> 4 — +9* 
is entered in the P-L cell of Fig. 9-7. 

Next empty cell M-C is evaluated. The pattern of per-unit moves is into 
M-C out of D-C into D-L out of M-L. The net per-unit cost consequence is 
+ 2 — S-f-fi — 5 = —2. Therefore, for every unit moved into M-C there is a 
net cost savings of $2. It is still premature to make any decision. Only after 
all of the empty cells are evaluated can a reallocation be undertaken. 

The last empty cell to be evaluated is M-N. The pattern of moves is into 
M-N out of D-N into D-L out of M-L. The net per-unit cost consequence is 
-f 8 - 7 -f 6 — 5 = +2. 

Making the shift A reallocation is made into that empty cell which dis- 
pla3'S the largest net per-unit cost savings. In Fig. 9-7, cell M-C is that cell. We 
concluded that a shift into M-C resulted in a net savings of $2 for each unit 
shifted. The next question, then, is, How jnany should be shifted? To answer 
this, the pattern of moves that established the $2 cost savings must be recon¬ 
sidered. For every unit added to M-C, a unit was removed from D-C, added 
to D-L, and removed from M-L. Units were therefore removed from two cells, 
D-C and M-L. The maximum number of units that could be removed is 130, 
since any number over this would cause a negative allocation in cell D-C. In 
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facty if more than 180 are removed, negative allocations would occur in cells 
D-C and M-L. 

We therefore add 130 units to ceil M-C, remove 130 units from cell D-C, 
add 130 units to cell D-L, and remove 130 units from cell M-L. In this way 
we ensure that the rim constraints are not violated. The new matrix is drawn in 
Fig. 9-8. Eecail that the net per-unit consequence of this move was |2. There¬ 
fore, by moving 130 units, a savings of 2 X 130 = $260 has been effected. 

Amther iteraizon At this point the process of evaluating each empty cell 
is repeated to determine whether further reallocation can reduce costs even 
more. All of the cells but P-C are straightforward. The pattern of per-unit 
moves for this cell is into P-C out of AI-C into M-L out of D-L into D-N out of 
P-N. The net per-unit cost consequence of this is +6 — 2-f5--6-|-7 — 4 = 
-f 6. This and the other net per-unit cost consequences are entered in Fig. 9-8. 
Since none of them are negative, it is not profitable to reallocate any further. 
We have reached the optimal solution. 

Solution of the Milwaukee alternative The optimal strategy for the Mil¬ 
waukee alternative is, therefore, to ship according to the following plan. 


Pittsburgh to New York 90 

Denver to New^ York 10 

Denver to Los Angeles 160 

Milwaukee to Chicago 130 

^Milwaukee to Los Angeles 50 


The transportation cost of this strategy is 

90(4) + 10(7) + 160(6) + 130(2) + 50(5) = $1,900 

Solution of the San Francisco alternative Next the optimal transportation 
strategy for the San Francisco alternath^e must be determined. Once again, 
the assignments to the first matrix are made according to the “northwest corner^' 
rule. Then each empty cell is evaluated. It can be seen from Fig. 9-9 that 
each of the evaluations is positive; therefore it is not profitable to reallo- 
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Fig. 9-9 Solution to San Francisco alternative. 

cate. The optimal solution for this strategy is to ship according to the following 
plan. 

Pittsburgh to New York 
Denver to New York 
Denver to Chicago 
Denver to Los Angeles 
San Francisco to Los Angeles 

The cost of the plan is 

90(4) + 10(7) + 130(5) + 30(6) + 180(3) = $1,800 

Comparison of alternatives Now we can compute the building, production, and 
shipping costs for each strategy. Since the Pittsburgh and Denver plants will 
operate at full capacity regardless of the alternative chosen, production costs 
can be ignored. For the strategy which includes the Milwaukee plant we there¬ 
fore have 

Building and equipment costs = $13,100 
Production costs (]\I): 18,000 X $.60 = 10,800 
Transportation costs = 1,900 

Total costs = $25,800 

The strateg}^ which includes the San Francisco plant has the followung cost: 

Building and equipment costs = $12,800 
Production costs (S): 18,000 X $.65 = 11,700 
Transportation costs = 1,800 

Total costs = $26,300 

It therefore appears that, from a cost point of view, the Milwaukee plant is 
the favored alternative. 


90 

10 

130 

30 

180 
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Linear pn^ramming, transportation, and assignment methods We digress for a 
moment to inrestigate the relationship between linear programming, the trans¬ 
portation, and the assignment methods. 

The transportation problem as depicted in Fig. 9-4 can be written as a 
linear programming problem. Let Xij be the amount shipped from plant i 
to warehouse j. Then the objective function can be written as 

Minimise C = 4Xii + 6 X 12 + 12 X 13 + 7 X 21 + 6 X 22 + 6 X 23 + SXgi 

2 X 32 “F 5 X 33 

The capacity constraints are 

Xii 4“ X 12 "f“ Xi3 ^ 90 
.X 21 X 22 4“ X 23 170 

X 31 + X 32 4 “ X 33 ^ 180 
Next we have the demand constraints: 

■5-11 4" X21 4” X31 > 100 
X 12 4" X 22 4“ X 32 ^ 130 
Xi3 4“ X2S 4" X33 ^ 210 
Finally the nonnegativity constraints: 

Ml X,/s > 0 

In general notation, we can write this as 

m n 

ilinimize C = X X GijXij 

t=ii=i 
n 

X Xi,- < u 

i=i 
m 

I > A- 

1=1 

AU X^-’s > 0 

where Cij = cost of shipping 1 unit from source i to destination j 
Li = capacity of source i 
Dj = demand from destination j 

Since any problem which fits the transportation format can be written 
as a linear programming problem, why bother with a transportation algo¬ 
rithm? If you compared the time it would take to solve our example by linear 
programming and by the transportation method, you would have the an¬ 
swer. The transportation method is much more efiScient. Unfortunately we 
cannot use it for all linear programming problems, since the transportation algo¬ 
rithm can be used only for those problems which can be set up in a matrix 
as in Fig. 9-4. 


f = 1, 2, . . . , m 
J = 1, 2, . . . , n 
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Our conclusioiij then, is that the transportation method is a special case 
of linear programming. Therefore, when a problem displays this format, we 
exploit its structure by utilizing an efficient solution technique. 

What about the assignment problem whose format (shown in Fig. 8.1) 
was much like that of the transportation problem? It, in turn, is a special 
case of the transportation problem. This stems from the fact that its rim con¬ 
straints are all equal to 1. Accordingly, the assignment problem is easier yet 
to solve. 

There is another distinct advantage associated with the transportation for¬ 
mat and its special cases: the solution to the matrix will always be integer- 
valued. Therefore, the solution will never suggest that cases be shipped 
from plant 1 to warehouse 3. This is an especially valuable aspect, since without 
it problems which require integer solutions would have to be solved by integer 
programming methods. 


//// A FIXED- AND VARIABLE-COST MODEL 

The problem Consider a group of plants serving a number of market areas. In 
the pre'^dous section the concern was with the location of 07ie additional plant. 
Perhaps a more realistic statement of the problem would be. How many plants 
should be added, and where should they be located? Once this extra dimension 
is added to the problem, it becomes necessary to consider the fixed costs of setting 
up a plant as an explicit part of the location model. Otherwise, a plant might 
be located next to each customer. The trade-off, then, is between increased 
overhead costs from more plants and reduced transportation cost. 

In addition to the fixed cost of opening a plant there is often a fixed cost 
associated with setting up a route between that plant and the warehouse which it 
ser^dces. For example, when a truck route between two centers is established, 
there will be a large fixed cost for operating the vehicle. There will also be a 
smaller variable cost which is related to the volume shipped. 


A mixed-integer programming formulation The objective in a problem which dis¬ 
plays all of these costs is to determine the number and location of new plants in 
such a way that the sum of the fixed plant costs plus the fixed route costs plus 
the variable transportation costs is minimized. This can be expressed as a mixed 
integer programming problem in the following way. 


Let F, 


-lo 


Zij 

Fi 


Ris 






if plant i is selected 
otherwuse 

1 if route from plant i to warehouse j is opened 
0 otherwise 

fixed overhead cost associated with plant i 
fixed cost of setting up distribution route betw’een plant t 
w^arehouse j 

quantity shipped from plant i to warehouse j 

per-unit variable manufacturing and shipping cost associated with 

producing in plant i and shipping to w’arehouse j 


and 
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The objective function can be witten as 

m m n m n 

iNIinimize C = X + 2 D Cij-Xy + X S 

1=1 £=1 j = l 

The first term represents the sum of- all fixed costs for those plants which are 
selected. The second term is the sum of the variable transportation costs be¬ 
tween open plants and warehouses, and the third term is the sum of the fixed 
costs associated with opening shipping routes between the opened plants and 
warehouses. 

The first set of constraints ensures that the quantity shipped from plant 
i to all warehouses is less than or equal to the supply available at that plant 
Si. 


% Xij < SiTi for f = 1, 2 , . . . , in 

3 = 1 

n 

If plant i is not opened, Ih = 0 and ^ Xij must equal zero. 

i = i 

The second set of constraints ensures that the demand Dj from each ware¬ 
house \YiSl be met. 

m 

X Xii > Dj for j = 1, 2 , . . . , n 

i=l 

The third set of constraints relates the value of Zij to the value of iV It is 
necessary that Xij > 0 only if Zij — 1. That is, items can be shipped from plant i 
to warehouse y only if the route between them is selected to be open. This can be 
accomplished by the following constraint: 

Xij < UijZij for all i and j 

w’here Ua is a sufficiently large coefficient. For example, Uij could be set to the 
minimum of Consider formulating this constraint for an example w’here 

i = y = 3, and 


Si = 15 
Ds = 10 

We would have = 10. If the route from plant 1 to w'arehouse 3 has been 
opened, Z 13 — 1 and according to our last constraint, could take on any value 
up to 10 : 

Xi3 < 10 

If, on the other hand, the route had not been opened, Zu = 0 and 
< 0 

No shipments could have taken place between these two points. 
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Finally the nonnegativity and integer constraints must be added. 


> 0 

F, < 1 

^.7 < 1 

where Yi and Zij = nonnegative integers for all i and j //// 


SUMMARY 

When a single facility is to be located and both tangible and intangible costs are 
presentj a simple dimensional analysis approach may be used. If in this casej 
however, the only relevant costs are tangible and measurable^ then a breakeven 
analysis can be performed. 

In multifacility problems the problem is more complex. It must be de¬ 
termined how many new facilities will be added to the existing set and where 
they should be located. Mathematical programming models have proven to be 
of great help in solving these kinds of problems. 

Even if there are several intangible factors which must be considered in a 
multifacility problem, it might be helpful at first to set these factors aside and 
reach a conclusion based solely on measurable costs. Then the intangible factors 
can be reintroduced and a final decision reached. Often, in fact, these intan¬ 
gible factors will be so strong that they will overshadow’ the conclusion reached 
by the quantitative analysis. 

In short, facility location requires the skillful blending and w^eighting of 
tangible and intangible factors. It is quite unlikely that a mathematical model 
will ever be developed which is capable of solving a wide range of these prob¬ 
lems. As a result, plant location decisions will probably never become routine. 

QUESTIONS 

Q9-1, What factors w^ould you expect to play a prominent role in the location of the 
following facihties? 

(a) State-of-the-art electronic test equipment manufacturing facility 

(5) High-volume appliance manufacturer 

(c) Eesearch laboratory for a major pharmaceutical firm 

(d) Life insurance company headquarters 

(e) Branch office for a stock brokerage firm 

(/) Satellite campus for a large urban university 
Q9-2. How relevant do you think the followmg location problems are to the firm’s 
profitability ? Explain. 

(a) Appliance service centers associated with a national appliance manufacturer 

(5) Supermarket 

(c) Branch bank 

(d) 'Wholesale food broker 

(e) Steel miU 

if) Cable TV company 
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Q9-3. Why is the problem of locating a single plant different from the problem of 
locating another plant in an existing plant system? 

09-4. Should police and fire stations reconsider their location strategy upon .a shift 
in center of population density ? Explain. 

Q9-5. As a member of the operations research team winch investigated the ambulance 
deplo>Tnent system for the City of New York, which alternative would you recommend, 
what interest groups would you invoke, and what implementation problems would yon 
foresee? 

Q9-6. Under what conditions might dimensional analysis prove useful? 

Q9-7. In response to growing demand, a national manufacturing firm has decided to 
construct an additional plant. Their problem is where it should be located and how 
large it should be. How would you approach the problem? 

Q9-8. Contrast the advantages and disadvantages of large central manufacturing facihti^ 
as opposed to those of dispersed decentralized facilities. 

Q9-9 . Wiiat factors do you suppose were considered in comparing sites for the location 
of Disney World©? 

Q9-10. When might breakeven analysis be useful in facilities location ? 

Q9-11. Many major airports have considered the construction of jet ports located some 
distance from the central city to absorb the forecasted increase in air travel. The 
tentative choices for these airports are usually in rural or suburban towns. Do you 
see this as a less painful alternative to central airport expansion? What resistance 
to this strategy is likely to be encountered? 

Q9-12. The optimal locations for missile sites in an ABM system can be determined 
mathematically. Would you expect public pressure to interfere with this deplojunent 
strategy? 


PMBLEMS 

P9-l..‘ The Shawanagunk Company has three production and three ^warehouse facili- 
fi^. Given the following data, find the optimal sliipping pattern. 

To 

ABC 
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1 
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Distribution costs 


ProducUon capacity 

Demand 


Plant 1 

20 

Warehouse A 

15 

Plant 2 

18 

Warehouse B 

26 

Plant 3 

25 

Warehouse C 

22 
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P9~2. Solve the following transportation problem. 


To 



P9*3. Solve the follo'v^hng transportation problem. Hint: Introduce a dummy warehouse 
to equate demand with supply. The costs associated with this dummy column will 
afl be zero. Why? 

To 



P9-4. Write Prob. P9-3 as a linear programming problem. 

P9-5. Solve the foUowing transportation problem. Hint: Tiiis is a degenerate problem, 
since less than n + w — 1 assignments will be made by the northwest corner rule. To 
overcome this, assign a “little bit,” €, to a cell so that the remaining empty ceils can 
be evaluated. 


To 

ABC 



P9-6- A large manufacturer currently maintains three factories and three ware- 
bdiises. The demand from the warehouses, howwer, currently exceeds the productive 
capacity of the factories. The figures are given below. IManagement would like to 
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add a- factory to bring productive capacity into line with demand. Under consideration 
are two locations. From the data presented below determine the optimal strategy. 


To 



A 

B 

C 

1 

7 

9 

1 

6 

■1 

4 

5 

11 

3 1 

9 


3 

4 

8 

6 

5 

5 

7 

6 

2 


Transportation costs 


Production capacity 

Demand 


Plant 1 

250 

Warehouse A 

290 

Plant 2 

130 

Warehouse B 

210 

Plant 3 

180 

Warehouse C 

160 


Estitnaied variable per- 
unit production costs 

Plant 4 SI 10 Plant 4 

Plant 5 SI40 Plant 5 


Estimated building and equipment costs 

S21,000 per year over the life of the plant 
S17,500 


P9-7- A large company is in the process of comparing two sites for the location of 
a new plant. The land cost for site 1 is $1,200,000, while that for site 2 is $600,000. To 
reflect the importance that this factor should play in the decision process it is given 
a weight of 5. Building costs are expected to be $2,000,000 for site 1 and $l,000.0CO 
for site 2. This factor also received a weight of 5. Taxes for site 1 will be $100,000, 
wliile for site 2 they will be $200,000. This factor received a weight of 2. The labor 
supply is considered to be adequate in site 1 and acceptable in site 2. It receives 
a weight of 3. The community attitude for site 1 is ambivalent, but for site 2 it 
is cooperative. Its w’eight is 3. Finally, research climate for site 1 is charaeterized 
by a few low-quality schools, but for site 2 there are several good research organizations 
in the \icinity but nothing else. This factor is given a weight of 1, Using Table 
12 in the Appendix, determine which alternative is favored. 
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P9-S. Set up the following mixed-integer programming problem. 


To warehouse 


To warehouse 


1 2 3 


5 

6 

-: 

3 

9 

4 

6 

4 

1 3 

[ 

4 


X 12 3 


.10 

.12 1 

.09 

.14 

.09 

.12 

.11 

1 -12 

.04 


Route set-up costs Manufacturing and shipping costs 


Fixed overhead costs for plant i 


i 

Costs 

1 

3.5 

2 

2.7 

3 

4.1 


Warehouse demand Supply 


j 


Plant i 


1 

200 

1 

145 

2 

120 

2 

210 

3 

140 

3 

315 


460 


670 
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Pollution Control and Its 
Impact on the Process 


IMTROOyCTION 

In the past, industry has been accused of neglecting its impact on the environ- 
ment. Quite often the wastes from its transformation processes have overbur¬ 
dened the assimilative capacity of the natural environment. Recently, however, 
there have been substantial changes which no longer permit these practices. In 
some cases these restrictions have even jeopardized the viability of the firm. 

Because this issue is new and because it- often requires a significant restruc¬ 
turing of the transformation process, an entire chapter is devoted to it. First 
we will try to uncover the reasons why pollution became such a large prob¬ 
lem. Then we will look at the different forms of pollution and why the disposal 
of wastes has gotten out of hand. Following this an attempt is made to quantify 
waste disposal costs in the hope that a strategy can be achieved to minimize 
these costs. One of the components of this cost expression, welfare damages, 
is nearly impossible to quantify, and the usefulness of such an approach is 
thereb}^ limited. Consequently the policy maker is left with only imperfect 
strategies. Nevertheless something must be done to prevent unreasonable levels 
of pollution from occurring and also to control that pollution wiiich already 
exists. We then turn to the w^ays in which the public and private sectors of the 
economy can prevent and control pollution. Next- w^e examine three strategies 
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for establishing formal controls on effluent discharge. Finally, three case studies 
are presented, one which focuses on a regulated monopoly, another involving a 
naunicipal authority, and the last dealing with a private firm. 


HOW DID IT OET THIS WAY? 

Not many years ago in a certain wooded area located remote from industry 
and large centers of population, the air was pure, the waters were clean, and 
there was the noise of only the birds and the wind. As the first few" people 
settled in the area, the w’ater had no problem in assimilating their w^astes, the 
smoke from their fires w^as easily dissipated in the atmosphere, and the people 
generated relatively little noise. The population, how’ever, soon began to grow, 
industry thrived, and the affluence of the community increased steadily. An 
almost unavoidable concomitant of this developmental pattern w’as the increase 
in noise, water, and air pollution. 

In the early stages of the towm’s development, the river w^as used for swim¬ 
ming, drinking, some w"aste disposal, and even as an input factor in some chem¬ 
ical and manufacturing processes. The river w^as truly a multiple-purpose, mul¬ 
tiple-use, common-property asset. The first consequence of its heavy use for 
waste disposal w^as the curtailment of the use of the river as a drinking-w^ater 
source. Residents, at that time, had several choices for solving this immediate 
problem. They could have maintained the status quo and suffered the con¬ 
sequences of dirty w^ater, wdiich might have included increased colds and even 
more serious afflictions. Secondly, they could have boiled the river w^ater before 
using it; and thirdly, they could have built a water treatment plant w"hich w"ould 
have rendered the water drinkable. They chose the treatment plant, wdiich 
solved the drinking problem; but five years later they had to close the river to all 
swimming. In addition, several firms which had been using this w'ater in their 
manufacturing process had to install their owm treatment systems to ensure 
the quality of water w"hich they required. 

CAUSATIVE FACTORS: POPULATION AND INCOME 

The point of this story w"as to highlight wdiat have been the twm major causative 
factors of pollution: population density and affluence. As the density of in¬ 
dustry and people has increased, the burden placed on the environment has 
also increased. To compound the problem, as the standard of living became 
higher, the goods and services demanded per person have increased. We can, 
therefore, say that the level of pollution is directly related to population density 
and per capita income. Mathematically w^e have the following: 

P = / (population, per capita income) 
where P = pollution level 

RESTORATIVE FACTORS: RECYCLING, TECHNOLOGY, AND TREATMENT 

This is not nearly the wfflole story, since w^e have yet to consider recycling, 
the consequence of which is to reduce the level of pollution. Consider the fa- 
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miliar controversy associated with soda bottles. The question is whether a no- 
deposits no-return strateg}" should be changed in favor of a recycling strat¬ 
egy. Let us take a closer look at the recycling strategy. Suppose that a large 
deposit is required on each bottle. Let us also assume that this fee is large 
enough to ensure the return of most bottles. Once returned^ they can be cleaned 
and reused. The obvious consequence of this is that there is less waste matter 
which must somehow be collected and disposed of properly or end up as a blight 
on the countryside. From this example it can be seen that pollution is inversely 
related to the degree of recycling: as the intensity of recycling increasesj the 
pollution levels decrease. 

Teclinology also acts to ameliorate pollution. Engines which are more 
efficient and structures which are sturdier but lighter are examples of less waste 
for the same degree of utility. 

Finally, the extent of pollution is inversely related to the intensity of 
waste treatment. As the percentage of total effluent treated increases, the pollu¬ 
tion level decreases. Said another way, higher levels of effluent can be tolerated, 
provided that it is properly treated by some combination of physical, chemical, 
and biological action. 

Several different kinds of water treatment are commonly employed. These 
range from mechanical filtration to chemical and biological processing, ile- 
chanical filtration removes just the solids from waste and is the least expensive 
processing strateg\u It, however, provides minimal treatment and is oftentimes 
inadequate to meet water quality standards. Higher levels of waste treatment 
are achieved by chemical and biological action. 

There are also several ways in which effluents discharged into the air can 
be treated. The smoke which comes from a power company's stack, for example, 
can be filtered, scrubbed, or precipitated. The most complete removal of pollu¬ 
tants is achieved by using an electrostatic precipitator. This machine performs 
its function by establishing an electromagnetic field within wdiich the particulate 
matter is separated from the smoke. 

Koise pollution can be suppressed by the use of silencers at the noise 
source or by insulating the area affected by the noise. An example can be 
found in the noise problems associated with aircraft. Newer aircraft models 
are equipped with silencing equipment, and there is pressure to supply older 
models with this new equipment. In manufacturing plants it is becoming com¬ 
mon to see sound insulation surrounding noisy machines. 


FOLLOTfON FUNCTION 

We can now summarize those causative factors which explain the level of pollu¬ 
tion. The level of pollution varies directly with the level of population and 
per capita income, and inversely with the extent of recycling, technology, and 
w-aste treatment. Mathematically, this can be expressed in the followdng w&y : 




per 
Pop., capita 
income 


1 1 1 \ 

recycling technology treatment 


y 
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POLITICS AND ECONOIWICS 

Starting in the late 1960s, it became quite apparent that pollution levels had 
gotten out of hand. Prior to this time, pollution had been a local issue which 
was confined to the political domain of municipal and sometimes state inter¬ 
est. As the issue rapidly rose on the national priority list, centralization of 
policy making under the Council on Environmental Affairs and centralization 
of administration under the Environmental Protection Agency provided the lead 
to an effective management approach of our common-property resources. 

It quickly became apparent that the solution to this problem would be 
very complex. Although we do know quite a bit about the different kinds 
of wastes, their chemical composition, and their effect on the environment, we 
still do not know" very much about their long-term effects on the human 
body. Therefore, the standards w^hich should be established are still subject 
to controversy. Even wdien a strategy is selected, the road to its implementation 
and enforcement is still a rough one. Although economists generally agree upon 
the economic mechanism necessary to eflSciently achieve these objectives, the 
political factors that must be considered oftentimes dramatically change those 
strategies. In fact, shortly you wull see that the direction that is being taken 
in pollution control is not the most economical one. Before we examine the 
economic issues, w’e take a closer look at the forms of pollution and then at the 
way ill wdiich our environment can and cannot assimilate these wastes. 


FORMS OF POLLUTION 

WATER POLLUTION 

There are several w^ays in wdiich w^astes can be categorized. At the risk of 
oversimplification but at the same time recognizing the necessity to be brief, 
we will categorize liquid w^astes as being either degradable or nondegrad- 
able. The placement of the effluent in either one category or the other w"ill 
depend upon its behavior in the receiving body of w^ater. 

Nondegradable wastes Nondegradable w^astes can be diluted and sometimes 
changed in form, but their w’eight will not be reduced in the receiving 
winters. The sources of nondegradable w^astes can be found in effluents dis¬ 
charged by industry and runoff from w^ell-fertilized farms. These w^astes may 
remain dissolved in the receiving w^ater or they may settle out. They can be 
toxic or corrosive, may add color and taste to the w^ater, and may produce 
odors. 


Degradable wastes Degradable w^astes can be reduced in quantity by either 
physical, chemical, or biological action. The most common w^aste in this cate¬ 
gory is domestic sew^erage. 

As long as limited quantities of these w^astes are introduced into a body 
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of water, a self-purification process takes place. This process relies on bacteria 
which are normally present in the body of water. During this decomposition 
process the bacteria require free oxygen, which is also found in the water. As 
long as the oxygen is available in sufficient quantity, the decomposition will 
proceed without producing offensive odors. Oxygen is replenished by being ab¬ 
sorbed tlirougli the surface of the w'ater and by aeration in rapidly moving 
streams. If the oxygen is replaced, the assimilative capacity of the river is 
restored. If , however, the load on the receiving body is too heavyq decomposition 
takes place anaerobically, or without the use of free oxygen. The consequence 
of this is that hydrogen sulfide and other gases are produced, a fact which 
accounts for the offensive odors generated from overtaxed streams. 

The depletion of oxygen in a stream has other consequences: most fauna 
require oxygen to live. Without it, fish life becomes extinct. If the balance 
of nature is upset and little is done to correct the problem, the eventual conse¬ 
quence is the death of the body of water. One of the most dramatic examples 
of this is the ecological death of Lake Erie. 

Different wastes exert different demands upon the receiving waters. The 
quantity of oxygen that is required to decompose a particular waste is called 
its biochemic al ox ygen d emand (BOD). The oxygen that is available in a 
particular body of water/oiTthe^ier Ean , is called its d ksolved oxvoeri^ co^nt 
|DOL The latter essentially measures how alive the body of water is! Bblh 
DO and BOD are crucial factors in any w’ater quality program. 

Predicting the time pattern of w^ater quality for a body of water is quite 
difficult. Consider the case where a single degradable effluent is discharged into 
a stream. Eventually the wmter will completely assimilate the wmstes, but of 
importance in wmter quality management is the progress of the recovery proc¬ 
ess. The speed with which the degradation of wastes takes place depends upon 
three factors: the quantity and BOD of the waste, the temperature, and the 
hydrologic characteristics of the receiving water. The hydrologic conditions 
are characterized by the flow of the water. The higher the flow’', the faster 
the reaeration of the stream and the quicker the DO is restored to original 
levels. Temperature also affects the time pattern of degradation, since bacterial 
action is speeded at higher temperatures. 

As the waste is moved dowmstream, the DO content of the stream starts 
to decline, reaches a minimum, and finally recovers by hydrologic action to 
previous levels. This phenomenon is knowm as the ^^oxygen sag.^’ To predict 
the time pattern of this oxygen sag is quite difficult. The problem is that the 
water levels, w’ater flows, and temperature vary considerably over time for most 
bodies of winter. 

Compounding the problem is the fact that several different kinds of wastes 
are usually discharged into a stream at several different locations. Some of 
these wastes have simple additive effects. That is, they do not interact with 
one another. Other wastes have counteracting effects. The combination of X 
wuth Y results in a reduction of the damage that wmuld occur if X or Y were 
introduced to the stream singly. Finally, we have the case where the introduc- 
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tion of two wastes results in an escalation of the damage that would have 
occurred had the two not been introduced together. 

We have already uncovered several factors which make the establishment 
and subsequent management of a w^ater quality control program quite com¬ 
plex. These include: the setting of standards, some of which are still subject 
to controversy, and the ability to predict the water quality, given a continual 
variation in the quantity and kinds of effluents. 

Once the decision is made as to the waste load which the water can sustain, 
some mechanism must be established to accomplish this end at the lowest possible 
cost. Perhaps the most common mechanism is regulation. Here is where the 
need for economic analysis becomes a necessity, for regulation is but one of the 
several alternatives wdiich can be employed to accomplish these objectives, and 
each has a different cost of administration, cost to the firm, and consequently a 
different cost to society. 

AIR POLLUTION 

Unlike water, air is not self-purifying. As a consequence, the only way that 
air can be cleansed is by cleaner air pushing the dirtier away or by particulate 
matter settling out from the air and contributing to ground pollution. 

A major problem with air pollution is that several of the sources are mobile 
and therefore difficult to control. The exhaust from cars, trucks, buses, and 
airplanes is an example of this. To obtain effective control over the discharge 
levels of these forms of transport, it is necessary to establish and enforce federal 
standards. Nonmobile sources of pollution include electric power plants, munici¬ 
pal and residential rubbish burning, industrial plants, and home heating sys¬ 
tems. Each makes some contribution to pollution; however, the chemical and 
particulate composition of their discharges is quite different. A breakdown is 
shown in Table 10-1. 


Table 104 Air pofiution emission in the United Statesf 


Sources—millions of tons per year 


Pollutant 

Million 
ions per 
year 

% of 
total 

Power 

plants 

Industry 

Motor 

vehicles 

Space 

heating 

Refuse 

disposal 

Carbon 

monoxide 

72 

50.7 

1 

2 

66 

2 

1 

Sulfur oxides 

26 

18.3 

12 

9 

1 

3 

1 

Nitrogen oxides 

13 

9.2 

3 

2 

6 

1 

1 

Hydrocarbons 

19 

13.4 

1 

4 

12 

1 

1 

Particulates 

12 

8.4 

3 

6 

1 

1 

1 

Total 

142 

100.0 

20 

23 

86 

8 

5 

Percent of total 



14.1 

16.2 

60.6 

5.6 

3.5 


t *^Tlie Sources of Air Pollution and Their Control,” U.S. Department of Health, Education, 
and Welfare, Washington, D.C., 1967. 
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M01SE POLLUTION 

Little is really known about noise pollution. We need to know" more about 
the harmful physiological and psychological consequences which prolonged ex¬ 
posure can cause. The initial arena for focus on this problem w"as airport-related 
noises. With the increase in air traffic and the higher levels of noise associated 
with jet engineSj airport administrators have had to face an increasingly irate 
local citizenry. Some progress has been made by the forming of coalitions of 
interested parties^ incliiding, of coursej citizens from these local communities. We 
will return to a case study of one such problem at the end of this chapter. 


WHY HAS WASTE DISPOSAL GOTTEN OUT OF HAND? 

The production process involves the combination and subsequent transformation 
of several resources. These include men, machines, material, and even air and 
w"ater. To some extent one can be substituted for the other. A machined prod¬ 
uct, for example, can be processed mostly by skilled labor wdth the use of man¬ 
ually opierated drills, lathes, and grinders, or it could be processed completely 
by numerically controlled machines. In the first case, the process is labor-inten¬ 
sive; in the second, it is capital-intensive. In another example, power can be 
produced by relatively inexpensive high-sulfur coal, discharging large quantities 
of both sulfur dioxide and particulate matter into the environment, or it can 
be generated by expiensive fuel oil, with much low’er levels of discharge. 

These examples point out that there are usually many w"ays in which re¬ 
sources can be combined to produce a product. The particular combination 
which is finally chosen depends upon their relative prices. For example, if 
skilled labor is much more costly than machine time, the process will be capital- 
intensive. If, on the other hand, machine time is more costly, then it will be 
labor-intensive. As the price of a resource falls relative to other substitute re¬ 
sources, its use vill increase. 

Now reconsider the choice facing the power company. On the one hand, 
they can use relatively inexpensive coal but discharge undesirable effluents into 
the air; or, on the other hand, they can use expensive fuel oil and discharge 
quite aecepiable levels of effluent. If w'e assume that ‘‘using air” or discharging 
effluent into the air is costless, any cost-minimizing (in this case) or profit-maxi¬ 
mizing (as in the case of a noiiregulated firm) firm wmuld elect to purchase 
coal. Only wdieii a charge is imposed for using the air might the firm shift 
away from its present strategy of using the inexpensive coal. 

From this w’e can conclude that resources wLich have little or no cost 
to the firm will be used much more extensively than if they involved a cost. The 
problem, then, has been in the inability of the market to impose a cost on 
these resources. As a result, the total cost of producing goods wfflich require 
air and w’ater as input resources has been less than it should be. Since these 
goods are subsequently sold at a low^er price, it seems reasonable to hypothesize 
that we sell relatively more goods which require air and w-ater as input resources 
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than we would sell if they carried their full cost. We have clearly encouraged 
pollution! 

Today it is transparently clear that there is a positive cost when air and 
water are used as input resources. That this is true can be seen by tracing 
the effects of the discharge from a power plant. The smoke contains, among 
other things, sulfur oxides and particulate matter. Both are harmful to 
health. Particulate matter increases cleansing bills, and in general the haze 
that the discharge causes is plainly uncomfortable and unsightly. When the 
power company uses inexpensive fuel, it is not incurring these external 
costs. The cost to the power company of using the air is virtually zero. How¬ 
ever, the other users of the same air must incur some extra costs. A major 
problem, then, is that the users of the environmental resources are not necessarily 
the ones who suffer the damages. Moreover, the ones who suffer the damages 
are generally large in number, dispersed over a geographic area, and unlikely 
to take collective action. As a consequence, the use of these resources remains 
free to the discharger until such time as the cost of the damages becomes so 
great that political and economic action is eventually taken and a cost is imposed 
on their use. 


WASTE DISPOSAL COSTS 
A WASTE DISPOSAL MODEL 

A conclusion which we can reach is that waste disposal costs affect several 
people and the costs which are borne by the discharger are not the only costs 
that should be taken into consideration—there exist a set of external costs. To 
be a little more explicit, we can define waste disposal costs for any given level 
of waste disposal as the sum of pollution prevention costs and pollution costs.^ 

Wmste disposal pollutmn pollution 
^ = prevention + 

costs ^ costs 

costs 

Pollution prevention costs are those expenditures incurred by public and private 
enterprises to prevent some of the damaging effects which can be attributed 
to wastes. Examples include the expenditure of funds for sewage treatment 
plants by municipal authorities, the processing of effluents by manufacturing 
firms to remove harmful chemicals, and the expenditures by individuals to pur¬ 
chase and maintain pollution control devices on their automobiles. In general, 
then, pollution prevention costs are expenditures incurred to prevent the develop¬ 
ment of a pollution problem. 

Pollution costs are those costs incurred after the pollutants have been re¬ 
leased into the environment. They represent the costs which are borne because 
of a pollution problem. As you will shortly discover, these costs can be quite 
difficult to measure. Pollution costs can be broken down into three cate- 

H. Dales, Pollutiori, Property and Prices, University of Toronto Press, 1968, p. 15. 



254 


DESIGN OF THE SYSTEM 


gories. These include public and priyate expenditures to avoid pollution damage, 
and the welfare damage that is suffered rather than prevented. 

Public ex- private ex- welfare 

Pollution _ peiiditure to penditure to damage 
cost avoid pollii- avoid pollu- of pol- 
tion damage tion damage lution 

Public expenditures to avoid pollution damage refer to those expenditures 
made to avoid the consequence of using polluted air or water. A water-piirifyiag 
facility would fit into this category. A sewmge treatment plant, however, would 
not, since its purpose is to prevent pollution. We would classify it as a pollution 
prevention cost. 

Ail private expenditures to avoid pollution damage are contained in the 
second category. These incliide expenditures for air and water purification sys¬ 
tems that industry must install to meet process standards. Also included are 
the extra cleaning bills, house painting, medical bills, travel expenditures for 
vacationing in unpolluted areas, and the cost of home water purification systems 
which those who live in polluted areas must incur. 

The last and most baffling categor>’ of pollution costs is the welfare damage 
that is suffered rather than prevented. Frequently pollution prevents the enjoy¬ 
ment of certain leisure activities. Such things as swimming, w^ater skiing, and 
fishing represent pleasure that must be forgone when a body of water becomes 
polluted. Exactly how the dollar value of this loss should be calculated is 
a very difficult if not altogether impossible question to ans^ver. Usually these 
activities are not lost altogether. Vacationers and sportsmen, however, must 
travel further to enjoj" unpolluted waters. 

Another example of w^elfare damage that is suffered rather than prevented 
is found whenever a family decides to move out of an urban setting into a 
less polluted eiivironment. Perhaps the salary of the wage earner is less as 
a result, or, if he commutes to w'ork, his expenses may be greater. Firms also 
may move out of the city for much the same reason. 

A final example of w'elfare damages is the mental and physical discomfort 
associated with pollution. Dirty air, unpleasant odors, unsightly streams, and 
noisy communities all involve some discomfort wdiich many people wmuld pa}* 
to alleviate. These aspects of pollution are not necessarily serious health haz¬ 
ards nor do they result in expenditures for dry cleaning, house painting, and 
so on. Those consequences of pollution w^e have already considered. These 
are just the nuisances that do, however, detract from the quality of life. 

We can now restate the waste disposal costs in the following way: 

If = P + + U + D 

where If = wm-ste disposal cost (10-1) 

P = poliutioii prevention costs 
U = public expenditures to avoid pollution damage 
V = private expenditures to avoid pollution damage 
D = w'elfare damage 
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Now we turn to the problems which are encountered in the design of a 
pollution control program. 

THE MINIMIZATION OF WASTE DISPOSAL COSTS 

The central issue in pollution control is to determine the proper strateg}^ for 
disposing of society's wastes in such a way that the waste disposal costs are 
minimized. What this implies is that a correct balance must be struck among 
pollution preYeiition costs, public expenditures to avoid pollution damage, private 
expenditures to avoid pollution damage, and welfare damage. Consider an ex¬ 
ample where a firm is about to dump 300 pounds of effluent into a stream. If 
this waste is dumped untreated, welfare damage estimated to be $100 will oc¬ 
cur. There are, however, two other possible outcomes which have been evalu¬ 
ated. If the firm treats the waste, the pollution prevention costs incurred will 
be $65, and it is expected that no welfare damage vnll result. Finally, the 
firm can dump its effluent into the stream and the local municipality can treat 
the water for drinking purposes at a cost of $50 while $25 of welfare damage 
will remain. The waste disposal cost for each strategy can therefore be com¬ 
puted in the following way": 



P 

+ 

U 

-f 

F 

+ 

D = 

TF 

Strategy 1 

0 

4- 

0 

+ 

0 

4- 

100 = 

100 

Strategy 2 

65 

+ 

0 

+ 

0 

4- 

0 = 

65 ^ 

Strategy 3 

0 

+ 

50 

+ 

0 

4- 

25 = 

75 


It can be concluded that the strategy which involves an expenditure of 
on pollution prevention is the most economical. 

Consider another problem, one in which only^" two strategies are rele¬ 
vant. The first solution is to let the effluent go untreated and suffer a welfare 
cost of $200, while the second is to treat the effluent before it is discharged 
into the stream, at a cost of $350. In this example, it is clear that the most 
economical solution is to let the effluent go untreated. It makes little sense 
to spend $350 in order to avoid $200 worth of damage. For some, the thought 
of permitting any^ welfare damage to occur is unacceptable. But since there 
is a cost which can theoretically" be assigned to the welfare damage of waste 
practices, it is c^uite reasonable to expect that certain levels of welfare damage 
are not worth avoiding. 

We can therefore conclude that the objective in waste disposal is to mini¬ 
mize these costs for a given level of wastes. Costs include the welfare damages 
which are suffered, and it is inevitable that some welfare damage will always 
be incurred; the question is, How much? To answer this is very difficult and 
depends on our ability to measure these costs. Once measured or estimated, 
our theoretical construct would lead us to evaluate each of the available strate¬ 
gies and choose whichever one minimizes waste disposal costs. Now we take 
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a closer look at something I am sure has been bothering you: How do you 
measure welfare damages? 

WELFARE DAMAGES 

It is nearly impossible to determine the dollar value of welfare damage associated 
with a level of waste disposal. Consider the prevention of leisure activities^ 
such as swimming, water skiing, and fishing. It w^ould be quite difficult to 
determine the dollar value of damage that is suffered when a lake can no longer 
be used for these purposes. One could conceivably ask people how much they 
would be willing to pay in order to avoid this problem, but even that might 
not w^ork. People may understate costs if they feel they have to pay, or over¬ 
state them if they think the state will pay. 

Complicating the problem is usually the proximity^ of substitutes. In the 
case of the lake, there may be another one just like it but quite suitable for 
these activities just 90 miles awmy. The relevant loss which is incurred is much 
smaller than the complete loss of the polluted lake to vacationers. It is the 
difference between the cost of travel to the polluted lake and that of travel 
to the unpolluted lake. There may be some, how^ever, wdio cannot afford to 
travel this extra distance. For them the loss of this leisure activity is complete. 

Toting as a means of resolving problems which are laden with welfare 
considerations is also not without problems. Consider a pollution problem wffiieh 
can be solved if the municipality builds a sewage treatment plant at a cost 
of SICK). For purposes of simplicity, assume that there are onty three voteis 
and that each is affected differently by’ the problem. The assessment for the 
sewage plant, howwer, would be split equally^ among the three residents at 
$33.33 each. Voter 1 carefully’ considers the amount of moneys that he W’OuM 
be willing to pay’ in order to avoid the w’eifare damage wffiich he suffers. He 
concludes that he w’ould be willing to pay up to, but not more than, $20. As 
a result, he decides not to vote for the sew’age plant. Voter 2 also assesses 
his damage as J20, but Voter 3 feels he w’ould pay’ $80. The only favorable 
vote is from Voter 3, and the sewage treatment proposal is defeated. This 
defeat takes place despite the fact that collectively^ the voters w’ould have to 
pay’ only’ $100 in assessments to avoid a problem wdiich is costing them $120 in 
welfare damages. 

As you can see, it is nearly impossible to determine the w^elfare damage 
component of w’aste disposal costs. Consequently w’e do not have a basis for 
a clear-cut quantitative comparison of alternative strategies to meet a pollution 
problem. This does not mean that our conceptual framew’ork w’hich has been 
built around the expression for waste disposal costs in Eq. 10-1 is valueless. It 
does provide a valuable framework within which the problem can be ana¬ 
lyzed. It should be clear, however, that no “optimar’ solution to the problem 
exists. 

The pollution control strategy which is finally chosen should be the one 
which comes closest to minimizing these costs. A strategy^ for a particular wmter- 
shed, for example, w’ould include a set of water quality standards. It is to be 
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hoped that, when these water quality standards are imposed on the users of the 
watershed, the waste disposal costs, including welfare damages, would be 
approximately minimized. 

POLLUTION PREVENTION ALTERNATIVES 

The issue which must be considered next, and an issue which is much more 
tangible than the initial setting of the standards, is the identification of the 
alternative pollution prevention techniques which can be employed to achieve 
these standards. These alternatives can be divided into two categories. The 
first includes those alternatives open to the management agency of the resource, 
such as a watershed. The second, those alternatives which the firm can employ 
to manage the quality of its efiduent. 

MANAGING AGENCY 

A management agency whose charge it is to achieve and maintain a certain 
quality of water can employ some combination of waste treatment plants, the 
addition of dilution water whenever river flows are low, and reaeration of streams 
to add oxygen by bubbling air through the water. The waste treatment plant 
is an example of reducing wastes after they are generated, whereas the dilution 
and reaeration techniques represent methods for increasing the assimilative 
capacity of the water. 

Since the pollution level of a river is rarely stable, the managing agency 
can use these alternatives in some economically inspired combination to maintain 
the standards which have been established. For example, rather than building 
a waste treatment plant to accommodate the highest concentration of waste, 
which may occur only a small percent of the time, it might be more beneficial 
to build a dam and utilize the water for dilution purposes during peak periods 
of effluent flow. The complex nature of this aspect of the water quality manage¬ 
ment task should now be apparent to you. In summary, the essence of it is 
this: A strategy must be selected from among several alternatives to achieve 
a set of water quality standards at minimum cost. Because of the variable 
nature of the river flow, of the effluent discharges, and of the water temperature, 
the response made today may not include the same set of alternatives used 
tomorrow. 

FIRM 

A second set of alternatives for achieving a specified effluent quality are under 
the control of the firm. They can be considered as either methods for reducing 
waste generation or methods for reducing wastes after generation. First we 
consider the alternatives for reducing 'waste generation. 

Frequently the type of raw material employed in the transformation process 
affects the nature of the waste. An example which was mentioned earlier is 
the case of power production. If coal which is high in sulfur content is used 
one level of effluent is incurred, whereas if oil is used the effluent is much cleaner. 
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Another alternative is to make a change in the transformation proc¬ 
ess. This might involve the reduction of scrap^ the substitution of one chemical 
process for another^ or the use of air-cooling systems rather than water cool¬ 
ing. The steel mdiistrYj for exampiCj for years had used sulfuric acid for clean¬ 
ing steel A major problem^ however, was the quantity of eiHuent which this 
process generated. After switching to a hydrochloric acid solution^ the effluent 
generated was substantially reduced. Another example can be found in airport 
management. To ameliorate the noise pollution found at an airport^ several 
steps can be taken. These might include the use of certain runways at night 
to keep the noise over populated areas to the lowest possible levels, the restriction 
of power runups, and the maintenance of high altitudes before landing and 
of steep ascents after takeoff. 

Now we take a look at methods for reducing wastes after they have been 

generated. 

First, it might be possible to recover valuable materials which might other¬ 
wise be discarded. A good example of this can be found in the plating indus¬ 
try. After a part has been electrochemically plated, the plating solution must 
be rinsed off in a water bath. The disposal of the water rinse which contains 
toxic chemicals presents a serious pollution problem. One solution is to evapo¬ 
rate the rinse water and reuse the residual in the plating bath. 

Another strategy" for removing wastes after their generation is to produce 
salable by-products. These might include either consumption or intermediate 
goods. Examples include the by-products of monosodium glutamate and potash 
from beet sugar production, utilizing the wastes from apple canning for vinegar 
production, and the use of cottage cheese whey for protein food supplements. 

These last two strategies^—materials recoveiy^ and by-product production- 
are seldom profitable enough to induce the firm to undertake them in the absence 
of either some peiialtt" for discharging their effluent or a sizable public conscience. 

A third, and perhaps more common, strategy involves the use of waste 
treatment. This can occur either by the firm’s treatment of their owm wastes 
or by their use of municipal or shared waste treatment facilities. Whether 
these facilities are private, shared, or municipal will, of course, depend upon 
the costs associated with each alternative. Since, however, there are economies 
of scale in waste treatment, shared or municipal facilities can be an economical 
solution for man}" waste problems. 

WASTE TREATMENT: PRIMARY AND SECONDARY 

There are tw"o basic wmys of treating wastes. These include primary and sec¬ 
ondary processes. In a primary treatment process, the solid matter in the efflu¬ 
ent is filtered and the particulate matter is settled out. It represents a very 
minimal and usually wholly inadequate means of treating wastes. Secondary 
treatment, on the other hand, combines the primary process wdth bacteriological 
action. The resultant water quality is substantially better than that from the 
simple primary process. 

The major characteristics of a primary treatment facility are shown in 
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Fig. 10-1. The effluent is first passed through a wire-mesh screen. Here the 
large, floating objects are removed. After screening, the sewage passes into 
a grit chamber. In this chamber sand, grit, cinders, and small stones settle 
to the bottom. The sewage that remains still contains small particles that are 
suspended in the solution. These are removed by treatment in a sedimentation 
tank. This is accomplished by reducing the effluent flow through the tank so 
that the particles sink to the bottom. The solid mass that accumulates on 
the bottom is called raw sludge; it must be removed, together with the sediment 
collected from the screening process and the grit chamber. After completion 
of the sedimentation process the effluent is treated with chlorine to remove harm¬ 
ful bacteria and to reduce objectionable odors. It is then discharged into a 
stream or river. 

The water which is discharged from a secondary treatment facility is of 
higher quality. Up to 90 percent of the organic matter in sewage is removed 
by this process. Before the effluent is subjected to secondary treatment, however, 
it must first pass through primary treatment. After the effluent leaves the sedi¬ 
mentation tank it can be processed in one of two ways. In the first, it is 
sprayed over a bed of stones. This bed is called a tricklmg filter and is from 
3 to 10 feet deep. Bacteria gather and multiply on these stones, and as the 
sewage is passed through, these bacteria consume most of the organic mat¬ 
ter. The final step in the secondary treatment phase is the addition of chlorine 
to the water before it is finally discharged into a river or stream. 

Another type of secondary treatment process utilizes activated sludge. 
This process, illustrated in Fig. 10-2, speeds the bacteriological action by intro- 
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Fig-10-2 Secondary waste treatment. 
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diieing air and sludge heavily laden with bacteria into close contact with the 
sewage. 


THREE STRATEGIES FOR COMTROLLING LEVELS OF EFFLUENT DISCHARGE 

Once the tolerable level of effluents has been determined by the managing agency^ 
the problem is how to achieve these levels at minimum cost. Three strategies 
have been suggested. They include control by regulation, control by subsidy, 
and control by charges. The economic consequences of each strategy are differ¬ 
ent; therefore, it does make a difference which one is finally chosen. First 
we look at control by regiiiatioii. 

REGULATION 

Regulation involves such mechanisms as licenses, permits, compulsory standards, 
zoning, and registration. It can be implemented in two ways. These include 
across-the-board and point-by-point regulation. In across-the-board schemes, 
all polluters are treated as if they had an equal share in the damage proc¬ 
ess. For example, if a regional watershed authority desired to reduce pollution 
by 10 percent, under an across-the-board scheme they would require all polluters 
to cut back exactly 10 percent. That this is grossly inefficient and unfair can 
be seen from a few illustraTions. It is inefficient since it is unlikely that the 
niarginal cost of reducing pollution is the same for all polluters. It might veij 
well be that for two firms located side by side on the same river, the cost 
ineiirred by one of the firms is double that of the other. The cost to society 
would be much less if the other firm alone reduced its effluent to meet the 
new standards. 

Across-the-board regulation can also be quite unfair. Consider the case 
where some firms have, in the past, spent a considerable sum on pollution con¬ 
trol. When the across-the-board reduction was annoimced, it would not be un¬ 
reasonable to expect that these firms would feel that those who have done nothing 
in the past should be required to do much more than those who have been 
cutting down liieir pollution. 

Ill general, then, across-the-board regulation is neither efficient nor equi¬ 
table. Now we turn to another form of regulation, point by point, to find that 
its short coming is administrative costs. 

Ill point-by-point regulation, the damages inflicted by each polluter become 
the basis for his imposed constraints. For this strategy the pollution generated 
hv each firm must be examined and its downstream or downwind damage evalu¬ 
ated. At the same time that his effluents are examined, the costs to him for 
cutting back these effluents would be estimated. The regulatory body would 
then know the amount of damage and the cost of cutting back on these effluents 
for each source. A strategy could then be determined which could minimize 
the waste disposal costs for a given standard of air or water quality. In theory, 
then, point-by-point regulation sounds feasible. However, when administrative 
costs are considered, it becomes unreasonablv costlv. The size of the bureauc- 
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rac3" that would be needed to determine, administer, and monitor the thousands 
of regulations would be overwhelming. 

SUBSIDY 

Subsidies are viewed quite favorably by local municipalities and industries be¬ 
cause local taxes do not have to be raised, nor do prices. Typical of a subsidy 
is the 75 percent that the federal government will give to the municipality 
toward the construction costs of waste treatment plants. Other kinds of sub¬ 
sidies include the accelerated depreciation that is allowed on all pollution control 
equipment, the abatement of local property taxes on pollution control equipment, 
and payments made to the polluter for decreases in the quantity of effluent 
discharged. 

Suppose an equal sum was paid to each polluter to reduce his wastes 
by 10 percent. This would be an example of across-the-board subsidiza¬ 
tion. Would this be an efficient means of reducing pollution? No! As we 
discussed earlier, the cost of reducing effluent levels varies among all pol¬ 
luters. For some the subsidy would be more than the cost of cutting back 
on their effluent, and they would make money. For others, however, the subsidy 
might be far less than the cost. 

A major problem associated with this kind of subsidy, however, is that 
those firms whose waste reduction costs are much lower than the subsidy would 
be inclined to move into the region covered by the subsidy and make money 
on their wastes. If this seems farfetched, how about farmers who receive sub¬ 
sidies for not growing crops? 

An even more efficient approach would be to identify those polluters who 
could reduce their effluent most efficiently, and to subsidize only those and by 
an amount equal to the cost of their efforts. The problems inherent in this 
point-by-point subsidy strategy are precisely those which accompany point-by- 
poiiit regulation. These include high costs of administration, a sizable bureauc¬ 
racy, and a complex and costly investigation, negotiation, and monitoring proc¬ 
ess associated with the polluters chosen to participate in the abatement process. 

CHARGES 

Finally we look at the most economically feasible alternative: pollution 
charges. In these schemes a charge is levied for an equivalent amount of waste 
discharged into the watershed. A table would have to be compiled so that 
b}’" means of it the particular effluent discharged at a plant could be converted 
into its equiAmlent amount of waste. Once the charge had been established, 
those firms whose treatment costs exceeded the charge would continue to dis¬ 
charge into the watershed, whereas those firms whose treatment costs were less 
would refrain from doing so and treat their effluent. 

A point-by-point charge makes the most economic sense. Here the effluent 
charge is based on the downstream damages that the effluent will inflict. When 
this charge is imposed, the firm will take steps to reduce its discharge by some 
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Fig. 10-3 Determination of waste¬ 
withholding level. 


optimum combination of product or process adjustments, waste treatment^ etc., 
until the marginal cost of another unit of abatement equals the damage. 

This concept can be seen graphically in Fig. 10-3. Curve AA represents 
the marginal cost of the optimal combination of waste-withholding measures. It 
is the least costly way in which the firm can reduce the next unit of effluent. The 
line BB represents the damages avoided when a certain quantity of waste is 
withheld from discharge. It can be seen that the first few^ units of w^aste which 
are withheld or properly treated result in the avoidance of large downstream 
damages. As the quantity of wastes withheld or treated increases, these avoided 
damages decrease as the assimilative capacity of the water performs its natural 
purifying function. 

The firm faced with a cost function AA and a charge imposed which is 
equivalent to the incremental damage avoidance function BB will treat wastes 
to a level X. At that point the sum of the treatment costs and effluent charges 
would be minimized. 

Specifying the incremental damage avoided at various levels of treatment 
has associated with it all the welfare problems that are so difficult to quan¬ 
tify. From a practical point of view', these charges must nonetheless be deter¬ 
mined in the best w'ay possible. One w'ay to accomplish this w^ould be to under¬ 
take a period of experimentation where charges w'ould be escalated until the 
proper quality of water or air w^as achieved. 

WHO PAYS? 

Under all of these schemes—regulation, subsidy, and charges—^the cost of clean¬ 
ing up the environment is eventually shared among the taxpaying and consumiiig 
public. How'ever, the way in which these costs are shared depends upon ihe 
scheme which is chosen. Under across-the-board regulation, the consumers of 
the particular products bear the brunt of waste disposal costs; but since the 
disposal costs are higher than they would be under another scheme, the cost 
to society for these products is higher than they could have been. Inder 
a subsidy scheme the taxpay^er pays the cost of pollution, and if he does not 
consume the particular products affected, he is subsidizing those wdio do. In 
addition, since taxes are not neutral, the cost of cleaning up the environmeiit 
is not shared equitably by society. 
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Under point-by-point charges, the consumers of the particular products 
bear the full costs of production. The product will be priced to include its 
traditional manufacturing costs as well as the cost of the common-property 
resources which it uses. 

The revenue which is generated by a pollution charges scheme can be 
used for administrative purposes as well as for centrally treating those wastes 
which industry finds it cheaper to dump than to treat. This program can there¬ 
fore eventually be self-supportive. 

Now we turn to focus strictly on the micro phase and examine the waj- in 
which the firm responds to these issues. To accomplish this we look at three 
brief case studies: one in water pollution, the other in air pollution, and finally 
one in noise pollution. 

Case study 1: Metro Power and Light Company Metro Power and Light 
Company supplies 20,000 customers with electric power. In the past, the 
company had purchased fuel for their boiler at the lowest cost possi¬ 
ble. The sulfur oxides and fly ash which were discharged into the air 
from this low-grade coal were, by today^s standards, quite unaccept¬ 
able. New" standards, how"ever, wdiich w^ere imposed two years ago led 
them to clean up their eflSuents. To meet a 3 percent sulfur and .8 percent 
fly ash standard, they had to change to Number 6 residual fuel oil and 
to purchase a cyclone collector. The fuel itself barely met new" sulfur 
standards, wdiile the cyclone collector wms needed to reduce fly ash content 
to acceptable levels. The net annual cost of these pollution control steps 
increased operating costs by §160,000, or an average of |8 per customer 
per year. 

Since Pietro Powder is a regulated monopoly, the}^ should be able 
to eventually pass additional expenses on to their customers. This is not, 
how^ever, automatic. First they must apply to the state utility commission 
for a rate review^. There is never a guarantee that part or all of the 
rate increase wull be approved. This time, however, the rate increase is 
approved. Therefore, the ones wdio are absorbing the cost of pollution 
preA’ention w"ere the ones w"ho are benefiting from the servdce—just as it 
should be. 

For Metro Power, how^ever, the problems are far from over. New^ 
standards w"ill shortly apply. The new sulfur level has been reduced to 
1 percent and fly ash to .2 percent. There are some promising new^ proc¬ 
esses which as yet are not operational. Until they become available, 
however, the best strategy w"ould be to burn Number 6 residual fuel oil 
together with an additive and then process the stack effluent through a 
95 percent efficient electrostatic precipitator, wdiich wdll remove enough 
fly ash to meet the new" standard. This process wdll add another $150,000 
per year to the expenditures already being incurred to meet present stand¬ 
ards. The per-customer increase, if approved, will be $7.50. In total, 
then, the customers will be paying an average of $15.50 per year in pollution 
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preveiitioii costs. Presumably the increase in pollution prevention costs 
of some $310,000 over old methods is less than the welfare damages that 
would have been suffered had nothing been done.- Otherwise more money 
is being chamieied to pollution prevention than is socially warranted. 

Case study 2: Logan International Airport Logan International Airport is 
one of the major airports in the United States. A consequence of this 
is that it is a noisy place. For the communities surrounding the airport, 
the situation is becoming less and less tolerable. 

The NEF 30 noise contour within which noise levels are considered 
to be annoying encompassed 25 square miles and 177,000 people in 
1967. By 1975, this eontoiir will encompass 80 square miles and 556,000 
people. The area least compatible with aircraft noise is considered to 
be within the NEF 40 noise contour. It will increase from to 13 square 
miles and the number of people affected will increase from 30,000 to 76,CM}0 
over this same period. 

The local citizenry have not taken this sitting down. A group com¬ 
posed of several interested parties has btei formed to investigate problems 
and suggest solutions. It includes representatives from the Massachusetts 
Port Authority (the airport administration), the Airline Pilots Association, 
the Federal Ariation Administration, the ^Massachusetts Aeronautics Com¬ 
mission, and several surrounding communities. 

The airport has succeeded in implementing several operational proce¬ 
dures for reducing noise levels. These include such strategies as steep 
ascents and descents of aircraft so as to maintain high altitudes for as 
long a time as possible, preferential use of runways to limit the use of 
those which impose high annoyance levels on surrounding communities, 
restrictions on power runups, maximum use of over-water flight paths, and 
procedural turns on takeoff to avoid the most populated areas. 

Operational procedures are not the only means by which annoyance 
can be reduced. Nonoperational procedures, including such strategies as 
quieter aircraft engines, and effective management of land use in the vicin¬ 
ity of the airfield have been considered. 

The cost of quiet aircraft is quite high. The problem is that the 
quieter the aircraft, the more inefficient and costly it is to operate. Fur¬ 
thermore, it is impossible for Logan Airport, by itself, to require silencers 
on all aircraft. Such a move must be initiated on the federal level. 

A more drastic nonoperational strategy is to redevelop the surrounding 
region. This might include purchasing homes, industries, and schools, ar¬ 
ranging for large-scale relocation, or even insulating structures where the 
annoyance level is high. 

In an appropriately zoned airport region, the mix of residences, indus¬ 
tries, hospitals, playgrounds, and so on would he skillfully designed so 

* We assume that no changes are made in private and public expenditures to prevent pollu¬ 
tion damage. 
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that amiojanee would be kept to tolerable levels. Since the occupants 
of each different kind of structure have a different annoyance thresholdj 
there exist certain layouts which are much better than others. 

A well-conceived solution to this noise problem requires the considera¬ 
tion of both operational and nonoperational strategies. No solution, how¬ 
ever, will completely eliminate the noise; some level of noise is inevi¬ 
table. Prevention measures should be undertaken until the marginal cost 
of noise prevention equals the marginal welfare damage avoided. At that 
point an economic solution to the problem has been achieved. 

At present, however, there are no standards which guide noise abate¬ 
ment efforts at Logan. Progress is slow, and little has been done with 
the exception of the operational procedures. 

Recently the airport has announced a major e.xpansion program. Two 
new runways will be added and another two will be expanded. The jXIassa- 
chusetts Port Authority maintains that the expansion is necessary to meet 
future demand. Without it, airport capacity will be exceeded within the 
next four years. As you would expect, the citizens from the surrounding 
communities are violently opposed to what they see as the further deteriora¬ 
tion of their environment. 

Case study 3: Good Milk Company Good Milk Company, one of the larg¬ 
est milk companies in New England, processes and sells milk and cheese 
products. A by-product of the cheese process is a waste called tvhey. To 
make 10 pounds of cheese it takes 100 pounds of milk, while the remaining 
90 pounds is whey. In the past the whey has been dumped into convenient 
rivers and streams. Eventually it decomposes in the water; however, dur¬ 
ing the process it demands large quantities of oxygen—that is, the BOD 
requirement for whey is high. 

Recent state legislation has established effluent standards which essen¬ 
tially prohibit their plants from dumping untreated whey into streams. 
These plants are suddenly faced with the prospect of choosing between 
several alternatives. 

The first strategy is to construct their own whey treatment 
plant. Operating and capital costs wmuld run about 30 cents per hundred 
pounds of raw whey for the average plant. This is the most expensive 
alternative. 

A better strategy would be to connect into a municipal system. In 
fact, one of their cottage cheese plants is now undergoing negotiations 
with local officials. The town of 1,400 people, of which 100 are employed 
by Good, is also in violation of state pollution standards. They currently 
have no waste treatment facility. Good has suggested that they both 
cooperate on a joint venture. They have guaranteed the local townspeople 
that the project will not cost them any more than if they had gone into 
it alone. The costs of whey treatment under this strategy will be approxi¬ 
mately 14 cents per hundred pounds of whey. 
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Another strateg}’' is being considered for one of their cottage cheese 
plants in Yermont. The majority of the 16 cheese plants in Vermont may 
enter a cooperative for processing whey into a salable potYder. Such a 
pow’der is rich in vitamins and minerals and has been used as an ingredient 
in foods. At present^ however, only 20 percent of the whey produced across 
the country is sold for human consumption in this form. 

This conversion process is quite expensive^ and it is therefore necessary 
to have several cheese factories over which to spread fixed costs. In addi¬ 
tion, marketing the. powder will be a task of considerable magnitude^ and 
this can also benefit from a centralized organization. 

Given that the cheese processors pay the central whey processor ap¬ 
proximately 10 cents per hundred pounds of whey, the process, including 
ail Transportation, selling, and administrative costs, will break even. The 
hope is, however, that as new markets are found for the w^hey powder, 
the profitability of the process will increase. Recently, for example, bakers 
have started to use it in the bread-baking process. 

Time is running out; something must be done. Although few water 
pollution eases have been brought to Xew England courts before 1971, 
the increase in number now scheduled indicates that these states mean 
business. 


SOMliARY 

In this chapter we considered the reasons why the problem of pollution grew 
to such significance. Essentially we placed the blame on the failure of the 
marketplace to impose costs on the use of air and water. To solve the problem 
it wms suggested that one of three methods be employed. These include regula¬ 
tion, subsidy, and charges. Substantial progress has been made in employing 
tw^o of these methods: regulation and subsidy. 

Already the Eniironmental Protection Agency, backed by the legal system 
of the United States, has been given broad regulator}^ power of pollution-related 
activities. Since other applications of the regulatory concept have never met 
the aspirations of most economists, we must be especially careful of how this 
new program is designed and administered. 

Needless to say, many firms are faced with substantial problems. Often 
their processes must be redesigned, their sources of supply changed, and the 
wmy ill which they dispose of their effluent changed. It will be several years 
before the traiisitioiiar>" phase is over and environmental standards become com¬ 
mon, accepted, and uneontroversial. 


QUESTIONS 

QlO-l. On wliat does the level of pollution depend? 

QlO-2. What is the difference between degradable and nondegradable wastes? 
QlO-3. Why is it difficult to predict the ox>'gen sag of a stream? 
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QlO-4. Should the quality of the receiving air or water influence the level and concentra¬ 
tion of waste which is allowed to be discharged into it ? 

QlO-5- What is the basic difference between the assimilative capacity of air and that 
of water? 

QlO-6. Would you attribute the deterioration of our environment to callous entrepreneurs 
or the failure of the market mechanism to place a cost on the use of air and water? 
QlO-7. How can a price be imposed on our natural resources so they vill not be used 
Is a free good? 

QlO-8. Write an expression for noise “disposar’ cost. Explain the significance of each 
term in the expression. 

QlO-9. Wlay are welfare damages so hard to determine? 

QlO-10. In the minimization of noise disposal costs, is it desirable to reduce welfare 
costs to zero? 

QlO-11. Describe the primary and secondary waste treatment processes. 

QlO-12. Why is across-the-board regulation so inefficient ? 

QlO-13. Why is the charges scheme the most economically attractive? 

QlO-14. In the Logan Airport case, assume that you are working for the ^Massachusetts 
Port Authority. What strategy would you follow? 

QlO-15. If you were to speak with an executive from Metro Power, he would certainly 
not agree that the higher cost of low-sulfur fuel can be passed on to the customer 
easily. He would be quick to point out that the power company can raise their rates 
only upon approval by the state Public Utility Commission. In fact, several years 
ma}" elapse before a rate increase is approved. Nonetheless the power company is 
entitled over the long run to not only recover expenses, but also to earn a reasonable 
return on its investment. 

With this new information, would you expect any difficulties to emerge when the 
director of pollution control faces the board of directors with his investment requests? 
QlO-16. At the same time that the Vermont whey cooperative venture is showing some 
promising signs, the state pollution authorities are pressing for some immediate re¬ 
sponse. What should be done? 
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INTRODUCTION 

Forecasting plays a crucial role in the development of plans for the future. It 
is essential to know for what level of activity one is planning before any commit¬ 
ment of the three process inputs, men, machines, and capital, can be 
made. Those in charge of planning are faced with many questions. What 
size must the capital budget be? How large a labor force is needed? What 
size orders should be placed? What size safety stock should be maintained? 
What shall be the capacity of the building? The answers to these and many 
other questions depend upon the forecast of the future level of activity. 


MAJOR FORECASTING APPROACHES 

These future levels are determined in many ways. One way to categorize the 
techniques used in forecasting is as follows: 

1. Judgmental analysis 

2. Econometric forecasting models 

3. Time series models 
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The first teclmiquej a method ^vhich has been with us for a long time, relies 
on the art of human Judgment. The next two techniques, on the other hand, 
are relatively new and rely on the field of statistics. These statistical techniques 
are by no means a panacea, but they often provide a good basis from which a 
forecast can be made. In practice, then, statistical analysis is very often com¬ 
bined with judgment in the final stage of the forecasting process. 

Consider the problem faced by the production manager of the Splitend 
Hairdrr'er Company. Splitend is a company which manufactures several models 
of consumer and commercial hair dryers. In the past, they have used statistical 
techniques to forecast demand for their products quite successfully. This month 
the production manager has learned that the company will promote one of their 
consumer products by a series of TV commercials. He has in his possession 
the statistical forecast for next montlfis demand, and rather than use this figure 
at face value, he adjusts it upward to what he feels is a reasonable level. In 
this way he will be assured that the demand for increased units will be met 
from stock. 

In this example, the promotional campaign represents but one of the many 
imponderables that no statistical forecasting routine can consider. Here as in 
many other situations some human intervention is necessary. 

JUDGMENTAL TECHNIQUES 

First we will take a closer look at these judgmental techniques. They might 
rely heavily upon consumer opinions, customer opinions, surveys to distributors, 
executive opinions, marketing trials, trade journal surveys, and salesmen's esti¬ 
mates. In the case of consumer opinions, it is not uncommon for companies to 
send out questionnaires to a randomly selected group of consumers. Intentions 
to buy and attitudes toward the product can be determined, which in turn can 
provide valuable inputs to the forecasting process. Customers who have already 
purchased the product are also useful sources of information. A questionnaire 
could be attached to the product, and in this way the customer’s intention to 
purchase the product again and his satisfaction with the product can be 
determined. 

Distributors such as retail and wholesale outlets can provide some insight 
into the pace of current and future sales. Executive opinions are perhaps not 
the best source of estimates, since this group is far removed from the market¬ 
place. However, careful consideration of their expectations and the reasons 
behind them can be quite beneficial. 

In some eases the risk taken by introducing a new product or changing 
the present product can be substantial. A marketing trial might be an effective 
way to sample the effect on overall demand. The trial usually takes place 
in restricted geographical regions and for a short period of time. 

Trade journals are another source of information on future levels of de¬ 
mand. Very often they include sun^eys and inter\dews with key people in the 
industry. Finally, one must consider the closest source of judgmental informa¬ 
tion: the salesman. In many cases he is the least objective, but it may be 
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possible to correct for forecast bias based on historical evidence—that is, if 
he is always between 15 and 25 percent high, then correct for this upward 
bias. 

ECONOMETRIC FORECASTING 

In econometric forecasting the analyst tries to uncover the cause-and-effect rela¬ 
tionship between sales and some other phenomena that are related to sales. For 
example, an appliance manufacturer might discover that the sales of refrigerators 
respond to the disposable income of consumers with a 1-month lag. That is, 
1 month after a change in disposable income, there is a proportionate change 
in refrigerator sales. Perhaps there is more than one factor that can explain 
the level of sales. For example, refrigerator sales might be better explained 
by looking at disposable income and housing starts. The analyst therefore tries 
to identify those factors that best explain the level of sales for a product. 

This process is called econometric foi'ecastmg, and it utilizes regression 
and correlation techniques. The objective is to establish a cause-and-eifect rela¬ 
tionship between changes in the sales level of the product and a set of relevant 
explanatory variables. 

TIME SERIES ANALYSIS 

The third method, time series analysis, identifies the historical pattern of demand 
for the product and projects or extrapolates this into the future. For example, 
we might look at the behavior of refrigerator sales over the past 10 years and 
from this identify four interacting components that would be used in forecasting 
the next period’s demand. These would include trend, cyclical, seasonal, and 
irregular components. Trend is the long-run historical component of the 
series. Seasonal variations typically have a cycle lasting 1 year and are repeti¬ 
tive. They occur because of such influences as weather and, in the case of 
automobile purchases, a marketing strategy. Cycles are more difiicult to ex¬ 
plain. They last longer than 1 year and can be attributed to the influence 
of the business cycle. The iiTegular component represents all those variations 
which are not caused by the trend, seasonal, and cyclical components. 

Three of these demand components can be seen in Fig. 11-1. Here we 
have quarterly sales data for 4 years. A noticeable straight-line trend is evident 
over this period. In addition, it can be seen that sales in the second quarter 
are much higher than this trend, and sales in the fourth quarter are much 
lower. In fact, the same seasonal pattern persists over the 4-year period. Fi¬ 
nally, there is an irregular component that overlies the trend and seasonal 
patterns. 

In this chapter we will focus on one of the more effective techniques of 
time series analysis known as exponential smoothing. First we will develop 
the simplest exponential smoothing model, one which can be used when the 
time series exhibits only irregular movements. Then we will develop a model 
which can be used when trend and irregular components are present. Following 
this, a model for seasonal and irregular components is generated and, finally, 
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Fig. 11-1 Time series with trend, seasonal, and irregular components. 



9 

8 


6 


IL 


^ ^ Fig. 11-2 A senes with irregn- 

■ Penod , ^ 

lar movements. 


a model for trend, seasonal, and irregular components. Having developed 
models for use under ail eventualities, control system concepts are presented 
whose function it is to monitor and control an operating forecasting system. 


A MODEL FOR IRREGULAR MOVEMENTS: SIMPLE EXPONENTIAL SMOOTHING 
WEIGHTED AVERAGE 

The simplest kind of time series is one in which there is only irregular move¬ 
ment. One such series is shown in Fig. 11-2. If a forecast was necessary, 
a simple average or even a weighted average could be used. If we did weight 
the data in such a w^ay that the most recent data had the heaviest weight, 
our forecasting scheme could respond more effectively to recent changes in the 
level of the series. Using general notation, a w^eighted average with six terms 
can be written as 

F = Wndn + Wn-ldn-1 + Wn-^dn-, + Wn~zdn^Z + 

w^here F = new’ average to be used as forecast 
TF„ = w^eight used in month n 
dn = actual demand in month ?i 
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Only one restriction must be made on these weights: their sum must equal 1. 

t Wi = 1 

1 = 1 

SlilPLE EXPONENTIAL SMOOTHING 

This example of a weighted average is very close to exponential smooth¬ 
ing. There are two differences, the first of which is that in an exponentially 
smoothed average the series continues indefinitely into the past. 

F = Wndn + IT n-ldn-1 + TFn-‘>C?„_2 + • • • 

As in the weighted average, the sum of the weights equals 1. 

n 

X Wi = 1 

1 = 1 

The second difference is that in exponential smoothing the weights are chosen 
in a special way. Rather than arbitrarily choosing each IFi, we express the 
weights as powers of a smoothing constant alpha. 

Dn = + a(l — a)dn-i + a(l — + «(! — a)hln^z 

+ a(l - + (11-1) 

Dn be used to represent the exponentially smoothed average computed in 
month n. Given our new weighting scheme, we have only to specify a value of a 
somewhere between 0 and 1, and all the weights extending into the past are com¬ 
pletely specified. In addition, they will decrease with more weight on the most 
recent months and less and less weight as the months recede into the past. As 
an example of this, consider a value of .1 for a. The exponentially smoothed 
function will have the following weights: 

Dn = .Idn + .09d„_i + .081r/„_2 -f- .073d„_3 + .065d„_4 -!-••• 

More on how to choose this value and the consequence of different values will 
be given shortly. First, however, it is useful to specify the exponentially 
smoothed function in a simpler but equivalent form. 

Dn = Dn~l + a{dn - Dn^l) ( 11 - 2 ) 

where 5„_i = exponentially smoothed average determined last month, used as 
estimate of this month^s demand 
dn = this month’s actual demand 

We can therefore conclude that the new exponential!}' smoothed average Dn is 
equal to the old average Dn-i plus some fraction of the difference betw’een what 
was predicted and what actually occurred. Said another way, the new average 
is equal to the old average plus some percent of the error in estimating this 
month’s demand. 
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Perhaps an illustratioii can clarify any confusion. Suppose that the fore¬ 
cast made last month for this month’s demand was 110. Then Dn-i = 110. 
The smoothing constant used is a = .1, and the actual demand this month was 
dn = 112. The new' smoothed average is therefore: 

Dn = + a{dn “ Dn~l) 

Dn = 110 + .1(112 - 110) = 110.2 

Using this new average^ we would forecast next month’s demand to be 
110-2. Notice that, using this scheme, the data storage problem is quite 
small. Only last month’s smoothed average need be retained. If a conventional 
w’eighted average had been used, the demand for each of the past months would 
have had to be stored. 

//// Proof of shortened form Before attacking a full-blowm example of expo¬ 
nential smoothing, it might be helpful if you were convinced that the shortened 
form of Eq. 11-2 is equivalent to Eq. 11-1. Repeating Eq. 11-2, we have 

Dn = Dn-l + a(dn ” Dn-l) 

By rearranging terms, w'e can also wTite the expression as 
Dn = Dn-l + adn — aDn~l 


or 


I Dn ^dn d" (1 ^^Dn —1 

Since Dn-i was determined by updating a smoothed estimate two periods oH, 
W’e have 

Dn = adn + (1 — a)[adn-i + (1 — q :) 5 „_ 2 ] 

or 

Dn == adn + £^(1 a:) dn-l + (1 ~ a)“5„_2 

Again, since Dn -2 w’as determined by updating a smoothed estimate three 
periods old^ we have 

Dn = adn + a(l — a:)dn_i + (1 — a)-[adn -2 -f (1 — a)Dn-z] 
or 

Dn = adn + q:(1 ~ a)dn-l + a(l — a)Mn -2 (1 — a)^Dn-z 

This substitution process could continue indefinitely, but w’e can already see 
the following pattern developing. 

Dn = adn + 0^(1 ~ a)dn-i + «(1 “ a)^dn~^ + o:(l ~ a)^dn-z 

+ o:(l — a)^dn-4 + 
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It can therefore be concluded that Eqs. 11-1 and 11-2 are equivalent and, 
furthermore, that the use of Eq. 11-2 simplifies the data storage problem. //// 

Example Consider the time series presented in Fig. 11-2. Using Eq. 11-2 
and letting a = .1 we can compute the smoothed average period b}^ period. 
Getting started, however, might be difficult, since in the first period we have no 
previous smoothed average to use in the exponential equation. We might there¬ 
fore set this smoothed average Dt equal to actual demand in that period ch. 
Therefore we have Di = 8. In the next period the new updated average is 
computed from Eq. 11-2 in the following way. 

Do = S + .1(6 - S) = 7.8 

This process continues for period 3, where we have 

Ds = 7.8 -f .1(9 - 7.8) = 7.92 

These and the remaining smoothed averages are entered in Table 11-1. If we 
were actually at the end of period 7, we would forecast a demand of 7.666 
for period 8. 

CHOICE OF THE SMOOTHING CONSTANT o; 

Now that we have settled upon a forecasting technique, the problem is one 
of selecting a value for a. 

The objective in choosing a value for a is to respond to bona fide changes 
in level but not to respond to random unexplainable changes, sometimes called 
noise. If a is set at 1.0, the new average will be set equal to this period’s 
actual demand. This is equivalent to putting all the w'^eight on this period’s 
level of activity and none on previous periods. Therefore, if there is a large 
noise component to demand, estimates from one period to the next will fluctuate 
wildly. On the other hand, if there is a bona fide cliange in the level of demand, 
it will be reflected immediately and fully in the new" average. 

As a is shifted from 1 tow^ard zero, the emphasis shifts from the most 
recent data more evenly over all of the periods. For low values of «, then, 
the response to sudden changes becomes sluggish, regardless of whether the 


Table 11-1 Simple exponential smoothing example 


Period 

Demand dn 

Smoothed average Dn 

1 

8 

[8] 

2 

6 

7.8 

3 

9 

7.92 

4 

8 

7.928 

5 

7 

7.8352 

6 

8 

7.85168 

7 

6 

7.666512 
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change is bona fide or just noise. There is no way to determine beforehand 
which value of a will perform most effectively. Several values must be tried. 

Retrospective testing is often employed for the purpose of comparing the 
forecast ability of different a values. This is done in the following way. First 
a value of a is chosen. Often that value is close to .1. Using historical data^ 
a forecast for the second period is made by computing a smoothed average 
from the data available in period 1, Then this forecasted valuCj together with 
the actual value in period 2, is plotted on a graph. The process continues 
until points for all of the periods contained in these data are plotted. Next 
a different value of a is used to determine new forecasted values. These points 
are also plotted. Then another value of a might be triedj and so on. Finally 
it should be possible by examination to determine which value of a tracks the 
actual demand best. 


MODELS FOR TREND AND IRREGULAR MOVEMENTS 

There are two models which ai'e used when there is reason to believe that trend 
and irregular components are present. First we turn to the better-known of 
the two. 

THE SIMPLE EXPONENTIAL SMOOTHING MODEL CORRECTED FOR LAG DUE TO TREND 

In this model the first step is to compute the simple exponentially smoothed 
averagej using Eq. 11-2. Consider a firm with the sales record shown in Fig. 11-3. 
We can see that there is trend, accompanied by a small amount of noise. With 
cc = .1 and using Eq, 11-2, the new smoothed average is computed period by 
period. Again the first period presents a problem. We solve it by letting Di 
equal actual demand in that period, or Di = 12. In the second period the new 
smoothed average is computed in the following way: 

D. = 12 + .1(17 - 12) = 12.50 

This figure, the smoothed average for period 2, is used as the forecast for demand 
in period 3 for retrospective testing purposes. Therefore, when we plot the 
actual and forecast series to determine the effectiveness of the forecasting model, 
the actual demand, 17, is plotted in period 2 but the smoothed average, 12.50, 
is plotted in period 3. 

The process of computing smoothed averages for periods 2 through 30 con¬ 
tinues, and the results are shown in Table 11-2. The actual and computed 
values are plotted in Fig. 11-3, and upon observation the smoothed series does 
not seem to be doing its job too well. The forecast series lags actual demand. 


Correctfofis for lag due to trend Now we see the problem that occurs when 
the simple exponential model is used in the presence of a trend. The exponen¬ 
tially smoothed series will lag behind the actual series. That is, the forecasts 
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Table 11-2 Problem which exhibits h'end and irregular components 


Period 

Demand dn 

Dn 

Period 

Demand dn 

Dn 

1 

12 

[12] 

16 

44 

28.26 

2 

17 

12.50 

17 

54 

30.83 

3 

19 

13.15 

18 

49 

32.65 

4 

.16 

13.43 

19 

45 

33.88 

5 

22 

14.29 

20 

60 

36.49 

6 

22 

15.06 

21 

63 

39.14 

7 

24 

15.95 

22 

58 

41.03 

S 

30 

17.36 

23 

55 

42.42 

9 

25 

18.12 

24 

60 

44.18 

10 

33 

19.61 

25 

64 

46.16 

11 

30 

20.65 

26 

70 

48.55 

12 

30 

21.58 

27 

65 

50.19 

13 

36 

23.02 

28 

74 

52.57 

14 

44 

25.12 

29 

73 

54.61 

15 

39 

26.51 

30 

70 

56.15 


mil be eonsistently low. We therefore must correct for this lag. This is accom¬ 
plished in the following way. 

5^ = Dn + fcorrection for lag due to trend} 

where 5^ = new trend-corrected average 

It is beyond the scope of this text to derive the trend correction. Therefore, 
we will write the new trend-corrected average as 

15 : = 5 „ + ( 11 - 3 ) 


where Tn — exponentially smoothed trend 

fn is computed using the same approach as in the exponentiall}" smoothed 
average. First an actual trend is calculated by taking the difference between 
tliis period’s smoothed demand Dn and the previous period’s Dn~i> 

Dn- Dn^l ( 11 ' 4 ) 

In our current example, the actual trend in period 6 would be 
f, = D, - D, = 15.06 - 14.29 = .77 
The next step is to compute the exponentially smoothed trend. 

I fn = fn-1 + a(tn - fn-l) I 


(11-5) 
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The process of smoothing should now be familiar to you. The new smoothed 
trend is equal to the old smoothed trend T„_i plus some percentage a of the differ¬ 
ence between the trend that actually" occurred and the old estimate. Now we 
return to the example which we started in Table 11-2. 

Example The first step in computing the trend correction is to determine 
the actual trend for each period. Again the first-period entry presents a prob¬ 
lem. There is no value for the exponentially smoothed average in the period 
preceding the first. One could therefore assume an actual trend of zero for 
the first period, or make some other reasonable estimate by looking at the graph 
in Fig. 11-3. Choosing the first approach, the actual trend in the first period 
is estimated as ti = 0. The remaining values for tn have been calculated and 
can be found in Table 11-3. 

The first value for Tn is also a problem. Having set the actual trend in 
that first period of zero, we also set the smoothed trend fi = 0. The remaining 


Table 11-3 Exponential smoothing corrected for lag due to trend 


Period 

dn 

Dn 

tn 

fn 

S' 

DL 

1 

12 

12.00 

0.0 

0.0 

12.00 

12 .00 

2 

17 

12.50 

.50 

.05 

12.95- 

13.00 

3 

19 

13.15 

.65 

.11 

14.14 

14.25 

4 

16 

13.43 

.28 

.12 

14.58 

14.70 

5 

22 

14.29 

.85 

.20 

16.09 

16.29 

6 

22 

15.06 

.77 

.25 

17.37 

17.62 

7 

24 

15.95 

.89 

.32 

18.84 

19.16 

8 

30 

17.36 

1.40 

.42 

21.22 

21.64 

9 

25 

18.12 

.76 

.46 

22.29 

22.75 

10 

33 

19.61 

1.48 

.56 

24.70 

25.26 

11 

30 

20.65 

1.03 

.61 

26,16 

26.77 

12 

30 

21.58 

.93 

.64 

27.38 

28.02 

13 

36 

23.02 

1.44 

.72 

29.54 

30.26 

14 

44 

25.12 

2.09 

.86 

32.88 

33.74 

15 

39 

26.51 

1.38 

.91 

34.74 

35.65 

16 

44 

28.26 

1.74 

.99 

37.24 

38.23 

17 

54 

30.83 

2.57 

1.15 

41.23 

42.38 

18 

49 

32.65 

1.81 

1.22 

43.64 

44.86 

19 

45 

33.88 

1.23 

1.22 

44.89 

46.11 

20 

60 

36.49 

2.61 

1,36 

48.75 

50.11 

21 

63 

39.14 

2.65 

1.49 

52.56 

54.05 

22 

58 

41.03 

1.88 

1.53 

54.80 

56.33 

23 

55 

42.42 

1.39 

1.51 

56.08 

57.59 

24 

60 

44.18 

1.75 

1.54 

58.05 

59.59 

25 

64 

46.16 

1.98 

1.58 

60.43 

62.01 

26 

70 

48.55 

2.38 

1.66 

63.53 

65.19 

27 

65 

50.19 

1.64 

1.66 

65.16 

66.82 

28 

74 

52.57 

2.38 

1.73 

68.18 

69.91 

29 

73 

54.61 

2.04 

1.76 

70.50 

72.26 

30 

70 

56.15 

1.53 

1.74 

71.83 

73.57 
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values for fn are computed, using Eq. 11-5. For example, the smoothed trend 
in period 2 is 

f, = f 1 + a(t, - fi) 

y, = 0 4- .1(.50 - 0} 
f 2 = .05 

The process Gontinues and the results can be seen in Table 11-3. 

Next, the new average is computed using Eq. 11-3. In period 1 the 
calculation is 

D\ = Di + fi 

a 

D[ = 21 

For period 2 we have 

Dl = 12.5 -f 9(.05) = 12.95 

Again the process continues for periods 3 through 30, and the results are shown 
in Table 11-3. 

The value 5^ represents a smoothed average, computed in period n, which 
has been corrected for lag due to trend. Since the presence of a trend has been 
acknowledged, it seems reasonable to use this trend in making a forecast. There¬ 
fore the forecast k periods hence, which we viii denote by be computed 

in the following w*ay. 

51., = 5: + kf^ 

For example, the forecast for period 2, made in period 1, is 

5 ^,, = + fi 

D[ j = 12.0 -f 0.0 

I>li = 12 

The forecast for period 3, made in period 2, is 
= 12.95 -r .05 
= 13.00 

The computational process continues, and the results are showm in Table 11-3. 

The forecast, which is graphed in Fig. 11-3, starts off by lagging the actual 
series, but it adjusts slowiy and eventually proves to track the actual series 
quite well. The period of adjustment is necessary since we made some assump¬ 
tions about those first values of 5i, h, and f i. Therefore, in any exponentially 
smoothed model, it is wise to provide for this period of adjustment before using the 
results for planning purposes. If historical data are available, this adjustment 
process can be executed on the computer or paper very much as w^e did it in this 
example. But in the ease of a new* product with no historical data, the trend- 
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eorreeted average S' cannot be used for several periods into the future until such 
time as the exponentially smoothed function can be shown to be tracking well. 
If a larger value of a was used initially, the adjustment process would have taken 
less time, but the response to random variations about the bona fide trend would 
also have been greater, probably resulting in greater forecast errors. The only 
way to be sure of selecting the best value of a is to make several trials. 

//// ANOTHER MODEL 

There is another more versatile model which can be used in the presence of 
a trend and irregular components. In fact, it will serve as the basis of our 
more complex models in the following sections. Using the same general notation, 
we have 

5 . = + A[dn - + fn-l)] 

Tn = fn-l + B[{Dn " Dn-l) - fn-l] 

and 

Dn,k = Dn + A'f„ 

Example A very simple example is shown in Table 11-4. It illustrates 
how this model would perform in predicting a linear series which is increasing 
by a constant amount. Letting A = .1 and £ = .1, and setting the initial 
values of Di and fi at 10 and 2, respectively, we can compute the smoothed 
average, smoothed trend, and forecast for period 2 in the following wa}". 

D , = (10 + 2 ) + . 1(12 - 12 ) = 12 

f2 = 2 + .1[(12 - 10) - 2] = 2 
Dn,! == 12 -f- 2 = 14 

In a similar fashion the forecast for the next three periods can be computed. 
Given such well-behaved data, it is clear that this model does a perfect job. 

If this model had been used for the data presented in Table 11-2, it would 
have tracked the series ecjually as well as the simple exponential model corrected 
for lag, once both of them had passed their adjustment period. //// 


Table 11-4 Example with trend and irregular 
components using second model 


Period i 

Demand d{ 

D„ 

fn 

Dn, 1 

1 

10 

[10] 

2 

12 

2 

12 

12 

2 

14 

3 

14 

14 

2 

16 

4 

16 

16 

2 

18 

5 

18 

18 

2 

20 
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.'■/// A BETTER WAY OF COMPARING SMOOTHING CONSTANTS 

There is a more explicit of comparing one smoothing constant with an¬ 
other. The yariance of the error can be estimated by 

S; = I id. - 

The forecast error in each period is defined as the amount by wdiich the exponen¬ 
tially smoothed forecast differs from the actual demand in that period 

We then square this difference and sum the differences for all the observations. 
Dividing by N — 1, we have the variance of the error terms. The best forecast 
vill have the least amount of variance S% Notice that in the process of getting 
a measure for the variability of error terms, positive and negative deviations are 
weighted equally and extreme de\dations are weighted more heavily than smaU 
deviations. This means that large forecast errors are considered much more 
costly than small ones. In most cases this is intuitively acceptable. //// 


A MODEL FOR SEASONAL AND IRREGULAR MOVEMENTS 

If there is evidence that seasonal factors influence the level of demand, seasonal 
adjustments should be made to the forecast. These seasonal effects can be either 
multiplicative or additive. If the amplitude of this component is independent 
of the level of sales, an additive model should be used. Therefore, if January's 
demand is determined as 10 units above the average level of demand, 10 units 
are added to the January'- forecast each year. In a multiplicative model, the 
amplitude is proportional to the level of demand. For example, Januart^'s de¬ 
mand might be 12 percent above the average. The multiplicative model is more 
appropriate for most applications, and it will therefore be the basis for our 
formulation. The first model developed will take into account seasonal and 
irregular components, and a later model will consider seasonal and irregular 
as well as trend components. 

When seasonal components are present, the data must first be deseasonalized. 
For example, if January’s actual sales rate is 110 and the seasonal factor 
is 1.10 (January's sales are 10 percent above average), the deseasonalized figure 
for the month is 110/1.10 == 100. In general terms, we divided the actual sales 
for month 7i by a seasonal factor which was computed for the corresponding 
month in the previous year. We will call the seasonal factor 

F n~L 

where L = number of periods in seasonal cycle (12 in a 3 '^early cycle and 4 in a 
quarterly cycle, etc.) 

and the subscript therefore represents the period, a season ago, in which the 
seasonal factor was computed. 
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We can now write an exponentially smoothed deseasonalized average as 

Dr, = Dn-l + .4 

deseasonalized average computed last period 
this period^s deseasonalized actual demand 
smoothing constant 

The seasonal factor Fn-L is based on the pattern of seasonal variation that 
has occurred L periods ago, 2L periods ago, SL periods ago, and so on. For 
example, the seasonal factor for this Januarj^ would be based on some weighted 
average of the seasonal factor last January, the January preceding it, and the 
one preceding that, and so on. We have already discovered an efficient way 
of computing and updating a weighted average extending into the past—expo¬ 
nential smoothing. 

An exponentially smoothed function for updating seasonal factors can be 
written as 


where Dn-i — 

clji 

Fn-L 

A = 


Fn = + b(^^ - 

where = new exponential!}" smoothed seasonal factor (which will be stored and 
used to deseasonalize demand in the corresponding season next year) 
Fn-L = exponentially smoothed seasonal factor computed during correspond¬ 
ing season last year 


The fraction is the level of actual demand divided by the new updated average 

Un 


computed this period. This represents the degree by which this period’s actual 
demand exceeds the deseasonalized new average. It is, then, the actual seasonal 
factor for this period. Therefore, the exponential function can be interpreted as 
follows; the new updated seasonal factor is equal to the old seasonal estimate 
Fn-L plus some fraction B of the difference between the actual seasonal factor this 
period and the old .estimate. The smoothing factor B is usually different from 
the smoothing factor A. jMore on the choice of these values will be given later. 

Since the smoothed average demand is deseasonalized, it is necessary to 
seasonalize it when making a forecast. Therefore, if we were making a forecast 
for the next period -f- 1, we would have 


Dn,l = DnFn-L-i-l 

wffiere Dn,i = forecast for next period 

Dn = deseasonalized smoothed demand for period 7i 
Fn-L^i = seasonal factor applying to next period’s forecast and computed 
71 “1/4-1 periods ago 
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Fig. n -4 Seasonal example. 


Example Consider tlie time series of quarterly data shown in Fig. 11-4. To 
illustrate the use of this seasonal model, we will once again start with the data 
giTeii in period 1 and compare the forecast with the actual to see how well the 
seasonal model tracks the historical series. 

The first problem is that of initial values. As before, we could set 3i 
equal to The seasonal factors for the four preceding periods could be set at 1. 
Instead we choose to assume initial values which follow an obvious seasonal 
pattern. These values are given at the top of Table 11-5. The smoothing 


Table 11-5 Seasonal forecast 


12 . d% T)n. F n 1 


1 

1 

! 


50 

1.0 

1.2 

1.0 

.8 


1 

50 

50 

1.0 

60 

2 

60 

50 

1.2 

50 

3 

50 

50 

1.0 

40 

4 

40 

50 

.8 

50 

5 

50 

50 

1.0 

60 

6 

60 

50 

1.2 

50 

7 

50 

50 

1.0 

40 

8 

40 

50 

.8 

50 

9 

50 

50 

1.0 

60 

10 

60 

50 

1.2 

50 

11 

50 

50 

1.0 

40 

12 

40 

50 

.8 

50 

13 

50 

50 

1.0 

60 

14 

60 

50 

1.2 

50 

15 

50 

50 

1.0 

40 

16 

40 

50 

.8 

50 
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constants are set at A = .1 and B = .2. Therefore the first deseasonalized 
average is 

= 50 + .1 - 50^ = 50 

and the updated seasonal factor is 
Fi = 1.0 + .2(M - 1) = 1.0 
The forecast for next period is 
Di,2 = 50(1.2) = 60 
The second deseasonalized factor is 

Di = 50 + .1 — 50^ = 50 

and the updated seasonal factor is 
F . = 1.2 + . 2 ( 1 ^ - 1 . 2 ) = 1.2 
The forecast for the third period is 
52.1 = 50(1.0) = 50 

These calculations are carried out for the remaining 14 periods in the time 
series. The results can be seen in Table 11-5. It is clear that the seasonal 
model does a perfect tracking job in this rather absurdly simple problem. Next 
we will introduce a linear trend and irregular components as well as seasonal 
variations. 


A MODEL FOR TREND, SEASONAL, AND IRREGULAR MOVEMENTS 

If ill addition to irregular and seasonal components a trend is present, the ex¬ 
pression for deseasonalized demand becomes 


Dn = (5n_l + Tn-l) + A 


dn 


(Dn-l + Tn-l) 


where Tn-i = smoothed trend factor computed last period 


The expression in the first parenthesis then represents last period’s deseasonalized 
average plus a trend correction. It is therefore a deseasonalized and trend-cor¬ 
rected average for the present period. To this is added some fraction of the 
amount by which the deseasonalized actual demand exceeds the trend-corrected 
and deseasonalized old average. 

How do we get the trend factor f„? By exponentially smoothing! Now 
you are catching on. 

fn = fn-l + C[(Dn - Dn-l) - f„-l] 
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The new smoothed trend factor is equal to the old trend factor plus some fraction 
C of the difference between the actual trend in the present period and the old 
trend. The actual trend is computed as the difference between this period’s 
smoothed demand and the old smoothed demand Dn — Dn-i. The smoothing 
constant C does not have to be the same as the ones for the demand and seasonal 
constants. 

The seasonal factor is computed just as before. 

Finally, to forecast for the next period, using this latest modeh we have 
5n.l = (Dn + Tn)Fn~L-rl 

w’here + Tn = deseasonalized but trend-corrected estimate for next period and 
Fn-L~i is the seasonal factor which is multiplied by the trend-corrected estimate 
to give us a seasonalized demand estimate. Let us turn to an example w'here 
these ideas can be illustrated. 

Example Consider the quarterly data presented in Fig. 11-1. These data 
are repeated in Table 11-6. Initial values for Dn, Fn, and Tn are determined by 
estimation. The values of A, B, and C are set at .20, .10, and .30, respectively. 
The sequence of calculations is to first compute the deseasonalized smoothed 


Table 11-6 An example with frend, seasonal, and irregular components 


Period 

dn 

Dn 

Fn 

Tn 

Dn,i 




1.00 






1.20 






1.00 





90 

.80 

10 


1 

100 

100 

1.00 

10 

132.00 

2 

128 

109.333 

1.1971 

9.8 

119.133 

3 

124 

120.107 

1.0032 

10.092 

104.159 

4 

100 

129.159 

.7974 

9.7801 

138.939 

5 

142 

139.551 

1.0017 

9.9637 

178.980 

6 

185 

150.521 

1.2003 

10.2655 

161.307 

7 

160 

160.526 

1.0026 

10.1873 

136.130 

8 

134 

170.178 

.7964 

10.0270 

180 .522 

9 

173 

178.704 

.9984 

9.5765 

225.988 

10 

228 

188.616 

1.2011 

9.6771 

198.806 

11 

211 

200.725 

1.0075 

10.4068 

168.150 

12 

169 

211.345 

.7967 

10.4708 

221.458 

13 

216 

220.723 

.9964 

10.1428 

277.299 

14 

280 

231.315 

1.2021 

10.2777 

243.393 

15 

240 

240.919 

1.0063 

10.0757 

199 .979 

16 

195 

249.745 

.7951 

9.7007 

258.514 
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demaad then the smoothed seasonal factor F„, then the smoothed trend factor 
Tn, and finally the forecast for next period 5„,i. For period 1 we have 


Di = (90 + 10) + .2 

Di = 100 


(90 + 10) 


Fi = LOO + .1[^ - 1.00] 

Fi = 1.00 

fi, = 10 + .3[(100 - 90) - 10] 
f 1 = 10 


Di.i = (100 + 10 ) 1.20 

Di,i = 132.00 


For period 2 we have 


D. 

£>2 

Fi 


(100 + 10 ) + .2 
109.333 
1.2 + .1 


12S 


109.333 


12S 

1.2 


- 1.2 


(100 + 10 ) 


Fi = 1.1971 

f0 = 10 + .3[(109.33 - 100) - 10] 
fi = 9.8 


Dn.i = (109.333 + 9.8)1.00 
= 119.133 


The calculations for the remaining periods can be found in Table 11-6. The 
figures are then plotted in Fig. 11-5, and it can be seen that the forecast is 
very close to the actual. 


INITIAL VALUES OF ji, B, AND C 

In many cases the objective of the forecasting model is to minimize the forecast 
errors. Therefore in most situations that model which minimizes the standard 
deviation of forecast errors is chosen as the best. This criterion has little more 
to justif 3 ' it than mathematical expediency, in spite of its widespread use. The 
proper criterion should be related to the consequence of forecast errors upon 
the overall objective.^ To deal with the problem at this aggregate level is quite 
difficult and accounts for the reliance on the minimization of the standard devia¬ 
tion of forecast errors. 

^Arthur M. Goefifrion, “A Summarj’ of Exponential Smoothing,” Journal oj Industrial 
Engineering, vol. 13, no. 4, July-August 1967, pp. 223-226. 
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1 2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 

Period 

Fig. 11-5 Trendj seasonal, and irregular problem: actual and forecast. 

One set of exponential smoothing constants A, J5, and C is likely to hare 
a different standard deviation of forecast errors from that of another set. There¬ 
fore many combinations should be tried before choosing one set. Winters- used 
this technique in determining ^4, B, and C for an exponential smoothing 
model. He tried all possible combinations of the weights 0, 0.2, 0.4, 0.6, 0.8, 
and 1.0 for each of the three smoothing factors. For each of the 216 sets he 
calculated a standard deviation of forecast errors. Near the set which was 
associated with the minimum standard deviation he used a finer grid of val¬ 
ues. He concluded that the standard deviation was generally insensitive to 
changes in the smoothing constants in the vicinity of their minimum. 


GENERALITY OF MODELS 

The models in this chapter have been developed according to the following 
progression: 

1. Simple exponential smootliing 

2. Simple exponential smoothing corrected for trend 

3. Exponential smoothing with seasonal components 

4. Exponential smoothing with trend and seasonal components 

There is no intended implication by this progression that model 2 is more general 
than model 1, that model 3 is more general than model 2, etc. It therefore 
does not hold that if the model builder is uncertain as to the presence of trend 
and seasonal, he is better off to use model 4. If in fact he follow-s this impulse 
and no trend or seasonal components are actually present, the model will be 

-P. B. Winters, ‘‘Forecasting Sales by Exponentially Weighted Moving Averages,” O.N.E. 
Research Memorandum no. 62, Carnegie Institute of Technology, March 1959. 
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reacting to certain sequences of noise and interpreting them as influences on 
the seasonal and trend factors. The correction made by these seasonal and 
trend factors will be inappropriate and the errors so generated will be greater 
than if the simple exponential smoothing model were used. 

The problem^ then, is not simply a matter of finding the right smoothing 
constants but one of also choosing the right model. 


A CONTROL SYSTEM 

We can develop a system to monitor the magnitude of the difference between 
the actual and forecast values. By obsendng the magnitude of this error we 
can determine when the system is not doing its job, or wdien the system is 
“out of control.'^ 

MONITORING THE ERROR SIGNAL 

First, if we have selected the model correctly, the forecast errors should average 
out to approximateh' zero. There are two ways in which we could check this. A 
cumulative sum of the forecast errors could be monitored; when the sum gets too 
great, the S 3 ^stem would be considered out of control and the appropriate form of 
intervention would take place. BrowTi,^ howover, suggests that we develop a 
smoothed error estimate 

Zn — Zn-l + E(€n ~ Zn-l) 

wiiere Cn = actual error in period ti and can be calculated by subtracting the pre~ 
diction for tliis period, made one period ago, from the actual this 
period: 

Cn dn Dji—l, 1 

E = smoothing constant, probably different from A, Bj and C 

The smoothed error can therefore be interpreted as the old smoothed error^.Z„_i 
plus some fraction E of '^e amount b}" wdiich the actuarerror ex^eds the old 
smoothed error. 

Initial values must be determined for the actual error ei and the smoothed 
error Zi. Since the average error is expected to be zero, setting both at zero in 
the first period seems reasonable. If the smoothing constant for our example 
is set at £ = .2, the actual error in period 2 is 

Co = 128 - 132 = -4 

and the smoothed error is 

Zo = 0 + .2(~4 - 0) = -.8 

The remaining calculations are shown in Table 11-7. 

® Robert G. Brown, Decision Rules for Inventory Management, Holt, Rinehart & Winston, 
Ine., New York, 1967, p. 152. 
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Table 11-7 A control system for moraitoring the error signal 


'E 


z. 

MAD„ 

<T^n 

1 

0 

0 

3.9020 

0 

2 

~ 4.0 

” .8 

3.9216 

.8294 

3 

4.8567 

.3333 

4.1106 

.3297 

4 

” 4.1589 

- .5651 

4.1203 

.5576 

5 

3.0610 

.1601 

3.9084 

.1665 

e 

6.0197 

1.3320 

4.3307 

1.2505 

7 

” 1.3073 

.8041 

3.7260 

.8774 

8 

” 2.1305 

.2172 

3.4069 

.2592 

9 

” 7.5216 

-1.3305 

4.2298 

1.2788 

10 

2.0125 

- .6619 

3.7863 

.7107 

11 

12.1938 

1.9092 

5.4678 

1.4196 

12 

.8498 

1.6973 

4.5442 

1.5185 

13 

— 0 . 4 t )84 

.2662 

4.7271 

.2289 

14 

2 .7015 

.7532 

4.3220 

.7085 

15 

-3.3929 

— .0759 

4.1361 

.0747 

16 

”4.9789 

— 1.0565 

4.3047 

.9979 


HELPING THE LEARNING PROCESS 

Demand ehangeSj and it is precisely for this reason that we smooth demand 
each period to adapt the new estimates to changes in demand. The smoothing 
constants A, B, and C control the rate at which the model learns. However, 
if rapid changes take place, it might be necessar}." to ‘‘^help” this learning process 
along. Take the case where a new TV set has been introduced into a product 
line. This set uses a popular transistor which is used in many other products 
which the firm produces. Torecasts for the unit have, in the past, been made 
from an exponential smoothing model. Upon introduction of the new set, the 
underlying demand pattern for this transistor is expected to change sharply. It 
seems inefficient to allow the normal reactions of the exponential mode to adapt 
to this increase. It would be much more effective if the values of Ay By and C 
were increased temporarily until the new demand pattern was being tracked 
satisfactorily. 

In most cases it is not predictable just when and why underlying demand 
pattern may change. What we therefore need is to monitor the amount by 
which the actual differs from the forecast demand—^the forecast-orror. 'When 
a significant error is detected, the system should allow for a temporary change 
of .4, By and C. Next we turn to identifying just when that moment for interven¬ 
tion has arrived. 


SETTING CONTROL LIMITS 

In a preceding section the concept of the smoothed error signal Zn was developed. 
Now we turn to the estimation of its variabiliiyy and we start by estimating the 
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mean absolute deviation MAD, Again the procedure is to compute a smoothed 
average. 

MAD„ = MAD„_i + E(\en\ - MAD„_i) 

where MAD„_-i = smoothed mean absolute deviation computed last period 

E = same smoothing constant used in computing smoothed error 
ie„| = absolute value of actual forecast error in period n 

The computations for ]MAD„ are shown in Table 11-7. First, the initial value 
for AL4Di must be determined. A reasonable approach would be to take the 
average of the error terms for the first 6 periods for which data were available. 
Computing this value for periods 2 through 7, we estimate ]MADi to be 3.902. 
Computing the MAD^ value for the second period, we have 

MAD. = 3.9020 -f .2(4.0 - 3.9020) 

MADo = 3.9216 

If the forecast is accurate, the average forecast error should be zero, and the 
smoothed error Zn should fluctuate around zero. Brown^ states, however, that 
even vith excellent forecasts, the smoothed error will not be zero. He shows 
that the standard deviation of the smoothed error (Tz,n in period n appears to be 

<^2,n= .55 \^E (MADn) 

We can therefore make statements such that for a suitable value K, if the ratio 
lZn\/^zn is less than K, the smoothed error is small enough to be considered a random 
fluctuation. If E is small, the distribution of the ratio \Zn\/^z,n is nearly normal, 
and the normal table can be used to set the control limit K, For example, we can 
say that 95 percent of the time observations from a process with mean Dn will be 
such that \Zn\/<^z,n ^ 2. Said another way, 95 percent of the time the smoothed 
error vill be within 2 standard deviations of the mean. Therefore, if w'e set the 
control limit at 2 standard deviations, onh- 5 percent of the time Avould w^e get a 
larger variation, wiien, in fact, the system is actually in control. This is, of 
course, the risk w^e take in any statistically oriented control system: A certain 
percent of the time, an erroneous decision is made. Action is taken to rectify 
the situation when, in fact, no action is really necessary. ]\Iost of the time, how^- 
ever, wdien an error signal exceeds this limit, there is a bona fide problem and 
human intervention is necessary. 

The form that the human intervention takes is to readjust A, B, and C 
upw^ard and thereafter closely monitor the ability of the system to track the 
actual demand until the system is once again under control. Another form 
that intervention might take is to reexamine the time series in an effort to 
determine whether another model might be more appropriate. For example, 


*Ibid., p. 153. 



234 


OPERATION AND CONTROL OF THE SYSTEM 



Fig. 11*6 Control chart for forecast error. 


if a simple exponeBtial model is being used, an out-of-control signal may be 
caused hj the appearance of a trend. The introduction of the exponential 
smoothing model corrected for trend would almost certainly solve the problem. 

Getting back to the examplej a So- or 99 percent limit will be set. There¬ 
fore, any value of the ratio in excess of Jv = 3 will precipitate a readajustment 
of B, and C for a number of periods until the new demand pattern is tracked 
satisfactorily. In the first period the ratio is: 


i^ii 


'Z.l 


0 

.55 VI (3.9020) 


= 0 


and in the second period "ive have 


O.S 

0.55 (3.9216) 


0.S294 


The calculations are continued in Table 11-7. It can be seen that the computed 
ratio never exceeds the critical value of 3. Therefore, the system is in con¬ 
trol. A more graphic way to portray the control process is by means of a 
control chart. Figure 11-6 represents such a chart with a dashed line drawui at 
K = 3 representing the control limit. 


THE CHOICE OF K 

A reasonable approach to setting up a control system is to segment the items 
predicted- For example, category I might include the fastest-moving 5 percent 
of the items that account for half of the dollar volume of demand. At the 
other extreme you might have category III, which accounts for half of the 
items in inventor}' but represents a small percent of dollar volume. All other 
items would be classified as category II. We would therefore set our K iimits 
accordingly. For category I items we would like to know as soon as possible 
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if the system is out of control, and therefore would be willing to pay the price 
for false reports or situations when there is no real change in demand but where 
a random variation exceeds the K level. Therefore we might set category I 
at 2.5 to 3.5 standard deviations. Category III might be set at 3.5 to 4.5 and 
category II at 3.0 to 4.0. If too many out-of-control signals are generated 
to be dealt with effectively, the threshold levels K for categories I, II, and 
III can be increased. 

//// UNCERTAINTY OF THE FORECAST 

The forecast that is made for some future period, say next period Dn,i, is a point 
estimate. For example, we estimate that the demand next period will be 115. 
However, the very fact that forecast errors have been observed shrouds the point 
estimate with uncertainty. The uncertainty of the forecast can be communi¬ 
cated by establishing a confidence interval around the point estimate or mean 
expected demand. We alread 3 ^ have a measure of the variabilit 3 " of forecast 
errors in the ]MAD. The relationship between the standard deviation of forecast 
errors and 2vIAD is 

Se,n = 1.25 MADn 

If we make the fairl 3 ’' reasonable assumption that forecast errors are normall 3 ' 
distributed, the normal table can be used to determine confidence intervals. 
For example, if MADn = 4, 

Se,n = 1.25(4) = 5.0 

and the statement could be made that there is a 95 percent chance that the 
interv^al from 115 2(5) or 105 to 125 would include the true demand in the 
next, period. //// 


SUMMARY 

Exponential smoothing is not the most sophisticated forecasting technique devel¬ 
oped. However, it is frequentl 3 ^ "^^^ry effective. This is especially true for the 
thousands of items in inventory that must be forecast on a routine basis. If 
the manpower were available to do the forecasting job manually, the cost would 
be ver 3 ^ high and the time devoted to preparing a forecast for each item would 
likety be small. By comparison, then, a computer system based on exponential 
smoothing can perform quite effectivel 3 V Although mechanized, the system 
would not go wuthout human intervention. For when the smoothed forecast 
error becomes too large, an out-of-control signal would be generated, and this, 
in turn, would be followed by readjustments to the smoothing constants and, 
if necessar 3 ^, by operator scrutinization. On some occasions human intervention 
ma 3 ’’ be warranted even in the absence of out-of-control signals. For example, 
the introduction of new^ products, acts of competitors, and acts of nature all 
may precede changes in the underlying time series. This change can be antici- 
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pated by a temporary increase in the smoothing constants until the model tracks 
the new pattern effectively. 

Setting up an exponential smoothing sj^stem is a task of considerable magni¬ 
tude. First,.the type of model must be selected—simple exponential smoothing^ 
simple exponential smoothing corrected for trendj exponential smoothing with 
seasonal components, or smoothing with seasonal and trend. Second, the initial 
values for the smoothing constants must be determined, then quite a bit of retro¬ 
spective testing is involved where values of the smoothing constants are varied 
and the consequence of these values over the historical series is compared. Finally 
control limits must be set. Needless to say, a computer is an absolute necessity. 


QUESTIONS 

What is a weighted average, and wlit' is it unacceptable when a trend is present? 
Qll-2. Compute the first six coefficients for the simple exponential smoothing formula 
(Eq. 11-1) when a. - .30. Is this a weighted average? How far into the distant past 
do these coefficients extend, and what does this mean? 

Qll-3. What are the consequences of ^ values of 0 and 1 ? 

Qll-4. How do you know that choice of oc is the best possible one? 

Qll-5. What is the consequence of using the simple exponential formula in the presence 
of a seasonal cycle? 

Qll-6. Wliat is the consequence of using the simple ex|tonential formula in the presence 
of a trend? 

Qll-7. What steps are taken to adjust the simple exponential forecast for lag due to 
trend? 

Qll-8. If in doubt, always use the most general model, exponential smoothing corrected 
for trend and seasonal components. True or false? Explain why. 

Qil-9- What mechanism can be employed to monitor the forecasting system? If it 
is determined that the system is “out of control;’ what should be done? 

Qll-10. ExjDiain the process of establishing a control chart for the smoothed error sig¬ 
nal. How are the control limits set? What is the consequence of setting these limits 
too wide? Of setting them too narrow? 

QlMl. How' should the smoothing constants A, B, and C be chosen? 

Qll-12. How' should the initial seasonal factors Fn-L be chosen? Wliat would be the 
consequence if each one of them was set at 1 when in fact a seasonal cycle was evident? 
Qll-13. Derive an expression for the deseasonahzed smoothed average for the case of 
a seasonal series with an'additive seasonal component. 

Qll-14. Wliy might the value of E in a monitoring system vary among different inven¬ 
tory items? 

Qll-15. Derive a smoothing mode! for a trend and an additive seasonal component. 


PROBLEMS 

PI 1-1. Using simple exponential smoothing techniques, determine a forecast for periods 2 
through 20. Graphically compare your forecast with the actual. Let a == .2 and 
Di = 130. 
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Period 

Actual 

Period 

Actual 

1 

130 

11 

134 

2 

140 

12 

144 

3 

148 

13 

133 

4 

138 

14 

159 

5 

130 

15 

114 

6 

141 

16 

140 

7 

136 

17 

148 

8 

160 

18 

157 

9 

145 

19 

151 

10 

130 

20 

140 


//// Eepeat Prob. 11-1 for an a == .5. Compute the variance of the error for 

each alternative. Which one performs best? //// 

PI 1-3. Write a computer program for the simple exponential smootliing formula and 
use it to solve Prob. 11-1. 

PI 1-4- Using simple exponential smoothing techniques, determine a forecast for periods 
2 tlirough 20, for which actual figures appear below. Graphically compare your forecast 
with the actual. Let = .1 and jDi = 211. 


Period 

Actual 

Period 

Actual 

1 

211 

11 

181 

2 

196 

12 

184 

3 

190 

13 

211 

4 

180 

14 

181 

5 

220 

15 

230 

6 

219 

16 

200 

7 

200 

17 

190 

8 

209 

18 

180 

9 

190 

19 

180 

10 

195 

20 

197 


PI 1-5. Losing the simple exponential smoothing formula with a correction for lag, compute 
a forecast for the following series. Let a — .2, ti = 10, Ti = 10, and Si = 20. 


Period 

Actual 

Period 

Actual 

1 

60 

5 

100 

2 

70 

6 

110 

3 

80 

7 

120 

4 

90 

8 

130 


What conclusions can be drawn about this model? 
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PI 1-6. Using the simple exponential smoothing formula with a correction for kg due to 
trend, compute a forecast of the following series for periods 2 through 21. Let a — .2, 
Di = 13 „, ti = 3 , and f i = 3 . 


Period 


Period 

Actual 

1 

25 

11 

45 

2 

32 

12 

53 

3 

41 

13 

72 

4 

27 

14 

58 

5 

38 

15 

66 

6 

34 

16 

68 

7 

37 

17 

71 

8 

45 

18 

79 

9 

70 

19 

77 

10 

42 

20 

87 


Graph your results and compare the forecast with the actual. 

PI 1-7. For the following time series, find the values of ii, and Ti such that the simple 
exponential smoothing model corrected for lag will perfectly track the data from the 
beginning. Let a = .2. 


Period 

Actual 

Period 

Actual 

1 

200 

5 

280 

2 

220 

6 

300 

3 

240 

7 

320 

4 

260 

S 

340 


Generalize the procedure which you used so that it can be used to establish initial condi¬ 
tions for problems which exhibit a linear trend. 

Pll-8. ITsiiig the seasonal model, compute a forecast for quarters 2 through 21. Let 
A — Q.lj B = 0.2, Di — 100, and the four previous seasonal factors be 1.0, 1.2,1.0, and .8. 
Graph your results. 


Period 

Actual 

Period 

Actual 

1 

100 

11 

101 

2 

108 

12 

84 

3 

99 

13 

100 

4 

83 

14 

142 

5 

99 

15 

ICK) 

6 

128 

16 

80 

7 

101 

17 

99 

8 

88 

18 

109 

9 

100 

19 

96 

10 

106 

20 

71 
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Pll-9. Graph the following time series, determine the most apimopriate exponential 
smoothing model, choose the values of the parameters, prepare a forecast, and compare 
the results with the actual data. 


Period 

Actual 

Period 

A d ual 

1 

80 

6 

67 

2 

68 

7 

61 

3 

50 

8 

69 

4 

66 

9 

81 

5 

89 

10 

71 


Period 

Actual 

Period 

Actual 

11 

51 

16 

66 

12 

68 

17 

85 

13 

90 

18 

67 

14 

73 

19 

54 

15 

61 

20 

65 


FI 1-10. Using the trend, seasonal, and irregular model, compute a forecast for quarters 2 
through 25. Assume that the model has been in operation for some time, and that last 
period’s smoothed demand is jDq = 15 and its smoothed trend is Tq = 5. Let A =0.1, 
B = 0.2, and C = 0.2. Finally, let the previous seasonal factors be 1.0, 1.2, 1.0, and 0.8. 
Graph the forecast and actual. 


Period 

Actual 

Period 

Actual 

1 

21 

13 

77 

2 

31 

14 

104 

3 

28 

15 

87 

4 

27 

16 

75 

5 

39 

17 

96 

6 

54 

18 

126 

7 

49 

19 

112 

8 

41 

20 

95 

9 

56 

21 

122 

10 

79 

22 

151 

11 

67 

23 

134 

12 

60 

24 

114 


Fll-11. Set up a control system to monitor the forecast errors in Prob. 11-10. Let ei = 0.0 
and Zi — 0.0, and let MADi be the average of the forecast error for periods 2 through 7. 
With it = 2, is an out-of-control signal sounded? Graph your results. 
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PI 1-12. Graph the follo\\ing time series. Select the most appropriate model. Choose, 
as best you can, the initial conditions and smoothing constants. Then compute a forecast 
and compare it graphically mth the actual. Finally, develop a control system, and 
graphically depict the behavior of the series. 


Period 

Actual 

Period 

Actual 

1 

34 

12 

94 

2 

36 

13 

116 

3 

38 

14 

111 

4 

47 

15 

105 

5 

60 

16 

120 

6 

60 

17 

140 

7 

60 

■ IS 

135 

8 

74 

19 

126 

9 

85 

20 

142 

10 

85 

21 

170 

11 

82 
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INTRODUCTION 

In the last chapter we studied the problems associated with the forecasting 
of time series data. The objective was to uncover the way in which a series 
behaved in the past and extrapolate this pattern into the future. 

In this chapter the concern will be with explaining the reasons behind 
these changes in behavior of a series. Rather than focusing on time as the 
only explanatory variable, we now choose to determine the underlying causes 
of these changes. The following case illustrates the central concept in this 
approach. 

Every quarter the production manager of the Generous Skelektric Refriger¬ 
ator Company determines a sales forecast for the next four quarters. The fore¬ 
cast is used to plan inventory and work force levels for these future periods. As 
an aid in this forecasting problem, he long ago discovered that certain economic 
indicators published in government and professional publications provide val¬ 
uable insight into the way in which refrigerator sales will perform. He dis¬ 
covered, for example, that a forecasted increase in disposable income will usually 
be followed by an increase in refrigerator sales, and that an increase in housing 
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starts will be followed two quarters later by an increase in refrigerator sales. In 
additioBj. there also appeared to be a relationship between price and sales. As 
the price went upj the volume tended to decrease. The opposite was also 
true. After obser\^ing the relationship between these variables over several quar- 
terSj, the manager began to rely more and more on them as a source of informa¬ 
tion from which he compiled his forecast-. 

His forecasting modeL albeit intuitive at this stage, specifies that the sales 
cf refrigerators in any period t can be explained by the forecast of disposable 
income for that period, the housing starts in period t — 2, and the price charged 
in period t. What the production manager has tried to uncover is the causative 
factors behind changes in sales volume. 

This, then, is the essence of econometric forecasting: the identification 
of those causative factors which can best explain changes in the variable in 
which we are interested, and their use for predictive purposes. The difference 
between econometric forecasting and exponential smoothing should now be 
clearer. In econometric forecasting we try to uncover cause-and-effect relation¬ 
ships, while in exponential smoothing we account for changes in the tme series 
by breaking the series into its basic components, including trend, seasonal, cycli¬ 
cal, and irregular. Consequently, a major step in econometric analysis is the 
identification of variables which might be entered into the analysis. This is 
not a veiy straightforward step, for the model builder must select those variables 
which he feels are the most relevant. At this stage only experience and intuition 
can help. 

In this chapter several econometric models will be developed. In the first 
model a simple linear relationship is assumed to exist between two vari¬ 
ables. Next, models are explored where the relationships are nonlinear; and 
then a model is developed where several causative factors may be operating: 
this is the multivariate case. Finally, the theory of econometrics is explored, 
and we consider the assumptions of the models together w-ith the consequence 
of their violation. 


SriiPLE LINEAR REGRESSION 

In the two-variable case we have a variable whose changes we would like to 
predict and a variable which it is hoped can explain these changes. For example, 
refrigerator sales might be the variable which is to be predicted and new housing 
starts might be the explanatory variable. The variable which we would like 
to predict is called the dependent variable, while the explanatory variable is 
called the mdependent variable. Denoting the dependent variable by Y and 
the independent variable by X, we have 


F = /(X) 


or F is a function of X. This is merely another way of stating that X influences F. 
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THE FORM OF THE RELATIONSHIP 

The simplest relationship between Y and X is a linear one: 

F = a + bX 

This is the equation for a straight line where a is the intercept and b the 
slope. Consider the relationship shown in Fig. 12-1. The straight line intercepts 
the F axis at point a and has a slope which can be expressed as a change 
in F for a given change in X, or aY/aX, Therefore slope = b = aF/AZ. Fur¬ 
thermore, the slope of a straight line never changes. 

Consider the following example: 


Refrigerator 

Housing 

sales 

starts 

(millions of S) 

(thousands of units) 

Y 

X 

2 

10 

4 

30 

3 

20 

5 

40 


If a plot is made of these two variables, a straight line dravm through these 
points gives a perfect fit. In fact, it can be seen from Fig. 12-2 that the equation 
of the line can be estimated as 


F = 1 + .lOX 



20 30 

New housing starts 


Fig. 12-2 Simple linear regression reiation- 
sMp. 


10 


40 
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Since all the points fall on the line^ we can say that the relationship between 
these Tariables is a perfect one. 

The purpose of determining this relationship is to use it for predictiTe 
purposes. Thereforej if the level of housing starts for next period was estimated 
to be 25, the estimated sales for the company would be 

F = 1 + TOX 
F = 1 + .10(25) 

F = 2.5 

Since the relationship as evidenced in the plot is a strong one, a lot of confidence 
could be placed in this estimate. 

Consider, on the other hand, the following set of data. 


Refrifferator 

Housing 

sales 

starts 

Y 

X 

2.2 

10 

4.2 

30 

2 .5 

20 

4.5 

40 


It can be seen in Fig. 12-3 that the points do not lie along a straight line; 
therefore the degree of relationship is not nearly as strong as in the first case. It 
appears, however, that the direction of the relationship, wdiich is given by the 
equation of the line, is the same: 

F = 1 + .lOX 

We have just touched upon the two major aspects of econometric forecast¬ 
ing. These include regression and correlation analysis. In regression anal^^sis 
the direction of the relationship is determined. Rather than fairing in a line 
by eye, we will shortly develop a statistical methodology for obtaining a 
fit. Correlation analysis, on the other hand, concerns the degree of the relation- 


> 



Fig, 12-3 Simple linear regression relation¬ 
ship. 
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ship. In Fig. 12-4 different degrees of relationship are shown. In (a) the degree 
of relationship is perfect, and we say the correlation is 1. In (6) there is 
apparently no relationship between the dependent and independent variables 
and their correlation is zero. In (c) we have a situation in bet'ween these two 
extremes. The correlation here would therefore be between 0 and 1. 

Linear relationships are certainly not the only possible ones. Later in 
the chapter nonlinear relationships will be considered, but first we wdll develop 
the simple tivo-variable linear case. 

DISTURBANCE TERM 

If we specify the regression relationship between Y and X in the following 
way: 

F = a + bX 

this implies that, given a value of X, we know the exact value of Y. In economic 
analysis this is never the case. 

Let us reconsider the example of refrigerator sales and housing starts. If 
many observ^ations at eac/i level of housing starts could be taken, we would 
hardly expect to obser\^e the same sales figure for each particular level. In 
some years the sales of refrigerators for this given level of housing starts would 
be different from the sales in other years. This idea, for several levels of housing 
starts, is expressed in Fig. 12-5. At level five obser^^ations on Y are seen; 
six at level X 2 ; and so on. 

Unknown to us, a relationship between AT and Y exists which has generated 
these observations. This we will call the population regresmon equation and 


Fig. 12-4 Examples of cor¬ 
relation. 


Y 



Fig. 12-5 Observed variability in F. ^1 ^2 ^3 ^4 
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express it as 

Y i = a + bXi + fii 

where jui = disturbance term 

a-y h = unknown population parameters we %vould like to estimate 

Considering one set of observations at their mean value will be at 
a + bXi, but actual observations can be specified by 

1' 1 = a + bXi + jjLi 

1l 2 — d bJii "T" A2 
etc. 

The values of . . . y indicate the amount by which the sales for a par¬ 

ticular level of housing starts fall short of or exceed the central value a + bXi, 

Perhaps the main justification for including this stochastic or disturbance 
term is that it is not possible to identify every source of the variation in 
Y. Here we have selected X, but surely other unidentified sources still ex¬ 
ist. Some of these other sources might include the price that the firm charges 
for its refrigerators, the price of competitors’ refrigerators, the disposable income 
of individuals, the number of new household formations, consumer expectations 
for future income levels, Paris fashions, the price of sports cars, and so on. The 
list goes on and on, including both quantifiable and nonquantifiable causative 
factors. It is unreasonable to expect to identify and obtain data on all these 
variables. We therefore attempt to identify the important explanatory vari¬ 
able (s) and let the net efi'ect of the excluded variables be incorporated in the 
error term pi. This term then represents the amount of variation in the de¬ 
pendent variable that can be attributed to unassignable causes. Since many 
of these imideiitified factors are operating at any one time, it is reasonable 
to assume that many of these will be pulling in opposite directions. It is Yeij 
unlikely that they will all pull in the same direction. Therefore small values 
of the disturbance term pi are much more likely than large ones. 

There are two other ways in wiiich w’e can justify the inclusion of the 
error term. One is that even if all identifiable factors w’ere considered, there 
is still a basic unpredictable randomness in nature. Finally, there is measure¬ 
ment error. In measuring the level of any economic activity, it is very difficult- 
to determine the true level of that actmty. 

In summary, then, there is certainly reason enough to include the error 
term, and we now can write the theoretical regression relationship of the popula¬ 
tion as 

Yi = a 4" bXi + Pi 

ASSUMPTIONS OF THE REGRESSION MODEL 

Some assumptions must be made about this disturbance term before we can 
proceed with our analysis. First, the mean of the error term distribution, for 
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any value of the independent variable^ must be zero. This can be seen in Fig. 
12-6. The vertical axis, P (/x), represents the probability of different values 
of the error term. According to this first assumption, this distribution is centered 
on the regression line. It can also be seen from this plot that smaller values 
of fjL are much more likely than larger ones. 

The second assumption relates to the variability of the disturbance term: 
it must be constant. Therefore the variability of the disturbance term shown 
at Xi in Fig. 12-6 must be the same as that at A., . . . Xn. 

The final assumption is that the values of the disturbance term must be 
independent of one another. For example a large positive disturbance term 
observed at one level of A^i should not be consistently followed by a large positive 
disturbance term when an observation is next made at Xo. 

In economic analysis these assumptions are quite important, and later in 
the chapter we will examine the way in which the analyst can determine whether 
these assumptions have been violated and the consequences of such an occurrence. 

LINE OF LEAST SQUARES 

Assume that a sample of ?i obserrmtions has been taken on refrigerator sales 
F and housing starts X”. A plot of these data in Fig. 12-7 indicates that a 
strong relationship exists between them. Our first step in this anal^^sis will 
be to estimate the equation for the line which best fits these data. Now, the 
true population relationship 

1 f = a + bXi + fjLi 

is unknown to us. We can, however, estimate this relationship from our sample 
observations. Since we compute but an estimate, our statistical analysis will 
provide us with 

Y'i — a “h bXi 

where d, b = estimates of the two unknown parameters a and b 
Ti = estimated level of activity for any value of X,- 

First a criterion for determining d and b must be chosen. Perhaps the 
best-known is that of ^deast squares.^’ Returning to Fig. 12-7, if we take any 
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point R with coordinates Ff, Xi, the actual level of the dependent variable is Yi 
and its estimated value is F^. Drawing a perpendicular line from R, the error is 

e, = f, ~ F, 

The errors will be positive or negative for each observation of X. If w^e square 
the error for all observations, the sum will give some indication of the spread of 
these points about the line. The principle of least squares is to choose those 
values of a and b wiiich will minimize the sum of these error terms squared: 

n 

Alinimize J ef 

t = i 

Substituting for Ci w’e have 

n 

Minimize X (5^* ~ 

t = 1 


or 


^Minimize X 

a = l 

Using calculus, the following set of noj'mal equations can be derived: 

n n 

X Vi = nd + S X 

i=l i=l 

n n n 

X = a X + b X V- 

i=l 1=1 1=1 

wiiere ?i = number of observations 

From these equations and the data on Xi and Ff, values of d and b can be 
computed such that the sum of the error terms squared will be less for these values 
than for any others. Now" w"e turn to an example. 
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Table X2-1 Computations necessary for solving normal equations 


Refrigerator 

sales 

Y 

Housing 

starts 

X 



2.2 

10 

22 

100 

4.2 

30 

126 

900 

2.5 

20 

50 

400 

4.5 

40 

180 

1 .600 

SF = 13.4 

2X = 100 

Si'F = 378 

22’= = 3 ,000 


Example Consider the data given in Fig. 12-3. From the normal equa¬ 
tions it can be seen that we must determine %Y, %XY, and These 

computations are performed in Table 12-1. 

Substituting into the normal equations 

13.4 = 4d + 1005 
37S = lOOd + 3,0005 

and solving simultaneously by multiplying the first equation by 25 and subtract¬ 
ing the second equation from the first, we have 

335 = lOOd + 2,500S 
-378 = -lOOd - 3,0005 
-43 = -5005 

b = .086 

Finallj" we substitute 5 into the first equation and solve for a. 

13.4 = 4d + 100(.0S6) 

13.4 - 8.6 
^ ” 4 

d = 1.2 

Therefore the regression equation can be written as 

f = 1.2 + .0S6Z 

Next we turn to the problem of determining the degree of this relationship. 

COEFFICIENT OF DETERMINATION 

Instead of both a dependent and an independent variable from which to draw 
a relationship, consider having data on just the dependent variable Y. In our 
example we would have data on only the level of refrigerator sales for four 
periods. With nothing else available, the best prediction would be based on 
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Fig. 12-8 Error explained by the introduction 
of the Hnear relationship. 


a simple average of these data. By calculating the sum of the squared devia¬ 
tions from the mean, 

SST = I (Yi - F)^ 

1=1 

we have a measure of the ^^sum of squares total.’’ This is the magnitude of 
the error when the mean of the Yi values is used to represent the average 
level of sales. 

Now tve introduce the independent variable X and analyze the effect it has 
on tliis “sum of squares total.” In Fig. 12-S the average value for the inde¬ 
pendent variable Y is shown. If we look at point we can see that before the 
linear relationship was introduced, the error of estimation was AB; once the 
linear relationship was introduced, the error was reduced to BC. Therefore AC 
represents the amount that was explained by introducing the linear relationship. 
^Measuring the total amount of error that has been explained awa^' by the introduc¬ 
tion of the regression line, we have 

SSR = I (F^ - fy 
1=1 

where SSR == sum of squares explained by regression 

We can now determine the effect of introducing the linear trend by the 

ratio 

SSR 2(F, - fy 
SST “ S(F, » fy 

This represents the proportion of the F variation explained hj the linear influence 
of X. This ratio is called the coefficient of deterniination r-. The coefficient 
of correlation is the square root of this number, or r. The meaning behind 
the coefficient of determination is much more intuitive than that behind the 
coefficient of correlation. It is the percent of the variability that is explained 
by the linear relationship. Therefore an r- of .9 indicates that 90 percent of 
the variability has been explained by the introduction of the linear relationship. 
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Table 12-2 Computation of coefficient of determination 


Fi 

Refrigerator 

sales 

Housing 

starts 

Yi 

(T- - Y) 

(f; - F) = 

(F.- - Y) 

(Yi - F)2 

2.2 

10 

2.06 

-1.29 

1.66 

-1.15 

1.32 

4.2 

30 

3.78 

.43 

.18 

.85 

.72 

2.5 

20 

2.92 

- .43 

.18 

— .85 

.72 

4.5 

40 

4.64 

1.29 

1.66 

1.15 

1.32 





3.68 


4.08 


Example Now we return to our example and calculate the coefficient of 
determination. The computations are shown in Table 12-2. 


SSR 3.68 

yZ =3 - = - = 09 

SST 4.08 ‘ 

It can therefore be concluded that 92 percent of the variability associated with 
refrigerator sales has been explained by the introduction of the variable housing 
.starts. 


NONLINEAR RELATIONSHIPS 

In the preceding section linear relationships were considered. There are of 
course many times when relationships display nonlinear characteristics. Con¬ 
sider the plot in Fig. 12-9. If a straight line of the form 

F = d + bX 

were fit to the data, we would obtain 
f = -0.3 + 0.2Z 
with a coefficient of determination of 
r- = .95 


Y X 

2,6 15 

5.0 25 

1.2 10 

1.2 5 

3.8 20 


10 


15 


Fig. 12-9 Nonlinear regression example. 


1 


20 


30 
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^ Fig. 12-10 Power function F = aX^. 

Upon closer inspection it is apparent that a nonlinear function might proxe 
to be a better fit. 

Of the many types of nonlinear relationships, two will be considered 
here. These two are chosen because they represent twm of the more common 
relationships that are found in economic data. They include the power and 
parabolic functions. 

POWER FUNCTION 

A power function takes the folloiting form: 

F = 

The letter b represents the slope of the function, and, if b is greater than 1, 
the slope contiiimlly increases. On the other hand, if b is between zero and 1, 
the slope continually decreases. This can be seen in Fig. 12-10. Another prop¬ 
erty of this family of curves is that they all pass through a,l. 

If the function is transformed into logs, it becomes 

log Y = log a + ^ log A 
Furthermore, if we let 
F^ = log F 
a' = log a 
= log A 
w^e then have 

= ai + &A' 

and can conclude that the transformed function is linear. 

Therefore when it is suspected that the power function would fit the data 
well, the logs of F, a, and A can be found. The logs are then used in the 
normal equations to find the least-squares estimates of a' and b. Finally, the 
antiiog must be taken of a' to get a ; then we can write 



F = aA^ 
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The coefficient of determination can be calculated just as we did in the linear 
case. If the nonlinear function is a better fit, its value of r- will be higher. 

PARABOLIC FUNCTIONS 

The second set of relationships can be expressed as parabolic functions of the 
following type: 


F = a + bX + 


This particular one is referred to as a second-degree parabola, where the degree 
is determined by the largest exponent. The form of these curves is illustrated 
in Figs. 12-11 and 12-12. In Fig. 12-11 a family of parabolas is represented 
whose value of c is less than zero, while in Fig. 12-12 the case where c is 
greater than zero is presented. 

It is important to recognize that, since the parabola is an arc, there is 
usually no logical basis for extrapolation. For example, we might determine 
from a data plot that it can best be fit by the first half of the parabola shown 
in Fig. 12-11. To use this relationship for predictive purposes when the inde¬ 
pendent variable is greater than —6/2c would be very questionable. 




I 

! 

1 


-b 


Fig. 12-12 Parabola where c > 0. 






314 


OPERATION AND CONTROL OF THE SYSTEM 


Retiirning to the example illustrated in Fig. 12-9^ it appears that a parabola 
of the form 

Y = a + bX + cX- 

would be a better fit than a linear one. The power function is probably not 
appropriatej since that function^ 

F = nX^ 

must pass through the origin, X = 0 and Y = 0. 

If we apply the least-squares principle to the equation for a second-degree 
parabola, we get the following set of normal equations: 

= «a + bZXi + c^Xl 
ZXiYi = aEX* + bSX? + cXXf 
2X1Y, = aSXf + 5EX? + cZXt 

The fit obtained by using these equations can be measured by r- Just as we 
did in the nonlinear case. 

If we use these normal equations to determine the regression equation 
in Fig. 12-9j we get 

f. = .8 + 0.015X -b 0.006X2 

and r‘” = .98. Since the 7'- generated by the nonlinear analysis is higher than 
that from the linear analysis, the former is a better fit. 

Perhaps the simplest way to determine whether the linear relationship 
would be adequate is to draw a scatter plot of the data. From the plot and 
some familiarity with these and other standard nonlinear functions, the analyst 
will have a good idea of where to start. 


MULTIVARIATE REGRESSION ANALYSIS 

We now turn to the more realistic case where variations in the dependent variable 
are related to more than one independent variable. For example, it might seem 
reasonable to expect that the level of sales for refrigerators can be better ex¬ 
plained by both housing starts and disposable income. Mathematically we can 
express this fnultivariate relationship in general form as 

F = /(X^Xs) 

where I’' = level of refrigerator sales 
X% = level of housing starts 
X^s = level of disposable income 

If it is reasonable to assume that the relationship is linear, the explicit form 



econometric forecasting 


315 


of the population regression equation can be written as 
Ih = A + BX,, + + uLi 

The estimate of this relationship can be expressed as 
I i = di.is -f- bi2. 3 X 2,1 Hh biz,2Xz,i 

The equation now represents a plane which is fitted to a set of data points 
in three-dimensional space (7, X., and X.). 

The constant ai.03 is the intercept formed by the regression plane on the 
7 axis and is the estimate of -4. In subscripting the constant, the number before 
the deeimal point represents variable 1 or the dependent variable. The numbers 
after the deeimal point represent the independent variables included in the regres¬ 
sion analysis. The coefficient of the first variable bvi.z is the estimate of B and 
denotes the amount by which a unit change in X 2 is expected to affect Y. The 
second coefficient 613.2 is an estimate of C and denotes the way in which a unit 
change X 3 affects Ih The reason for this elaborate system of subscripts is that 
it clearly indicates the number of variables in the analysis. For example, in the 
subscript associated with 612 . 3 . the first number denotes that the variable on the 
left-hand side of the equation, or the dependent variable, is the variable 1 . The 
second number indicates the variable to which the coefficient is attached, and 
the number (or numbers) after the decimal point represent other variables that 
have been taken into consideration in the estimation of this regression equation. 
For example, if a relationship is hypothesized between four variables, the esti¬ 
mate of the relationship can be expressed as 

Ti = CZi .234 4 ~ 6 i 2 . 34 - 72 i + 613.24X31 + 614.23X41 

METHOD OF LEAST SQUARES 

Again we utilize the least-squares criterion in developing the normal equa¬ 
tions. For the three-variable case, estimates for the constant term and two 
coefficients can be found b}” solving the following normal eciuations: 

El = di, 23 ^^ 612, 32 X ^2 ~t" 613.2EX3 

EX27 = di.osSXo + 612.3SX; + 613.2SX2X3 
EX3I = Ui.23^X3 -|- 612.3SX2X3 4 “ 613.2EX1 

The job of solving three simultaneous equations is laborious, but nonetheless 
it is possible to solve the problem by hand. In the case of four variables, 
the appropriate set of normal equations would include four equations, and it 
is clear that the process of solving this and larger problems would be getting 
out of hand. Fortunately most computer centers maintain a regression code 
that the uninitiated can become familiar with in a few minutes’ time. For 
problems of a realistic scale, then, a computer code is a must. 

Example Now let us turn to an example. The data are given in Table 
12-3, along with the necessary mathematics for computing the figures needed 
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Table 12-3 Computations necessary for solving normal equations 


Observation Y 

z, 

z. 

X2Y 

XzY 

X2X3 

X; 

Zj 

1 9 

3 

2 

6 

4 

6 

9 

4 

2 5 

6 

3 

30 

15 

18 

36 

9 

3 3 

3 

2 

9 

6 

6 

9 

4 

4 2 

3 

2 

6 

4 

6 

9 

4 

5 2 

2 

3 

4 

6 

6 

4 

9 

6 3 

! 4 

1 1 

12 1 

3 

4 

16 

1 

7 5 

6 

' ^ i 

30 : 

20 

24 

36 

16 

8 3 

3 - 

4 1 

9 i 

12 

12 

9 

16 

9 1 

2 

1 ^ 

2 

0 

0 

4 

0 

10 2 

3 

1 

6 

2 

3 

9 

1 

28 

35 

22 

114 

1 

85 

141 

64 

'EY 

2X2 ^ 

2Z, 

1 2X2F 


2X2X3 

SX; 

i 

SX' 


in the normal equations. The normal equations can then be set up as follows: 

28 = lOdi.23 35 S 12.3 “h 22 S 13.2 
114: == 3o(2i. 23 141&12.3 4“ S56i3.2 

72 = 22^1.23 4“ S55i2.s ~t 646i3.2 

Solving simultaneously^ we get 

ni.23 = —.42 
£^12.3 ~ -74 
6x3.2 = .29 

Therefore the regression equation can be \^Titten as 
= -.42 4- .74X2^ + . 29 X 3 . 

COEFFICIENT OF MULTIPLE DETERMINATION 

We have already seen that the coefficient of determination for the simple two- 
variable case is defined as the explained variability as a percentage of the total 
variability. The coefficieiit of multiple determmatmi for functions of three 
or more variables is defined in a similar way. 

7? = ^ 

SST 

where R = coefficient of multiple determination 
SSR = sum-of“Squares explained by regression 
SST == sum-of-squares total 
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Table 12-4 Computation of coefficient of determination 


Yi 

SST 

(.Yi - YT- 

Yi 

SSR 
(Fi - 3 

'')5 

2 

(-.8)“ 


.64 

2.4 

(-.4)5 

= 

.16 

5 

(2.2)‘ 

= 

4.84 

4.9 

(2.1)5 

= 

4.41 

3 

(.2) = 

= 

.04 

2.4 

(-.4)5 

= 

.16 

2 

(-■8)“ 

= 

.64 

2.4 

(-.4)5 

= 

.16 

2 

(-.8) = 

= 

.64 

1.9 

(-.9)5 

== 

.81 

3 

(.2)^ 

= 

.04 

2.8 

(0)5 

= 

0.0 

5 

(2.2)- 

= 

4.84 

5.2 

(2.4)5 

= 

5.76 

3 

(.2)5 

= 

.04 

2.9 

(.1)5 

= 

.01 

1 

(-1.8)5 


3-24 

1.1 

(-1.7)5 


2.89 

2 

(-.8)5 


.64 

15.60 

2.1 

(-.7)5 


.49 

14.85 


The computations for the problem presented in Table 12-3 are carried out in 
Table 12-4 and the coefficient of determination is computed to be 


„ 14.85 

""-TO- 


= .95 


//// JOINT TEST FOR THE SIGNIFICANCE OF ALL REGRESSION COEFFICIENTS 

The n obser^^ations that were used in determining an estimate of the regression 
equation represent but a sample set of observations from the true but unknown 
population 

Yi = A + BX2i + CXzi + Ui 

If another sample of 72 observations w^ere taken, another estimate of the regres¬ 
sion equation would be obtained wdth a different constant and different regression 
coefficients. We can conclude that the set of coefficients that we get in a regres¬ 
sion analysis is but an estimate. It might therefore be useful to determine 
wdiether these coefficients differ significantly from zero. If they do not, the 
independent variables contribute nothing to the explanation of changes in F, 
and the coefficient of determination as well as the coefficients in the regression 
equation were but chance variations from zero. It is beyond the scope of this 
book to look at this analysis in detail. The student is therefore referred to 
a book on statistics or econometrics for a full, theoretical development. While 
sacrificing the theoretical detail we will, however, turn to the practical aspects 
involved in testing for a significant difference from zero. 

First we must define an F ratio as 


SSR/(k - 1) 
SSE/(n ™ k) 
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where SSR = sum of squares explained by regression, S(Fi “ F)^ 

SSE = sum of squares due to error, or SSE = SST — SSR 
SSE = S(F, - Fi)^ 

k = number of variables, both dependent and independent, in regres¬ 
sion relationship 
71 = number of observations 

Now, this ratio has an F distribution with k — 1 and 7i — k degrees of 
freedom. At the expense of oversimplification, the degrees of freedom are the 
number of observations, n, in the sample minus the number of parameters which 
must be estimated by sample obser^^ations. Therefore in the sum-of-squares 
error, the number of degrees of freedom is n — fc, since there are k — 1 coefficients 
of independent variables and one constant term, for a total of k parameters 
which must be estimated. The number of degrees of freedom associated with 
the sum-of-squares total is n — 1, since the mean is the onl}" parameter that 
must be estimated. 

A property of these sums of squares is that the sum-of-squares total is 
equal to the sum-of-squares regression plus the sum-of-squares error. 

SST = SSR + SSE 

This also holds for the degrees of freedom df, where 

dfSST = d/ssK + dfssE 

Therefore, to determine the number of degrees of freedom associated with the 
sum-of-squares regression, we might take the number of degrees of freedom 
associated with the sum-of-squares total and subtract from it the number of 
degrees of freedom associated vith the sum-of-squares error: 

d/sSR = df SST — df SSE 

dfssR = (71 — 1) — (n — k) 

d/ssR = A* — 1 

The number of degrees of freedom associated with the sum-of-squares regression 
is therefore k — 1. 

The F distribution is a mathematical distribution for which a table is 
found in Appendix B. The table is entered in the top row with the number 
of degrees of freedom associated with the sum-of-squares regression 
k — 1. Down the first column the table is entered with the number of degrees 
of freedom associated with the sum-of-squares error n — k. The critical F ratio 
can be found where these intersect. To illustrate the way in -which we read 
the table, consider the present example. The degrees of freedom for the sum-of- 
squares regression is k — 1 = 2 and the degrees of freedom for the sum-of- 
squares error is n — = 7. Entering the table for 2 and 7 degrees of freedom, 
the critical value of F is found to be 4.74 at the 5 percent level and 9.55 at 
the 1 percent level. First we will interpret the figure at the 5 percent 
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leTel. There is only a 5 percent chance that a computed F value greater than 
4.74 can occur when in fact the coejQScients are not significantly different from 
zero. 

In our examplcj the computed F value is 

F = SSR/(fc - 1 ) ^ 14.85/2 _ 7.42 _ 

SSEJiji - k) .75/7 .11 

where SSE = 15.60 — 14.85 = .75. 


Only 5 percent of the time will the computed F value be larger than 4.74 
when in fact the true but unknown regression coefficients are not significantly 
different from zero. Since 68 is much larger than 4.74, we can conclude that 
the regression results are significant at the 5 percent level. That is, more than 
just a chance variation from zero explains the magnitude of the regression 
coefficients. 

Looking at the critical F value for 1 percent, we can see that only 1 
percent of the time will the computed F value be larger than 9.55 when the 
coefficients are not significantly different from zero. Since our computed F value 
is greater than the critical F value, the results are also significant at the 1 
percent level. 

The test just developed determines the significance of the regression equa¬ 
tion. If the conclusion is that the coefficients, when tested jointly by the F 
test, are not significant, the model builder must abandon his present hypothesis 
and search for others. There is, ho'wever, another test that allows one to test 
the significance of each coefficient singly rather than testing jointly. In this 
way those variables which can significantly explain the variability in the de¬ 
pendent variable can be used in developing a new hypothesis.^ //// 


THE THEORY OF ECONOMETRICS 

The validity of the F test and other statistical tests of the regression equation 
depends upon whether or not the assumptions made for the disturbance term 
have been violated. These assumptions included a normally distributed error 
term with constant variance and serial independence. When the assumptions 
are violated, the conclusions derived from these standard tests may be in¬ 
valid. As you will shortly see, it is often possible to overcome these problems 
and improve predictive ability. 

NORMAL ERROR TERM 

The first assumption specifies that the error term must be normally distributed 
about the regression line with mean zero. Therefore large error excursions are 
less likel}^ than small ones, and the greatest concentration will be found around 
zero. We concluded earlier in this chapter that the error term can be largely 

Johnston, Econometric Methods, McGraw-Hill Book Company, New York, 1963, p. 118. 
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attributed to the omission of a host of independent variables from the analy¬ 
sis. It turns out that small de'^iations from normality will not adversely afiect 
these tests. Yiolations of the other assumptions are^ however, more serious. 

HOMOSCEDASTIGITY 

The second assumption is that the error term must have a constant variance 
over all values of the independent variable. Consider the simple regression 
relationship between refrigerator sales and housing starts. The assumption of 
homoscedasticity specifies that if many observations were taken at each level 
of housing starts, the variance at each level would be the same. If the variance, 
for example, increased with a greater number of housing starts, we 'would have 
the ease of a heteroscedasiic error term. Figure 12-13a represents the 
homoseedastic ease while Fig. 12-136 represents the heteroscedastic case. 

It is usually difficult to test for heteroscedasticity. A test such as this 
would call for a large number of observations at each level of the independent 
variable, and in most cases only one observation at each level is available. In 
the absence of a perfect test, several levels of housing starts could be grouped 
together. The standard deviation of the observations for each group could be 
compared with that of each other group to see that their size does not increase 
significantly. If the variability does increase, the remedy is usually to transform 
the data into logarithms, before the regression correlation analysis is begun. 

AUTOCORRELATION 

The problem of autocorrelation occurs when successive error terms are not inde¬ 
pendent of one anoilier. Consider the case 'where time is the independent vari¬ 
able and refrigerator sales the dependent variable. It can be seen from Fig. 
12-14 that the regression line fits the average trend well; however, there appears 
to be a seasonal factor present. The error terms from one period to the next^ 
are clearly not independent. The magnitude of the error term in one instant 
of time depends upon the magnitude of the error in the previous period. We 
therefore conclude that the error terms are autocorrelated. 


Housing siaris 



Fig. 12-13 (a) Homoscedasticity; (b) Heteroscedasticity. 
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Sales 


Fig. 12-14 Autocorrelation. 


Time 


(b) 


Fig. 12-15 Elimination of autocor¬ 
relation. Disposable income Disposable income 


Consider another example of autocorrelation illustrated in Fig. 12-15. The 
dependent variable is the sales of TV sets and the independent variable is dis¬ 
posable income. A linear relationship is initially hypothesized and the regression 
line is shown in Fig. 12-15a. The error terms around this regression line are 
certainly not independent. This autocorrelated error term can be attributed 
to the improper specification of the form of the regression line. Rather than 
a linear relationship^ a nonlinear relationship of the type shown in Fig. 15-12b 
should have been specified. 

A common test for autocorrelation is to compute the Durbin/Watson sta¬ 
tistic. In fact this statistic is provided along with the regression results of 
many good computer codes used for regression and correlation analysis. 

The consequence of autocorrelation is that tests of significance, such as 
the F test, may be seriously affected. The solution to the problem, then, is 
to remove the autocorrelation. In the case of the improper specification of 
the regression line, additional variables might be included so that a nonlinear 
function could be fitted to the data. Another set of methods for removing auto¬ 
correlation involves the transformation of data.- 

RSULTICOLtlNEARITY 

In multiple regression analysis it often happens that there is a strong relationship 
between the independent variables themselves. Consider a relationship betw^een 
sales of refrigerators as the dependent variable with disposable income and hous¬ 
ing starts as the independent variables. It might be found that a strong correla¬ 
tion exists betw’een the two independent variables. That is, if disposable income 
was plotted against housing starts, the scatter of points would cluster closely 

‘Michael J. Brennan, Preface to Econometrics, South-Western Publishing Company, Inc., 
Cincinnati, 1965, p. 359. 
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around the regression line. Let us assume the correlation was perfect. Under 
this condition it would be impossible to measure the separate influences that 
each independent Yariable had upon the dependent variable. There is no way 
to determine how housing starts by itself would affect sales with disposable 
income held constant. Therefore, if perfect correlation is present, either variable 
could be used in place of the other. In the usual case where miilticollinearity 
is present, the degree of correlation between independent variables is not perfect 
but high. In this situation it may not be possible to find the regression coefid- 
cieiits with any degree of accuracy. Therefore in the presence of multicollinear- 
ity the variability associated with these independent variables can be quite 
high. 

To avoid the problem of multicollinearityj variables should be chosen which 
have little correlation between themselves. In some computer programs a cor¬ 
relation matrix is printed out. From this one can determine the magnitude 
of the multicolliiiearity problem by obsendng the degree of correlation that 
exists between the independent variables included in the regression equation. 

DUMMY VARIABLES 

In some eases the model builder is faced with incorporating temporal and non- 
quantitative explanatory variables into the regression analysis. For example 
one might initially hypothesize that the sales of refrigerators is linearly related 
to disposable income. But upon closer analysis of the periods under study it 
is found that during the wage and price freeze of 1971 the sales function tem¬ 
porarily shifted upward. Rather than discarding these data points, two dummy 
\mriables X.. and X 3 might be included such that 

during the freeze 
otherwise 

otliervise 
during the freeze 

Our lit’pothesis, then, can be expressed in the following way: 

lU = -f CX3f + DX^i + 

where Yi = refrigerator sales 

1 during the freeze 

0 otherwise 

^ — I ^ otliervise 

I 0 during the freeze 

X 4 ,- = disposable income 

We have implied that the coefficient for Xai is the intercept for the freeze period 
and that the coefficient of X 31 is the intercept for noiifreeze periods. 

There is, however, a serious difficulty in this formulation. The regression 
equation does not have a constant term. As such it could not be solved. To 
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overcome this problem, we simply let one of the dummy variables be zero. We 
now have 

F, = A + BX^i + + fii 

, f 0 during freeze period 

where A 2 i = i . xi ■ 

( 1 otherwise 

This gives a freeze-period sales function as 
F, = A + CZs, + fjL, 
and a nonfreeze sales function as 
Ih = (A +B) + CXa, + Mi 

As illustrated in the last example, dummy variables can be used TFhen 

1. The observations can be divided into mutually exclusive categories, and 

2. The effect of the categories is to shift the regression equation (change the 

intercept) without affecting the slope (as in all our examples), or to shift 
the coefficient of a variable.^ 


It was also pointed out that the regression equation must be so structured as 
to ensure a constant term. 

Of the many uses for dummy variables another is for seasonal changes. 
For example, we could define the following variables 


AT 


A. 


As 


1 in the fall 

0 otherwise 

1 in the winter 

0 otherwise 

1 in the spring 

0 otherwise 


Dummy variables can also be used to represent other qualitative variables such 
as sex, marital status, education, occupation, and social status.^ Now^ w^e turn 
to an example. 


Example The marketing manager of a large electronics firm feels that 
his sales of TV sets is quite responsive to the advertising budget. He w’ould 
like to determine as closely as possible the nature of this relationship (that 
is, the direction and degree). 

Muddying the w’-ater, however, is the fact that the fall-winter season in¬ 
variably generates a higher level of sales than does the spring-summer sea¬ 
son. He feels that this factor should also be considered in determining the 


® J. Johnston, op. cit., p. 221. 
^ J. Johnston, op. cit., p. 221. 
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basic relationship. Finally he decided to confront his statistical department 
with the data presented in Table 12-5. They formulate the follo:wing 
hypothesis; 

1 1 = *1 + BX-ji “T CXzi + jLi£ 

where F,- = TV sales over 6-month period i 
^ __ 1 in fall-winter sales period 

* 0 other^^ise 

Xsi = advertising budget over 6-month period i 

The regression equation is estimated to be 
F = 4.47 + 25 . 6 X 2 + . 275 X 3 
vith an r- of .97. When X 2 = 1| the relevant equation is 
IT = 30.07 + .275Xs 

and when X "2 = 0, the regression equation becomes 
1 1 = 4.47 -f* . 2 / 0 X 3 

These functions are plotted in Fig. 12-16. Wliat would you expect to happen 
to r- if all the data were simply pooled together and the dummy variable omitted? 


Table 12-5 Data for dummy variable problem 


Obsenmiion 

Sales 

Y 

Period 

x. 

Advertising 

budget 

X 3 

1 

7 

0 

10 

2 

40 

1 

49 

3 

15 

0 

29 

4 

55 

1 

76 

5 

11 

0 

34 

6 

35 

1 

30 

7 

20 

0 

50 

8 

42 

1 

34 

9 

15 

0 

60 

10 

45 

1 

50 

11 

28 

0 

74 

12 

45 

1 

70 

13 

30 

0 

90 

14 

36 

1 

20 

15 

33 

0 

100 

16 

36 

1 

10 
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55 
50 
45 
40 
35 
30 
25 
20 
15 
10 
5 

Fig- 12-16 Illustration of regression 
analysis with dummy variables. ^0 -0 50 60 70 80 90 100 

LAGGED VARIABLES 

In some situations it might be reasonable to hypothesize that changes in the 
dependent variable can best be explained not by current changes in the inde¬ 
pendent variable but by changes in the independent variable some one or two 
periods ago. Do you recall our example w^here sales of refrigerators was the 
dependent variable and housing starts the independent variable? Perhaps it 
might be more reasonable to suggest that the level of refrigerator sales in this 
period can best be explained by the level of housing starts last period. That 
is, a one-period lag is hypothesized. The rationale behind this is that it probably 
takes at least a period for housing starts to materialize into refrigerator orders. 
Therefore the paired observations that are used to determine the coefficients of the 
regression equation are sales in period t and housing starts in period t — 1. If, 
in fact, this is a better hypothesis than the one relating sales in period t wdth 
housing starts in period the coefficient of determination ■?'- will be higher. 

If the lagged relationship does prove to 3 ueld a higher a distinct ad¬ 
vantage becomes evident when a prediction must be made. To predict next 
period’s refrigerator sales, a lagged relationship of one period requires this pe¬ 
riod’s housing starts, a figure that can be obtained quite easily. 

In the absence of a lagged relationship, however, the prediction for next- 
period’s sales would require an estimate of next period’s housing starts. Fortu¬ 
nately estimates for many economic variables do exist; however, if lagged rela¬ 
tionships are effective, at least this source of error can be eliminated. 



SUMMARY 

The first stage in econometric model building is to identify a set of variables 
which can be used for predictive purposes. There is no rule to guide the model 
builder’s selection of these variables, and in most cases he must rely on his 
intuition and insight. A considerable degree of “art” is involved at this stage. 

Once these variables have been identified, the relevant data must be col¬ 
lected. The traditional source of these data has been government publications 



OPERATION AND CONTROL OF THE SYSTEM 


S2£ 

and trade journals. Consequently the data-gatliering process has been very 
time-consuming. Several time-sharing companies, however, have changed all 
this. They offer data banks which have stored in them quarterly data on thou¬ 
sands of economic variables. To utilize these data the user need only specify 
the particular series of interest and.the included years. In a multiple-regression 
run he might even specify several series from the data bank and several of 
his own. This new development has removed much of the drudgery from econo¬ 
metric analysis; several regressions can be run quite painlessly and in a short 
period of time. 

In the second stage of the analysis a sound understanding of economic 
analysis is essential. Here the model builder must specify the form of the 
model, be it linear or nonlinear, perform the regression analysis, and interpret 
the results. He must watch for such problems as multicollinearity, autocorrela¬ 
tion, and heteroscedasticity. 

Even if these problems are absent and the coeflScient of determination 
is high, there still might be cause for rejection of the hypothesis. For it is 
absolutely necessar}" that the results make sense. If the signs in the regression 
equation are in the opposite direction from that which was expected, the result 
may be meaningless. Consider the hypothesis that refrigerator sales is a func¬ 
tion of disposable income and housing starts. If in the regression equation 
the coefficient of housing starts is negative, the relationship which has been 
computed makes little sense. To propose that refrigerator sales decrease as 
housing starts increase is illogical. In conclusion, then, the regression relation¬ 
ship must not only pass statistical tests, but it must also make sense. Then 
again, should not all management science models pass this test? 


QUESTIONS 

Q12-1. What is the underhing difference between exponential smoothing and econometric 

methods. 

Q12-2. Wliat is the purpose of the disturbance term in the population regression 

relationship? 

Q12-3. If in the case of simple linear regression ail of the observations fell on a straight 
line, how would the sum-of-squares total and the sum-of-squares regression be related? 
Q12-4. What is the consequence of fitting a linear equation to a nonlinear relationship? 
Q12-5. Why should extra caution be exercised when extrapolating from a parabolic 
relationship ? 

Q12-6. What is heteroscedasticity, and how does one test for its presence? 

Q12-7. What is autocorrelation, how does one test for its presence, and how is the 
problem resolved? 

Q12-8. What problem exists when a high degree of correlation is present between inde¬ 
pendent variables in a multivariate relationship? 

Q12-9, When is it appropriate to use dummy variables? 

Q12-10. A manufacturer of fine men's clothes is interested in identifying the imderlyng 
causes of a salesman's success. Suppose that you accepted the project. Wliat causative 
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factors would you consider for inclusion in your model, and how would you collect 

the data? 

Q12-11. Outline a demand theory for life insurance. What factors might affect the 
amoimt of insurance that an individual would purchase ? Can these data be collected ? 
Q12-12. Identify those variables which a major TY manufacturer could incorporate 
into a regression model to forecast the demand for color TY sets. 

Q12-13. In scheduling court cases it is important to estimate the length of time necessary 
to hear the case. What factors are likely to influence this time? 

Q1244- A few years ago the city of Boston was interested in plaving host to the 
Bicentennial Celebration to be held in 1976. They commissioned a major consulting 
firm to generate a demand forecast based on the assumption that Boston would be 
the selected site. 

The consulting firm decided to focus on individual states and to predict the at¬ 
tendance from each one of them. For historical data they obtained figures which had 
been collected for world fairs dating back to 193S. 

If you were building the model, what causative factors would you include? 

Q12-15. Specify a model which could be used to predict the value of a used car. 

Q12-16. Identify the independent variables which you feel influence the level of 
crime. Could you collect the necessary data? Might your results be useful? 
Q12-17. Identify the key factors which influence the demand for skiing. 


PROBLEMS 

P12-1- Compute the regression equation and coefficient of determination for the following 

data. 


Y X 

2 

10 

10 

20 

7 

32 

15 

38 

17 

50 


P12-2. Compute the regression equation and coefficient of determination for the following 
data. 
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P12-3. Compute the multiple-regression equation and coefficient of multiple determination 
for the following data. 


F 

z. 

Xz 

4 

3 

9 

6 

5 

6 

8 

6 

9 

7 

6 

11 

4 

2 

5 

8 

6 

9 

10 

1 

10 

5 

5 

6 


P12-4. To forecast aggregate demand for next year, the planning department of a large 
manufacturing firm has decided lo employ econometric methods. The sales of one of 
their products, dishwashers, is felt to be sensitive to price and to the size of the adver¬ 
tising budget. 

Given the following data, determine the r^ression relationship and the coefficient 
of determination. 


Sales 

Price 

Advertising 

17(000) 

$18(0) 

$28(000) 

15 

20 

30 

14 

16 

27 

18 

24 

32 

15 

18 

27 

22 

29 

34 

15 

21 

30 

18 

22 

33 

17 

23 

35 

17 

20 

29 


Generate a sales forecast for next year if the price they expect to charge is |2(X) and 
the advertising budget will be $30,(MX). 

P12-5. Fit a second-degree parabola to the following data and compute the coefficient 

of determination. 


F Z 

5 

0 

8 

1 

14 

2 

25 

3 

36 

4 


Pi2-6- Fit a straight line to the data given in Prob. 12-5. Compare the values of r. 
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INTRODUCTION 

If demand for the firm's product or service were constant, the planning phase 
would be trivial. With demand at the same level day after day, week after 
week, a stable work force and production schedule could be established. De¬ 
mand, however, is seldom constant. The demand for refrigerators, automobiles, 
hospital rooms, electric power, telephone services, classrooms, and so on usually 
displays substantial variability. The problem, then, is to develop a strategj^ 
by which these fluctuations in demand can be absorbed. 

PLANNING FOR THE LONG, INTERMEDIATE, AND SHORT RUN 

The strategy which is adopted will depend upon the planning hoinzo7i: long-range, 
intermediate, or short-range. If long-range plans are being formulated, there 
are no constraints on the planning process. If needed, new plants can be con¬ 
structed, new equipment ordered, a labor force trained, and a new management 
team selected. In the long run, then, all input factors are variable. For some 
industries the long run may be any period over 1 year; in others it may be 
as much as 5 years. For example, the long run for the power industry is 5 
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years. It takes this long before the decision to increase capacity is followed 
by the opening of a new power plant. 

It. is within the constraint of previous long-range plans that intermediate- 
range plans are made. This horizon is usually considered to be from 1 month 
to 12 months. One of its distinguishing characteristics is that the physical 
plant and equipment are considered to be fixed over the planning horizon. 
Therefore fluctuations in demand cannot be met by changes in physical capacity 
but only through a strategy which might include some combination of overtime, 
hiring and layoff, inventory, and subcontracting. Each of these alternatives 
has a cost, and depending on the situation, some combination will absorb the 
fluctuations in demand most economically. 

Planning for this intermediate range has received considerable emphasis, 
and as a result some insightful models have been developed. This chapter will 
focus on these models. 

Short-range plans are formulated within the constraints of intermediate- 
range plans. By short range we usually mean between the next day and the 
next, month. Usually the detail is much greater than in the aggregate plan. 

The problem in short-range planning is to meet the imminent demand 
or commitments as economically as possible. The flexibility to accomplish this, 
however, is severely limited. Only a few strategies can be employed. These 
include the use of overtime, undertime, shifts in man and machine assignments, 
and changes in the sequence of jobs processed through the system. 

The task of sequencing focuses on this short-range problem, and we turn 
to this issue in a later chapter. 

AGGREGATE PLANNING 

The essence of the intermediate-range planning problem is to devise a strategy 
by which fluctuations in demand can be economically absorbed. Demand, how¬ 
ever, is usually specified in aggregate quantities. For example, if a firm manu¬ 
factured 400 kinds of paint, the aggregate demand would be measured by the 
total number of gallons sold without regard to the product mix that made up 
this figure. 

The first step in this process is to prepare a forecast for the aggregate 
level of demand. This may be in gallons of paint, number of cars, number 
of hospital beds, number of TV sets, and so on. Then with the help of a model, 
a plan is developed which specifies the work force size, production level, overtime 
requirements, and amount of subcontracting. All of these figures are on the 
aggregate level and serve as a basis for allocating resources to the firm’s products 
when short-term scheduling is undertaken. 

PURE STRATEGIES 

There are several ways in which fluctuations in demand can be absorbed. In 
fact, some of them have already been suggested. Let us take a closer look 
at these alternatives and their associated costs. The first pure strategy involves 
varying the production rate in conformity with fluctuations in demand while 
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keeping the size of the work force constant. One way to accomplish this is 
by utilizing oTertime and undertime to absorb these fluctuations. Another way 
is through shorter workweeks during periods of slack demand. The difference 
between undertime and shorter workweeks is that undeTtiine implies either a 
number of idle hours per week or a portion of the work force idle. EmployeeSj 
howeverj are recemng full pay. A shortened workweek implies a less-than-40- 
hour workweek with less than 40-hour pay. 

Each of these alternatives has an associated cost. The marginal cost for 
overtime is usually the easiest to estimate. Undertime and shortened work- 
weekSj on the other hand, have costs which are not quite so easy to determine, 
for associated with these strategies is usually some attrition of the work 
force. Pleasuring this in dollars is quite difficult. 

The second pure strateg^^ is to vary the size of the work force in conformity 
with fluctuations in demand. This would be accomplished by hiring and layoff 
in direct relation to fluctuations in demand. These alternates also have asso¬ 
ciated costs. Hiring costs include employment intervdews and selection, new 
records, physical examinations, and training. In addition, once the employee 
is on the job, it may take a substantial length of time before his productivity 
is on a par with that of the others who perform the same function. Layoff 
costs include those associated with unemployment compensation, insurance, 
severance pay, and intangible effects on public relations. 

The third pure strategy is to maintain both a constant wmrk force and 
a constant production level while absorbing fluctuations through inventory ac¬ 
cumulation and depletion. This means that during times of below-average de¬ 
mand, excess production is accumulated in inventory. When demand is above 
average, it is met through inventor^" depletion. This strategy does not come 
free either. The cost, mcludes the associated insurance, taxes, handling, obso¬ 
lescence, and capital costs for carrying this extra inventory. 

In addition to absorbing fluctuations through inventory accumulation and 
depletion, stockouts might be utilized. In periods of above-average demand 
and after inventor}^ is depleted, it might be economical for further demand 
to result in a stockout. A stockout can lead to either a lost sale or a back¬ 
order. In the case of a lost sale the customer goes elsewhere to satisfy his 
demand, whereas in the case of a backorder the customer is willing to wait 
until the item is once again in stock. However difficult it is to estimate the 
cost of a stockout, it represents a viable way to absorb fluctuations in demand 
and must be considered in formulating a planning strategy. 

Another pure strategy" is to subcontract peak periods. In this way, the 
firm can set a constant production pace and turn to subcontractors to provide 
the extra capacity when required. The cost of this alternative wdll be the 
amount by which the subcontracting cost is greater than the marginal manufac¬ 
turing cost at the high level of production. 

When an organization must offer quick service and it is unable to inventory 
its product, another pure strategy can be taken. Examples of this can be found 
in the power and telephone companies. There is no way in which electric power 
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or telephone switching capacity can be stored for use in peak periods. The 
only w^ay that effective service can be offered is to design for peak use and 
vary the utilization of capacity according to off-peak demands. In generalj 
theHj some service industries absorb fluctuations in demand by varying the uti- 
Ikation of capacity. 

We then have a set of pure strategies which management can utilize in 
absorbing fluctuations in demand. These include: 

1. Overtime and undertime 

2. Hiring and layoff 

3. Inventory 

4. Backorders 

i. Subcontracting 
6. Utilization of capacity 

In most cases it is some comhination of these pure strategies rather than a 
single strategy that -will result in the most economical plan. Much of this chap¬ 
ter will now be devoted to building models which take into consideration different 
sets of these strategies in developing an aggregate production plan. First, we 
turn to the simplest of these models, one which takes into consideration only 
overtime and undertime, inventory, and subcontracting as alternatives for ab¬ 
sorbing demand fluctuations. Then w^e wdll look at a series of two more models 
which consider different combinations of these strategies. Next a model is pre¬ 
sented in which the costs associated with these strategies are nonlinear. Follow¬ 
ing this, a heuristic production-planning model is presented, and finallj^ some 
additional planning strategies are suggested. 


ABSORBING DEMAND FLUCTUATIONS WITH OVERTIME, UNDERTIME, 

INVENTORY, AND SUBCONTRACTING 

Consider the case of the Quality Furniture Company. By using econometric 
forecasting techniques, a forecast for aggregate demand has been made. The 
results are shown in Table 13-1. Management has decided to focus on three 


Table 13-1 Forecast of aggregate demand 


Period 

Demand 
(000 units) 

Period 

Def7iand 
(000 units) 

1 

10 

7 

12 

2 

15 

8 

10 

3 

30 

9 

18 

4 

27 

10 

26 

5 

30 

11 

30 

6 

16 

12 

17 
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all(!niniiv(!H for ahworhiiu' (luofuaWotiH iti dommid, 'rh(iK(i itic.ludo ov(u-liin(i and 
undortiino, invoniory, and Hulxioiitiraotiiif!;. In the ikihI Uh^ luivo r(ili(^d lioavily 

on local woodworking .shopn Lo abnorl) Hoino of tin! niaanirncl.iiriia-; load in periods 

of i)oak (kiinand. They hav(f found miheorifrael.int,' i,o he. a eonv(niient, and eco- 
nornieul alt(irnafiv(^ 'I’liiH in not triio of HtoekoutH. 'I’lui.y eonHid<ir the cost 
of a stockout as lafinK very liinh and tluireforci do not <5onHid(ir I,his alUsmativc 
as a viable lueanH of absorbinfi; [luetuiitionH in <hiinHnd. 

Reeciiitly they have! aslo-d their nuunigetnent HoicuuKi (h^parluiKuit to model 
the production-planning proeesH. Tin; first step taken by lihiK (h^parl/nKint was 
to identify the coste asHociaUsl witli (!aeh of the Htnoothiiig wtrategiciH. These 

and the other paratneri^rn neeesHary for the iinalyHiH are jn'esentetd in Table 

13-2. The maximum number of iinitH that can ho. iirodiieed on reg\dar time 
is 19, and the maximum numlxir that can Iks prodmusl on overtime! is 4 
units. Regular-time production costs are |30 p(!r unit, whihi overtinui production 
costs are $36 per unit. Sulxiontracitors will mamrfaetun! as many units as desired 
at a cost of $37 per unit. Finally, the inventory carrying costs wen; determined 
to be $1 per unit per period. 

To dev(!lop a production plan for tlie 12-month p(>riod tlusy simply pro¬ 
ceeded to assign demand to i)roduction periods in the itiost (!(!onon)i(!aI way. To 
accomplish this, liowevctr, it is nec(!SHary to ke(!i) track of l.lu! ptiriod in which 
the unit will bo manvifactured or subcontrac.tcid and tlu! p(!riod in which it will 
be sold. 

Consider the first i)eriod, witli a d(!mand of 10 unitH. The most economical 
way to meet this demand is to produce thc! 10 units on r(‘gular-time production 
in period 1. This is recorded in the following way: 


Period 

Demand 

RegAime 

produdion 

Overtime 

produdion Huheontrad 

1 

10 

10(1) 



To keep track of the production period, tlie (juantity to he jiroduced is entered 
in the row associated with period 1. Then a parenthesis is added in which 
is specified the sales month. Thc above entry can tlierefore be interiireted as 
regular-time production in period 1 of 10 units for sale in period 1. 


Table 13-2 Production costs and constraints 


Maximum regular-time production/period 19 unitB 

Maximum overtime production/period 4 units 

Cost of regular-time production $3()/unit 

Cost of overtime production $35/unit 

Cost of subcontracting |37/unit 

Inventory carrying cost/period ll/unit 
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Table 13-3 Simple linear cost model 


Period 

Demand 

Regular-time 

production 

Overtime 

production 

Subcontract 

1 

10 

10(1), 7(3), 2(4) 



2 

15 

15(2), 4(3) 



3 

30 

19(3) 

2(4), 2(5) 


4 

27 

19(4), 

4(4) 


5 

30 

19(5) 

4(5) 

5(5) 

6 

16 

16(6) 



7 

12 

12(7), 7(11) 



8 

10 

10(8), 6(10), 3(11) 



9 

18 

18(9), 1(10) 



10 

26 

19(10) 



11 

30 

19(11) 

1(11) 


12 

17 

17(12) 




Proceeding to period 2^ the most economical way to meet the demand 
for 15 units is to produce 15 on regular-time production in period 2. This 
entry is made in Table 13-3. Period 3 demand is 30 unitSj and for the first 
time demand cannot be met by utilizing only regular-time production capac¬ 
ity. Moving from lower-cost alternatives to higher ones, 19 of the 30 units 
are assigned to regular-time production in period 3. This leaves 11 units of 
unscheduled demand that could be met by 

1. Use of overtime in period 3 at a cost of |35 per unit 

2. Subcontracting in period 3 at a cost of $37 per unit 

3. Using the remaining units of regular-time capacity in period 2 at a cost of 

$30 per unit and storing in inventory for one period at a cost of |1 per 
unit, for a total cost of $31 per unit 

4. Using the remaining units of regular-time capacity in period 1 at a cost of 

$30 per unit and storing in inventory for two periods, for a total cost 
of $32 per unit 

The most economical approach is to choose the lowest-cost alternative in such 
quantities until a constraint is reached. If after this there is still unscheduled 
demand, the next most attractive alternative is used until its capacity is reached, 
and so on. Therefore, to meet the 11 units of unscheduled demand, 4 units 
are assigned to re gul ar-time pr oduc t ion in period 2^ Since this fully allocates 
the regular-time capacity in period 2, 7 units still remain unassigned. The 
best remaining alternative is to assign these 7 units to period 1 regular time 
at a cost of $30 + $2 = $32 per unit. 

Demand in period 4 is 27 units. Again the least-cost assignment begins 
with 19 units scheduled for regular-time production. The regular-time con¬ 
straint having been met, the next best alternative is to assign 2 units to period 
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TabI® 13-4 Production plan 


Period 

1 

'£ S /, 

A 

d 

7 

H 

0 

/D 

a 

IB 

H,Dgular™<d'fn(5 prod. 

M) 

(!) (!) (!) 

19 

w 

19 

tv 

19 

19 

19 

.17 


()v(irtinio i)ro(l. 4 4 4 

SubcoriinicT 5 


1 rogtilar-tirao prodiKitioii; LIuh fully Hllocuk-H ilu> aviiilabhi r(igulHr-LiirHi produc¬ 
tion of p(iriod 1 . So far 21 unitH lums Ixieii HHwigiKid, binviiiK fi units yet to 
be allocated. Four units can be [jlacf^d in p(>ri()(l 4 ovc'rtinu! at a cost of $35 
per unit, and the last 2 units can be nllofuited to period .‘} oviirtiine at a cost 
of IIW -I- |l == .|3fi per unit. 

Demand in period 5 is 30 units. NinetcHui units arc again assigned to 
rcgular-tim(! ])roduction in tliat pfsriod. Then 4 units are assigncid to f)eriod 
5 overtime, with 7 units yet to txs assigned. Next, 2 units are assigned to 
overtime in p('riod 3 at a (!Ost of $35-f -$2 « $37. Finally, 5 units must be 
subcontrac.tcul in [leriod 5 at $37 1 )(t unit, as this is the rnosi, (iconotnioal alterna¬ 
tive niinaining. 

Th(! allocation of demand continues for tlui reinaitiing jteriods in the same 
manner. The oirtimal produetion ]>lan (bus det((rmined is smnmarizied in Table 
13-4. The cost for this j)lan is $7,410. 

This model is relal.ively simide, since it (H)nsider(ul only three altcTnatives 
for al)sorbing fluc.tuations in (hunand. 'I’hese irndudcsl regular and overtime pro¬ 
duction, inv(mtory, an<l subcontra(d.iiig. Iti addition the (tosi, functions were 
all assumed to Ix! linear. In th(! following tnodeds w(i will imu'ease the number 
of alternatives which can bo usetd for alworbing th(is(* dmnand fluctuations and 
also consider the consoc|ucncc of nonlin(!ar (iost func,lions. N(!xt we turn to 
a model which incorporates overtiirui and undortinMi, inventory, subcontracting, 
and backorders. 


ABSORBING DEMAND FLUCTUATIONS WITH OVERTIME, UNDERTIME, 

INVENTORY, SUBCONTRACTING, AND BACKORDERS 

Transportation models have been used to solve large-scah; production-planning, 
problem.s. The model that will be developed here will (expand on i,he model 
presented in the last section in that backorders as well as fjegirmitig and ending 
inventories will be allowed. As in the previous inothd, a r(;(|uirement of the 
tran.sportation format is that we keep track of tlxi period in which the unit 
is manufactured or subcontracted and the period for whi<!h it is dfunanded. 

In Fig. 13-1 a transi)ortation table for a thrcK^-jx'riod [)roblem is illus¬ 
trated, The top row represents initial inventory hiveds and the remaining rowa 
reprc.sent regular-time, overtime, and subcontracting all,crnativ(!S for each of 
the periods in the planning horizon. The level of initial inv(;ntory In is entered 
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Sales period 


3 


Final 

inventory 


Slack 


Capacity 


Initial 

inventory 


0 


c 


2c 


3c 


0 






Regular 

1 


r 




r+2c 


r+3c 

_._ j 


_M 






Overtime 

1 


"j 


I'+C 


v+2c 


y+3c 


0 






Subcontract 

I 


t 


/+c 


r+2c 


t+3c 


0 






Regular 

2 


r+b 


r 


r+c 


r+2c 


0 






Overtime 

2 


v+b 


r 




v+2c 


0 






Subcontract 

2 


t+b 


t 


z+c 


t+2c 


0 






Regular 

3 


H-lb 


r+b 


r 


r+c 


0 






Overtime 

3 


r+2t 




" 


v+c 


0 






Subcontract 

3 


t+2b 


t+b 


t 


t+c 


0 







Demand Dj £>2 If B 

Fig. 13-1 Transportation matrix. 

Iq — initial inventory; Ri = regnlar-time capacity in period i; Oi = overtime capacity 
in period i] Si = quantity that can be subcontracted in period z; Di = demand in 
period i; r — regular-time production cost per unit of output ; v = overtime produc¬ 
tion cost per unit of output; t — subcontracting cost per unit of output; h = back¬ 
order cost per unit per period of backorder; c = inventory carrying charge per unit per 
period; If — final inventory; B — difference between total capacity and total demand 
when capacity is greater than demand. 
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in bli(^ last column of tho (Irnb row. ll(‘low (Juh mv jiddod IJh* (‘upacitieg of 
regiilar4,im(i produc.bioip ovoriinu^ imalmrUmi, liful Hut)C()ii(,ni(‘(,ing for oadi pe¬ 
riod. AHJiough in HoirK^ eanoH r(‘gula,r-iinn^ i)roduciion ciipaniiy may (Jk, Carrie 
for (‘a(‘l) p(‘riod in Uic |)lanning horizon, il. in (pTiln poHHihlo for ii< (,o va,ry from 
OIK^ p(‘riod 1,0 (ho noxi,. TIunTdon* Hi may nol- <‘(jual /f-., a,nd H>. may fiolMKpial 
Thin ahso holds for ovorlimc and Hulocon(T'a(d/ing (oipaicity in oa,ch pcaaod, 
Th(^ first, (,hroc columns riipnsscait/ [ic^riods in (Jh‘ ))(amrmg horizon: \n (his 
( 5 ase, three. At (he l)ott,oni, of tlieHc^ (‘.olumns is found (/Iu‘ toreea,s(,(‘d (hanand 
of eacli period. Anotluir (*.olumn is a.dd(Ml if i(, is n(‘e,c‘HHa,ry (,o (‘nt(‘r the next 
planning ixaaod (4) with some inventory. It is laJxded iJa^ '‘final inventory'’ 
column and //, whieh is loeatcid at tln^ bottom of (/his (a)lumn, i*(‘pr(‘s(ni(,s the 
desir(‘d hevel of tliis inventory. 

Tlie total capaT^ity of tlie i)lanning horizon is (h^fincal a,s tln^ sum of the 
initial inventory, the regular-tim(‘, ovemtirms and sulxamtracd/ing (apimaties for 
eacl) |)eriod. 

,*i a a 

fi\)(/al (m|)a/(;ity /(, + X + X ^ . X 

■ “ ■ «I • ' 

The total demand, on tln^ otdn^r hand, is cHiual to (/h(i sum of tln^ perriod demands 
plus the d(‘sired hwel (d' final inv(*n(ory. 


TotO/l demaand = X "'h h 


To solve a trans})ortation |)rohl(vrn it is (‘HSiintiaJ (hat, (/ 0 (/aJ (mpa(vi(y espial total 
demand. When (aipaeity is gnail.er tha,n d(‘nnuid, a, shtek (hamind e,olunm must 
be (mtered whos(‘ dennand B is (Vjual to tln^ dirf(n*(unu‘ hetiweam toiaJ capacity 
and total (hnriand. 


B = total capacity — tot/al d(nnand 

After B is introduced, the last row and last column slioidd snin to the same 
grand total. 

Now we turn to the cost entries in tln^ body of tln^ (,al)Ie. In the first 
row, the initial stock of inventory can 1)(^ assigmul to (hrmuul in amy of the 
first three periods, final inventory, or slack. If a unit is assigiuMl (,o the first 
periochs sales, the marginal cost of this strategy is z(Tro, sima* th(‘ nni(, has already 
been maniifactnred. If it is carrical for tins |)eri()(l and sold in tlui second, 
the marginal cost is e, the cost to carry one tmii/ in invcnd.ory for om^ [xriod. If 
it is carried into the third period, the cost is 2c; a,nd if il, is c-aaried into final 
inventory, the cost is 3c, since tlie unit will hav(i Ixam (eirrical for three full 
periods. Finally an entry in the slack eohmm wonhl imply (/hat/ the nriit of 
initial inventory is not used at all, and the marginal (;os(/ for* this s(,rat(*gy would 
be zero. 

If a unit of demand in period 1 is assigned to regular-time production 
in period 1, tlie prodnetion cost is r. If, on the other liaml, a unit of demand 
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Table 13-5 Three-period production-plarining problem 


Jo = 40 units 

Si 

= 15 units 

V = 160/unit 

Ri =50 units 

S 2 

= 25 units 

t = 167/unit 

Rn — 65 units 

s, 

= 30 units 

h = $ 2 /unit/period 

= 80 units 

Di 

= 150 units 

c = llO/unit/period 

Oi =20 units 

D. 

= 60 units 

If = 70 units 

O 2 = 25 units 

D, 

= 80 units 


O 3 “ 30 units 

r 

= S40/unit 



in period 2 is assigned to regular-time production in period 1, the cost is r + c, 
since the unit must be carried in inventory for one period at a cost of c. If 
a unit of demand from period 3 is assigned to regular-time production in period 
Ij the cost is r + 2c; and if a unit of final inventory is assigned to this production 
period, the cost is r -f- 3c. Again we have a cost of zero if a unit of slack 
demand is assigned to regular-time production in period 1. Units assigned to 
that cell imply unused capacity for regular-time production in period 1. The 
next two rows in the matrix can be interpreted in a similar fashion, except 
that V represents the per-unit cost of overtime and t the per-imit cost of 
subcontracting. 

Next we turn to production in period 2. If demand in period 1 is assigned 
to regular-time production in period 2, it should be clear that a backorder is 
implied. If backorder costs are h per unit per period, the cost for this period 
is r + b- When demand in period 2 is assigned to regular-time production in 
period 2, the cost becomes There should be little difiiculty interpreting the 
rest of the costs associated with period 2. 

In period 3, when demand in period 1 is assigned to regular-time production 
in period 3, backorder costs for two periods are incurred. Therefore the cost 
for this cell becomes r + 26. The rest of the costs for period 3 should now 
be in a familiar sequence. 

Data are given in Table 13-5 for a three-period production-planning prob¬ 
lem. The matrix is illustrated in Fig. 13-2 and the solution is shown in Fig. 13-3. 


ABSORBING DEMAND FLUCTUATIONS WITH OVERTIME, INVENTORY, 

HIRING, AND LAYOFF 

In our next production-planning model two new strategies will be introduced. 
These include hiring and layoff. Through them we will be able to impose a 
cost on increasing or decreasing the production level in any period. 

Our two previous models have allowed production levels to increase or 
decrease within the upper bound of regular-time production capacity, but no 
costs were incurred when these changes were made. For example in the solution 
to the problem presented in Table 13-3, regular-time production is adjusted 
in periods 6, and 12. How was this change accomplished? If hiring and layoffs 
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3 ^ 


Sales perieKi 

^ Final 

inventory Slack Capacity 


40 


50 


20 


15 


65 


25 


25 


80 


30 


30 


Demand 100 60 130 70 20 380 

Fig. 13-2 Production-planiiing problem in transportation format. 

were employed, certainly some costs were incurred. It is these costs that will 
be introduced in our new model. 

In addition to hiring and layoff the other variables included will be overtime 
and inventory. Our objective will be to minimize the sum of regular-time pro¬ 
duction costs, hiring, layoff, overtime, and inventory carrying costs. The solu¬ 
tion will be constrained, however, by regular-time and overtime production ca¬ 
pacity, the level of hiring and layoff, and the necessity to meet forecasted 
demand. 
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Sales period 


Final 

inventory 


Slack Capacity 



Demand 150 60 80 70 20 380 

Fig. 13-3 SolutioR matrix. 

In the interest of keeping the model to a manageable size, a three-period 
model will be developed where: 

Di = predicted demand in period i 

Pi = scheduled regular-time production in period i 

Mi = maximum regular-time production that can be scheduled in period i. 
This is based on an estimate made at the beginning of the planning 
horizon and usually represents the limitation imposed by physical 
plant capacity. 
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Ti - overtime HcluMluJed in period^ 

Y{ = ludxiffhuvi ovt^rtimc^ irrodtiC/Lioti tliH/t be Hehediikul in, jxiriod, i. 
Tide is based on an eHtimiitT^ mmld at. ilic^ bc^ffiDDiDg of I.Im^ plmnln^ 
homoih 

V = overtime cost |)er unit 

c = inventory carrying cduirge pen’ unit, pen* ixn’iod 

hi = cost of increasing the imxlueition leaved hy one unit of out,|)nt (liiring) 
/. = cost of reducing tlm produetion, lemd by one^ iirdt of oiiti)ut (layoff) 
Ai = increase in production laved in pevriod t 
Ri = reduction in production laved in pe^rioel % 

T = regular-time production <a)Ht pevr unit/ 

First we will develop the relevant c.otistraiiitH anel them tlie^ ol)jc<(d/ive function. 

REGULAR-TIME PRODUCTION CONSTRAINTS 

The first set of constraints speedfieis tlui lindt to tlie^ re^gitlar-l-iine^ |)rodu(5tion that 
can be scheduled in each period. In the^ first ixirioel this (oin e^xpretssed as 

Pi < Ml 

where the scheduled regular-timei ])r()elu<d/ie)U Pi must he^ h^sH tliiui or espial to 
the regular-time i)roduction capacity. Tlie*. re^gular-tiine^ produed/ion capacity 
is required as input data to tlie moelel anel must (JieT(d‘ore‘ be* (^Htirnateid. 

In the second period tlicj regular-iimee produed/ion (T)nHtraint enm ho written 
in the following way: 

P 2 < M 2 

Again, the estimate for M-, is made; at tlie; ()e;ginning of the; planning horiF^on. 
The constraint then ensures that tlie; H(;he;dule;d r(;giilar-(/ime; i)roduction in p(;riod 
2 will be less than or equal to the pre;viouH]y e;HtimHt(;d re;gular-time; ca])acity. 
Following directly from this i)att(;rn, the; c()i)Hl.raint for the; third f)e;rie)d (;an be 
written as 

P 3 < Ms 

Next we turn to constraints on oveirtime pro(in(;tion. 

OVERTIME PRODUCTION CONSTRAINTS 

Once again capacity estimates must bo made l)(;for(;han(l This time; they in¬ 
clude the maximum overtime production that euin he; H(;h(;dule;<l in e;ach pe¬ 
riod. The overtime constraint for the first pe^riod (;an ih(Mi lx; (jxpressed as 

Ti < Fi 

where Ti = scheduled overtime in period 1 

Yi = previously estimated overtime produeddon capaedty in period 1 

The constraint for period 2 can be expressed as 

T2< Y 2 

where Y 2 = previously estimated maximum overtime eai:)acity for period 2 
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Following the same approach, the constraint for period 3 can be written as 
T, < Ys 

Next we turn to the inventory constraints. 

inventory constraints 

If we assume that the initial level of inventory is zero, the inventory constraint 
for the first period can be written in the following way: 


Pi + Ti> Di 

That is, regular-time production in period 1 plus overtime production in period 
1 must at least meet forecasted demand for period 1. In period 2 we have 
the following: 


-f" Ti — Di -f- ^2 *4“ To ^ Do 


or 

2 2 2 

2 P, + £ Ti > £ Di 

i=l 1=1 1=1 

This specifies that the total production of period 1 less demand for that period 
plus the total production of period 2 must be at least as great as demand in 
period 2. The inventory constraint for the first period ensured that production 
must be at least as great as demand. Combined with the second constraint 
it allows inventory to be carried over into period 2 so that demand in period 
2 can be met from ending inventory in period 1, Pi Tj — Di, and production 
in period 2, Po + To. Continuing with the inventory constraint for period 3, 
we have 

3 3 3 

I P^+ I T,> I D, 

‘ ‘ t=l 1=1 

HIRING CONSTRAINTS 

In the next two sets of constraints the extent of the production level changes 
is identified. First we look at production level increases (hiring). In the 
first period this constraint can be formulated in the following way: 

^4i > Pi - Po 

That is, the increase in the production level Ai must be greater than or equal 
to the difference between scheduled production in period 1 and that in the pre¬ 
ceding period. The value of Po must be supplied as data to the model. Since 
the period which precedes the planning model is often the current period, the 
estimation of Po is generally no problem. 

In the second period we have 

-42 > P 2 - Pi 
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and finally in thc^ third period 


> /’hi /'^2 


LAYOFF CONSTRAINTS 

Next the (^\t(int of any reducitionH in tlu* production Iovc^Ih in ichvntificd In 
tlie first i)ci*i()d w(^ have 


lii > I\) - Pi 

wh(‘r(i tli(‘ rtuluction niust t)e f^reatnr tlian or (‘qnal l^o (Jn^ (havreaHc in tlie produc¬ 
tion l(!V(^l Ixitwecvn successive periods. For pcjriods 2 a-nd d W(5 liave 

R2 > Pi - P2 
R, >P,- Pz 

OBJECTIVE FUNCTION 

Now we turn to the objectives function, where the* ol)j(s(stiv(s will 1)0 to minimize 

the stirn of the (sosts inesurred ovesr tins three-jseriod j)lannin^ liorizon. The costs 

incurred in tlui first period include the following eoinponents: 

fPi + hA I + JRi + vTi + c{Pi + ft - Di) 

Now wo turn to the ohjevdive funedion, wherei the* ol)je(vtiv(^ will l)e to minimize 

the sum of the costs incuri’ed oveu* th(j thnn^-peuiod ])lamiing liorizon. In the sec¬ 
ond period we have 


rP, + hA,+Jlh + VT 2 + 4(Pi + Ti Ih) + (P, + T, - D,)] 

where the sum in the bracket represemts the invciutory carri(id into period 
3. (3()sts in tlie third jieriod are 

rP, + hA, +fR, + vT, + c[(Pi + Ti -- Di) + (/>, + T, - 1)^ 

+ {P, + T, D,)] 

Now we can write the objective function as the minirnization of the sum of 
these costs. 


3 

Minimize cost = r ^ Pi + //, ^ +/ ^ Ri + v ^ Ti 

im I im I t » 1 I «• 1 

+ «[!; 2 (/', + J’, -D,)] 


3 

z 

iml 


z 

I 

iml 


i-T y-i 

Summarizing the model in general notation we have 

k k k h 

Minimize cost = r ^ Pi + ^ d.,- + / ^ Ri + v Ti 


t- 1, 


iml 


1 


iml 
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Di = 100 units Ml = 90 units Fi = 15 units 

D. = 50 Mo = 60 Fo = 10 

= 75 Mz = 60 Yz - 10 

V = S 15/unit / = $10/unit 

c = $5/unit r = $ 10/unit 

= 130/unit Po = 75 

The objective function and constraints can be written in the following way: 
Minimize cost = 10 ^ Pi + 30 ^ Ai + 10 ^ Ri + 15 ^ Ti 

I i = I i=1 t = 1 

+ 5 [ I t(Ps+ Tj - i)y)] 

1=1 j=l 

Pi < 90 

Po < 60 

Pz < 60 

Ti < 15 

T. < 10 

Tz < 10 

Pi + Pi > 100 

P1 "f" Po ”1“ Pi “h P 2 P 150 

Pi + P 2 + Ps + Pi + P 2 + Ps > 225 

Ai > Pi - 75 

^2 > P 2 - Pi 

-4.3 ^ P3 P2 
Pi > 75 - Pi 
P2 P Pi — P 2 
P 3 P P 2 — P 3 
All Ai, Pi, Pi, Pi > 0. 
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lining a (Hjinpuicir witli a Hlaridard liiuair prof^'n,mining’ tha results 

were found to ben 


- 85 

Ti 

= 15 

/1i ^ 

= 10 

0 

- (K) 

m 

/ 2 

= 0 

/!« ^ 

0 

It, 25 

- ()0 

fti 
/ ;i 

= 5 

/la = 

= 0 

n, ■ 0 


A MORE ADVANCED LP MODEL 

A. more advaiuied liiKTir i)r()granirning model for produe-iion |)laMning has been 
doveloiied by Ilaussmann and IlesH.' In addition to (/Ikj ovnrtinu*, biring and 
layoff, and inventory varialiles wlneli we just in(‘-lnd(ab t-bey also in(‘Jud(‘ under¬ 
time and Hbortages as altiUTiative means of at)sorl)ing d(‘inand (lue/tuations. Fur¬ 
thermore their model does not retinire tliat (‘stinui/U‘s txi niadi* of r(‘gu)ar-time 
and overtime ca|)aciti(^H. Tlu;y tlierefor(,‘, assumes that/ ilwvi) lia,V(‘ laKvn no corn- 
initrnents made ahead of llnu^ wbi(‘,h jiffeet th(‘ r(^gubir«(im(‘ and ovm'tinK^ capac¬ 
ity in each future |)rodu(‘tion |)(‘riod. Rath(‘r, tlinir inodid s(d-s tlusse production 
levels directly. 


ABSORBING DEMAND FLUCTUATIONS VYHEN OVERTIME, UNDERTIME, HIRING, 
LAYOFF, INVENTORY, AND BACKORDER COSTS ARE NONLINEAR 

A major asHumpt-ion of tlu! planning modids diweloixul iJius fa/C Iia/S becui that 
the relevant costs werc^ liiuiar. Tiiat is, tb(^ (a)Ht of (uu'rying tJu^ first unit in 
inventory is the same as th(‘ (a)st of carrying IIh‘ oiKv-l-housaJidtb unit in inven¬ 
tory. Tlic? cost of luring tlui first (rmployiu* is the sa/nu' as til<^ c-ost of hiring 
the one-hundred-first employee, and so on. It miglit bt^ reasonablt^ to accept 
these linear assumptions for sornci aggr(igat(‘ planning probhvms; liowcwer, in 
others it might not bcj af)|)ropriate to acaa^pt tluun bid/ would l)(‘ txd/ter to develop 
a nonlinear moded insbiad. 

The nonliiuiar model devel<)j)ed by Holt, Mo(liglia,ni, aitul Biinon/^ is the 
best-known. In their modal, (|ua(lratic functions am us(‘d to iipf)r()xi!Date regular 
payroll, hiring and layoff, overtime' and undertinK', and inv(»ntory and backorder¬ 
ing costs. To gain some insight into tludr approa^edi w(j will develoi) their 
quadratic cost functions and their solution and illusl-ratci a/U api)lication which 
they documented in their classic i>aper. 

REGULAR PAYROLL COST 

Their model assumes that regular payroll commitiiKuits are made for one month 
at a time. Therefore regular payroll costs for any rnonth t are 

CiWt 

^ F. HauHsmann and S. W. Hess, ‘‘A Linear Prograrnming Ai)})r()acli to Production and Em¬ 
ployment Scheduling,” Managemerit Technology, Shore: Operations Manage'nmit, p. 603, 1, 
January 1960. 

C. C. Hott, F. Modigliani, and H. A. Simon, ‘‘A Linear DocjHion Rule for Production and 
Employment,” Management Science, voL 2, no. 2, Ocjtohrtr 11)55. 




AGGREGATE PLANNING 


347 


where Gi = monthly wage rate 

Wi = number of employees in work force during month t 

This regular payroll cost is illustrated in Fig. 13-4. 

hiring and layoff costs 

Hiring and layoff costs vary not with the size of the work force but with changes 
in its size. An estimate of how these costs behave is shown as the solid line 
in Fig. 13-5. When hiring is undertaken, TF^ — TFf-i > 0, and linear hiring 
and training costs are incurred. On the other hand, if layoffs are incurred, 
TFf — Wt-i < 0, and linear layoff costs are incurred. A suitable approximation 
to this function is the quadratic curve shown in Fig. 13-5 as a dotted line. In 
fact the interpretation that goes along with this quadratic function seems very 
reasonable. That is, as the quantity of w’orkers laid off or hired increases, 
costs rise at an increasing rate. For example, the efficiency of hiring, perhaps 
measured by the quality of new-hires, decreases as the quantity hired at one 
time increases. As for layoffs, reorganization costs increase more than propor¬ 
tionately for large layoffs as compared with small ones. Even if these arguments 
do not hold, the authors claim that the quadratic is a good approximation over 
the usual ranges of interest. -Mathematically the quadratic function can be 
approximated as CMJFf — TF^.i)-, w’here Co is chosen to ensure a good statistical 
fit. 

OVERTIME COSTS 

Overtime costs are incurred when production levels exceed the regular-time pro¬ 
ductive capacity of the work force. These costs depend on two variables: the 


Fig. 13-4 Regular payroll costs. {Frotn C. C, 
Holt et ah, Planning Prodtictiori, Inventories, arid 
IFor^ Force, Prentice-Hall, Inc,, Englewood 
Cliffs, N.J., 1960, p, 8,) 



Fig, 13-5 Hiring and layoff costs. (From C. €. Holt 
et a!., Planning Production, Inventories, and Work 
Force, Prentice-Hall, Inc., Englewood Cliffs, N.J., 
1960, p. 8.) 
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Bii 5 C 5 of tile work forcui at a givon tim<^ nricl tlui aggri^gak^ pi'oduel/ion mU), For 
H glv(‘n i)r()(lii(!|yioii rate, (Ju* largirr the work foriuj l(!V(vl, the h‘HH th(i ov(T'timc3 

(jun<lrati(5 funciUoM illiiHtratcKl in Fig, hl-Ci nviirc'HeiitH an n.j)i)roxiination 
of tli(‘H(i (U)MtH for a iiartieiilar work foree loved Wf, For larger work fore-e levels 
tluire^ a-n^ eurveH wliieh \m to the right and for Hinalha* hwelH e-urves whieJi lie 
to l\w left. From, this figures we can see tliat, an proeliHdJcin in(a‘(ia,H(^s, ovea’time 
costs slowly iruTT^ase^ ajid Ficai proe^cHid to in<vr(uiH(i fa,Hi,er and fa^stca'. This can 
be attriliiited to tlie fact that as capacity is re^acVluTl, a few botthiruades occur 
and only a fe^w (‘inployeais must work overtinu^. As i)rodn<d/ion inenYaises further, 
more employiais arc^ rcajuired, until th(3 whole work for(a‘ is on overtime. This 
function can lie approxiniatcHl in the following way: 

C,(P C,Wd^ + C,P C,Wt 

where (74 represents the iiroductivity of the work foria^ and liotli and Co are 
added to improve apiiroximation. 

INVENTORY AND BACKORDER COSTS 

Tlie final set of alternatives that ar(3 consideriKl for aliHortiing rlcnnand fluctua- 
tions inc!ud(‘.s invmd.ory and l)a(‘,kor<ler costs. dMu‘ idiad aggr(‘ga,te l(W(d of inven¬ 
tory is dcdermiiHHl by Humming tlie ojitimal level for (^a.eli produet carried in 
inventory. Thc^ nuithods for d<‘terminiMg tli(^H(‘ opI/imaJ hwidH will lie covered 
in tlie next cliatiter. For puriioHes of tliis c/haptm* it is (mongli to know that 
the ideal aggregates levc'l f^an he (UihvulatcHl a;nd that actual havidH wliich, deviate 
from tliis ideal ineur added costs. Inventory li^vids wliich are higlu^r incur those 
costs tliat are associated with carrying extra invmii/ory, wlicaa^aH hwtds that are 


epa QH/, / 

/ 

/ 

/ 

y 

y 


Prociuction rate P 


rig, 13-6 Ovtirtitra^ (‘.osts. {From, €, C. Holt 
et (d.j Plimning Proilwiionj Inventorm, and 
Work Ji'orae, PrimtiiuyHidl, Inc,, Englewood 
Cliffs, NJ., im), p. 10.) 


Cost $/MontIi 



( g + CifFi Net inventory / 
(unitH of product) 


Fig. 13-7 IrivtaitDry and Itackorder costs. 
(From C. C. IIoil el aL, Planning Production, 
Inventories, and Work Force, Pre/nMce-^IIatl, Inc., 
Englewood Cliffs, N.J., ti)60, p. IS.) 
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lower incur extra shortage costs, since the likelihood of running out of stock 
increases. 

The optimal inventory level can be approximated as Cs + C^Ft, where 
Ft is the order rate (demand) in period t. These inventory-related costs are 
shown as the solid line in Fig. 13-7 and can be approximated by a quadratic 
shown as the dotted line. The form of the quadratic is 

C,[L - (Cs + 

where Ct, Cs, Cg = costs statistically chosen to ensure good fit to data 
It = inventory level in period t 

TOTAL-COST FUNCTION 

Now the individual cost components can be combined into a total-cost func¬ 
tion. The objective will be to schedule production in such a w^ay as to minimize 
production and employment costs. Since each month’s decision has repercussions 
which extend into the future, several production periods must be considered. If 
we consider N periods, the model can be expressed as 

iVr 

ilinimize Cn = Ct 

i=l 

where Ct = [(CiPTf) 

+ C.iWt - Wt-i^ 

+ C,(Pt - C,Wtr + C,Pt - CeWt 
+ C,(It -Cs- CgF,)-] 

subject to the constraints 

It-i + Pt - Ft = It t == 1,2, . . . , N 

These constraints establish the relationship betw^een inventory at the beginning 
of the month, production during the month, sales during the month, and ending 
inventory. Furthermore, they must hold for each of the N months. 

THE MODEL APPLIED 

This model wms applied to data collected from a paint factory for the years 
1949 to 1954. The estimates for the cost coejSBcients w^ere statistically deter¬ 
mined from accounting data, together wdth the subjective estimates of such in¬ 
tangible costs as delayed shipments to customers. The result was the following: 

Minimize ^ {(MOWt) + [643(TF, - Wt-i^] 

i=l 

+ [.20(P, - 5.67TF0' + 51.2P, - 281FJ 
+ [.0825(7, - 320)2]} 

subject to 

7^-1 + Pt-Ft = It t= 1,2, ... ,N 


Regular payroll costs 
Hiring and layoff costs 
Overtime costs 
Inventory-connected costs 
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After these parameters were estimated, the next step was to obtain a solu¬ 
tion. This was achieved by differentiating with respect to each decision vari- 
.able. The result of this procedure is shown in Fig. 13-8. This represents the 
optimal decision rule for production and work force levels in period t. 

The first rule that is applied at the beginning of the month is the production 
rule. It incorporates a weighted average of forecasts extending some 11 months 
into the future. The weight is heaviest on the most recent months and dimin¬ 
ishes rapidly until the impact of forecasts beyond month 11 is so small that 
they can be ignored. This pattern of weights implies that orders w^eil into 
the future have little impact on current production levels. In fact the next 
two months account for most of the influence on the level of current production. 

The second term, .993TFj_i, represents the impact that employment levels 
in the previous month have on production levels in the current month. The 
greater the previous level of the work force, the higher wull be current produc¬ 
tion. This reflects the costs of hiring and layoff together with undertime and 
overtime as costly means of absorbing fluctuations. 

The Iasi two terms reflect the effect that the previous month^s inventory 


I +. 463 F, 

I +.234F,^i 
!+.111F|^2 
j + .046F,..3 
i + .013Fi..4 

p ^ i - .CM)2F,^5 + .993Tri_x -f (153 - .464/i_i) 
* ]-.(X)SF,^6 

I 

j .009Ff_^g 

I — , 008 Fj ^9 

j “.OOTFi^io 

j .00 oF|_lii 


Wi = .743Tf,_i + (2.09 - .010/^_i) + 


+moiF, 

+.00S8Ft^i 

-f".007IF £4-2 

+.0054F £43 

+.0042F£44 

+.0031F£4o 

+.0023F£46 

+.0016Ff47 
+.0012F£48 
+ .0009F£49 
+ .0006F£41o 
[ + .0005F£4ii 


Fig. 13-8 Production and work force level rules. 
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has on the current production level. For a large ending inventory the sum 
of the two terms is negative and production will be decreased. In this way 
the rule responds to past forecasting errors. 

The second decision rule is used to compute the size of the work force. The 
last set of terms reflects the impact that forecasts have on the current work 
force level. In this rule, however, the weights extend further into the future 
before becoming negligible in size. It can be concluded, therefore, that distant 
forecasts have more effect on the current work force level than they have on 
the production level. 

The first term, .743TFf-i, reflects the impact that the work force level at 
the end of the preceding period has on the current work force decision. 

The next two terms specify the effect that the previous level of inventory 
has on the current work force decision. A large inventory position leads to 
a decrease in work force level, whereas a small inventory leads to an increase. 
Inventory, however, has a smaller impact on work force levels than it does on 
production. 

In addition to developing these rules for the paint factory, they were tested 
over a period of 5 years for which data were available. The rules were used 
to simulate the decisions that would have been made over this 5-year interval. 

Before the test could proceed, however, a forecasting scheme had to be 
developed. A very simple technique known as a moving average was se¬ 
lected. An n-month moving average is simply an average of data for n months 
with one modification. With the passage of 1 month, the earliest observation 
is dropped, the most recent is added, and a new average is computed. Therefore 
the average will always include data for the most recent n months. In general, 
exponential smoothing and econometric analysis are much more sophisticated; 
but for purposes of testing this decision rule, a simple forecasting scheme wsls 
employed. 

In addition to the test based on the moving average forecast, the decision 
rule was also tested with a perfect forecast which was based on orders actually 
received. This provided a good basis for comparison, since it set an upper 
limit to the performance which could have been achieved with the decision rule. 

In all, a three-way comparison was performed. This included the actual 
performance of the factory, the performance of the decision rule when the moving 
average forecast was used, and the performance of the rule with a perfect 
forecast. 

The production levels associated with these three alternatives are shown 
in Fig. 13-9. It can be seen that the actual month-to-month fluctuations in 
production were greater than those associated with either the perfect forecast 
or the moving average. 

The cost performance for each of these alternatives w^as computed by using 
the quadratic cost functions. The results are summarized in Table 13-6. The 
decision rule which used the perfect forecast was only 10 percent lower than 
the rule with a moving average foreast and 39 percent lower than the actual 
performance of the paint company. This implies that even crude forecasts when 
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1949 1950 1951 1952 1953 1954 


Fig. 13-9 5-year comparison. {From C. C. Holt et aL, Planning 
Produciion, Imeniories^ and TForA* Force, Prentice-Hall, Inc., 
Englewood Cliffs, X.J., 1960, p. il.) 


combined mtli optimal decision rules can outperform actual company per¬ 
formance by a substantial measure. In fact, since the'moving average perform¬ 
ance was but 10 percent Mgher than that of the perfect forecast performance, 
it is questionable in this case whether a forecasting technique more sophisticated 
and more costly than a simple moving average is required. This, of eomrse, 
would depend on the marginal cost of the better forecast and the marginal 
satdngs it generated over the moidng average forecast. 


Table 13-6 Results of five-year comparison 


Costs 

(thousands of 
dollars) 

Company 

performance 

Decision rule 

Moving avg. 
forecast 

Perfect 

forecast 

Regular pajToll 

SI,940 

SI,834 

$1,888 

Overtime 

196 

296 

167 

Inventor}^ 

361 

451 

454 

Backorders 

1,566 

616 

400 

Hiring and layoffs 

22 

25 

20 

Total cost 

S4,085 

$3,222 

$2,929 


139% 

110 % 

100 % 


Source: C. C. Holt, F. Modigliani, and H. A. Simon, Linear 
Decision Rule for Production and Employment,” Management 
Science, voL 2, no. 2, October 1955, p. 26. 
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A HEURISTIC MODEL FOR PRODUCTION PLANNING 

Now that we have progressed from simple linear models to more complex linear 
models and finally to quadratic models, let us move out of the realm of optimiza¬ 
tion models and investigate a heuristic approach to production planning. 

Bowman has proposed a method whereby the form of the decision rule 
is determined by rigorous analysis; however, the coefiicients of the model are 
determined by regression analysis.^ For example, consider the following very 
intuitive production rule: 

Pt^ K + aWs-i - blt^i + cFt+i (13-1) 

It implies that the production level in period t should depend upon the work 
force level in the previous period TFf.i, the inventory in the previous period 

and the forecast of demand in the following period Fux. Now, if manage¬ 
ment has been sensitive to these criteria in setting their production levels in 
the past, it seems reasonable to make use of their insight. Often, however, 
their shortcoming is such that their behavior tends to be quite variable but 
not off center. Bowman’s contribution was to overcome this problem of variabil¬ 
ity by using regression analysis to determine the coejBBcients of the model. When 
the model is used, a more constant decision will be reached each period. 

Gordon-* collected data from a brewery on the variables presented in Eq. 
13-1. For each period data were gathered on production level, work force level 
in the previous period, inventory level in the previous period, and the forecast 
for the next period’s sales. A regression was run with the following outcome: 

Pt = 6.98 + 1.66TFt^i - .12/,^i + .UFt-^i 
In addition to the production rule a work force rule was also derived: 

Wt = 4.20 + mWt-i + .l7Ft^i 

These heuristic rules were tested and compared with the actual performance 
of the company. They showed an improvement. 

Perhaps the biggest appeal of this approach is that it is patterned after 
the actual decision process. For some it is reassuring to know that the model 
is based on behavior patterns generally acceptable to the firm. It is necessary, 
however, to have the relevant historical data before the coefficients can be esti¬ 
mated. This may be impossible for new product lines or for situations in which 
the historical data are not available. In addition, the continued use of the 
regression model implies that no underlying change in the importance and impact 
of the independent variables is expected to occur. That is, relationships that 
held in the past will also hold in the future. 

*E. H, Bowman, “Consistency and Optimality in Managerial Decision Making,” Manage¬ 
ment Science, vol. 9,1963, pp. 310-321. 

^J. R. M. Gordon, “A Multi-model Analysis of an Aggregate Scheduling Decision,” unpub¬ 
lished Ph.D. dissertation, Sloan School of Management, M.I.T., 1966. Report in Elwood 
S. Buffa, Production Inventory Systems, Richard D. Irwin, Inc., Homewood, Ill., 1968, p. 174. 
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SOIVIE OTHER CONSIDERATIONS IN RRODUCTION RLANNINO 

wiiJi iTill rM,np;(‘ of t)oHHil)ilitioH for prodiiTl/ioii, only 

|)art of tlH‘ Htory him Unm tol<L TIiohi' Htrai.oKioH wt* luw(‘ ruT>:l(R'i(Kl, 

iu)W(‘V(*r, nro fr(‘(juc‘iitly (JOUHidtviTMl as oiilHidc* (Jio dooiain ol (iH‘ opci'aj/ional 
focuH aiid iiiHido tliai of iruirlodTU^, finiiiKto, and top adinioiNtralivc^ l(^v(!ts. It 
is iK‘(5(NSHary that wc^ (T)iiHid(‘r tlaao Iutt*, a,H tJa^y a,r(‘ hui otlaT* tOduiH for al)Horl)- 
ing doinand fhictuatioriH arid ooald wall roprT‘H(‘r)t inori^ tR^orioiriical ntrategies 
tliaii Horn(‘ alrcaidy |)r(‘H(rnt(‘d. 

PRICING AND PROIVIOTION 

First wc will (uinsidor a situation wlu^ro d<Triarid mn Ik^ indiKuicod by iiricmg 
and proniol/ional s(.rai,(‘gi(‘s/’ In some c-aHOS tli(‘ ciiiani.ity of a iirodiK*!. (Icinanded 
is ind('f)(‘ndont of tiro iirirai (diai^g(*d and the loved of iir’oiriotion. '’rtiis is referred 
to as uichtHiic (lenuind. Ttiere ar(‘ otlu'r produetiS, liowe'vor, whosc^ cjuantity 
demaaided is affecited try these strategies. If the iiriee* is low(‘r(al, (Jh^ cjuantity 
sold iiKTaaises; and conversely, if the priete is nuseal, tlu^ (luantiiy sold de^cnaiscs. 

Proniotional stiTitcrgy may also ae<;onnt for (duuig(‘H in d(‘maJid. As the 
promotional a-(d.ivity increaises, tire dcanand for tlH‘ prodmd. ina,y a-lso imn'eaise*. 

When jiric.ing and promotion affect (inant.ity dmmanehal, (dieses s(,ra(ngies 
can lie ms(‘< 1 to shift tlui [x^aJe dmnand to ofFiicxik periods. Ih‘rtnipH tli(‘ c.h'issie 
exa,mpl(‘s of this are^ found in the public iitiliticH. The dermoid for tedcfihoiu? 
commimieiadion r’eaclies a ix^ak during busiiK'SH liour's and (h‘cr’(UiH(‘H rapidly into 
th(‘ (wening h()m‘s and on weekendH. To aeuaimmoehite this peark dermmd, t(dc- 
Iilione switcliing (Hjiiipment is reejuired which goe‘H mmsesl during tlu^ off-|)eak 
hours. ]{.a,thcr than alisorl) all of this iicak demand by varying tlie utilizaddon 
of ca|)a(dty, (Ik; teleplion(‘ eaimpany lias adopUal a poliety of differamtial pric¬ 
ing. Calls are most (‘Xpensive during businevsH hours, h^ss expemsivi* in the early 
evening hours and on wcM'kerrds, and (‘von 1 (‘sh expensive iK^twra^n midnight and 
7:()(} A.M. The evidrmc.e sliows that this p:ri(dng Htra,t(^gy luts been (jiiiti' effective 
in leveling fieak dimiand. 

Otlier examples of jirieing strategi(‘s directed 1 toward sliifting (Icanand can 
be found in tb(‘ airlim* industry. During th(‘ peak sirrnmm’ wertkends, overseas 
airline passmigcu's are taxed an additional $50. hlxcTirsion fares which allow 
travel only during off-|)(‘ak days are y(d> another (^xarnph*. 

The rnaterialistic caiiital of tire world, Miami Beacli, has us(‘d promotional 
strategies to inerease denuvnd during the off season. Mimy tourists now visit 
the area year-ronnd. Of course, tlie peak is still from DcKHunlier to March. 

ADAPTATIONS IN PRODUCT, PROCESS, LOCATION, OR POLICY 

Consider a seasonal business in which it is impossible to avoid luring and lay¬ 
offs. To lower the costs associated with these strat(‘gieB it may l)e quite effective 
to locate in a rural area wliere, for example, faririers iniglit work in the factory 


May R. Galbraith, 'tSolving Production Smootliing: ProblernB/’ MnnafjcmGrU Bcience, vol. 15, 
no. 12, August 1969, p. B-665. 
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during the winter months and attend to their farming during the summer. This 
strategy suits both employer and employee quite well, and as a result the im¬ 
ponderable costs usually associated with this approach are avoidable. 

The telephone company has a policy of hiring part-time women workers 
during peak hours of the day. The women do not object, since those who accept 
the job need the rest of the day for taking care of their families, shopping, etc. 

The airlines have changed the design of their process to accommodate 
daily fluctuations. The^^ have introduced planes which fly passengers during 
the day and, with minor changes, fly freight at night. No longer is it necessary 
to keep costly equipment idle at night just because people prefer flying during 
the day. 

Finally, with the cooperation of those responsible for product development 
and design, new products could be added which have a contracyclical demand 
pattern. The classic example is the ice skate manufacturer who introduces a 
line of baseball gloves. The ideal, of course, is to add a product whose peak 
demand occurs during the valleys of the current product line. 

Next we turn to two strategies which focus on the coordinated effort of 
a group of organizations to solve production smoothing problems. These include 
bargaining and coalition. 

BARGAINING 

On many occasions it is possible for the customer and supplier to coordinate 
their operations through the bargaining process. The supplier, for example, 
might offer price incentives or preferential treatment if the customer would accept 
his order in increased lots, split lots, delayed delivery, or faster delivery. This 
would give the supplier enough flexibility to shift some of the peak demand 
into the valleys and thereby increase the eflBciency of his process. 

COALITION 

Most large electric power companies produce a good share of their power require¬ 
ments. To ensure their ability to meet peak demands, however, they are tied 
into regional power grids. Such a grid unites several power companies and 
thereby provides a source for extra power. Therefore through the forming of 
this coalition their resources can be pooled, and the total investment required 
is reduced. 

SUMMARY 

The focus in this chapter has been twofold: first, the development of alternatives 
to absorb demand fluctuations; second, the use of models, where possible, to 
take into account the interactions between a set of relevant alternatives. 

The alternatives from which the decision maker can choose include the 
following: 

1. Overtime and undertime 

2. Hiring and layoff 
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3. Inventory 

4. Backorders 

5. Subcontracting 

6. Utilization of capacity 

7. Pricing and promotion 

8. Adaptations in product, process, locatioHj or policy 

9. Bargaining 
10. Coalition 

Each has its own cost. In fact the most difiScult aspect of the production-plan¬ 
ning process may be the estimation of these costs. It is quite unlikely that 
they can be read directly from accounting records. 

The structure of this chapter was such that it led you from the simplest 
linear model to more complex linear models, to a nonlinear model, to a heuristic 
approach, and finally to a set of three other strategies which have not yet been 
included in the modeling process. 

Once again the problem is to identify those factors in the decision environ¬ 
ment which are relevant for purposes of the decision at hand. It may be that 
some or ail of these factors may be included in a model. To the extent that 
some of tiiein cannot be iiieorporated in the model, the decision maker is required 
tO' employ personal Judgment when the final decision is made. 


QUESTIONS 

Q13-1- What is the difference between long-range, intermediate-range, and short-range 
pla,miing? 

Q13-2. Under what conditions should backorders be incurred? 

Q13-3. What is the major appeal of the heuristic production-planning model? 

Q13-4. How can pricing and promotion be used to smooth demand for an urban rapid 

transit system? 

Q13-5. Discuss the benefits and problems of generating a production plan by focusing 
not on the aggregate level but on every detail associated with each manufactured prod¬ 
uct. For example, rather than detising a general plan for the ^aggregate number of 
TU sets TO be sold over the next 12-month period, a detailed production plan focusing 
on components, subassemblies, and assemblies would be devised for each of the 35 sets 
in the prodiici line over the same period. 

Q13-6. Telephone operating companies face rather difficult production-planning problems 
partly because they cannot avail themselves of a very useful strategy: inventory. 

As an illustration of tliis consider the manpower-planning problem for inward-out¬ 
ward station movements. Whenever a customer terminates his ser\ice or applies for 
new service, a repairman is sent out to perform the necessary operations. Unfortunately, 
demand for this service is very cyclical. 

Discuss whether or not the smoothing strategies which have been discussed in this 
chapter could be employed to absorb these fluctuations in demand. 
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PROBLEMS 

The Mountain Equipment Company manufactures a line of lightweight camping 
V* equipment. Demand for their product is quite seasonal, as you can see from next yearns 
forecast. 


Month 

Demand 

Month 

Demand 

1 

10(000) units 

7 

100(000) units 

2 

12 

8 

40 

3 

15 

9 

30 

4 

40 

10 

20 

5 

130 

11 

40 

6 

200 

12 

10 


(a) Given the following production costs and constraints, de\dse an economical 
production plan. 


Maximum regular-time production/period: 
Maximum overtime production/period: 
Cost of regular-time production: 

Cost of overtime production: 

Cost of subcontracting: 

Inventory carrying cost/period: 
Backordering costs/period: 


50 units 

10 units 

S20/unit 

S26/unit 

|29/unit 

S2/unit/period 

prohibitively high 


(b) Suppose that an ending inventorj^ of 25 units was required. How would the 
plan change? 

(c) What changes would occur if there had been an opening inventory of 25 units 
and it was required that the ending inventory be 25 units? 

yC (d) How W'Ould the schedule have changed if regular-time capacity had grown 
by 1 unit per period? 

P13-^Given the following demand and production data, 

(a) Set up problem. 

(5) Solve, using a computer code. 


Period 

Demand 

1 

240 units 

2 

111 

3 

130 

4 

60 
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Initial inventory: 

35 units 

Regular-time production capacity: 

Period 1: 

80 units 

Period 2: 

110 

Period 3: 

115 

Period 4: 

120 

Overtime production capacity: 

Period 1: 

15 units 

Period 2: 

25 

Period 3: 

30 

Period 4: 

32 


Maximum that can be purchased from 
subcontractor in each period: 
Closing mventory required: 
Regular-time production costs: 
OTertime production costs: 

Inventory carrying costs: 

Backorder costs: 

Subcontracting costs: 

P13-3. Using the linear decision rule, 
for the month of January, 


10 units 
45 units' 

So/unit 

|7/unit 

SI/unit/period 

S.75/unit/period 

|9/unit 

? the work force and production level 


Forecast: 


Month 

Quantity 

Month 

Quantity 

Jan. 

400 

July 

320 

Feb. 

250 

Aug. 

350 

March 

m 

Sept. 

400 

April 

350 

Oct. 

500 

Alay 

4(X) 

Nov. 

600 

June 

300 

Dec. 

500 


Beginning work force is 100, and opening inventoiy^ is 300 gallons of paint. 
r-pi 3 - 4 . xtie administrator for the Smithdale County Hospital is planning his nursing 
requirements for the next year. The result of a demand forecast is shown below. 

\ 


Jan. 

400(0) man-hours 

July 

400(0) man-hours 

Feb. 

420 

Aug. 

320 

March 

360 

Sept. 

300 

April 

320 

Oct. 

340 

May 

530 

Nov. 

360 

June 

420 

Dec. 

410 
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Presently the maximum available hours per month on regular time is 3,800 man-hours. 
Overtime can furnish up to 400 additional man-hours per month. Eegular-time wages 
are $5 per hour while overtime is $7.50. 

In months when the demand for nursing care exceeds the supply, the administrator 
can utilize a combination of additional volunteers and nurses’ aides. Wlien he does 
this, of course, the quality of servdce faUs. He is, however, bold enough to estimate 
the cost of this alternative. Including all the imponderables, he feels that the cost 
per hour of using nonregistered nurses is $10. 

(a) What is the schedule which he should follow for the next 12 months? 

(5) What is the cost of this schedule? 

(c) Are any of the other smoothing strategies which we have discussed in this 
chapter relevant to this problem ? 

(d) Suppose that the administrator increases his nursing staff by 160 man-hours 
per month. That is, he will add one new nurse per month. By December his capacity 
wil therefore be increased by 12 x 160 or 1,920 man-hours. If the additional training 
costs are $10,000, is this a better strategy? Assume that new nurses will not work 
overtime for their first year. 

P13-5. Set up the following three-period production-planning problem in linear program¬ 
ming format. 


Demand 

Maximum reg.-time 
production capacity 

Maximum overtime 
production capacity 

Di = 40 

Ml = 40 

Yi = 5 

Di = 60 

ilf. = 50 

y. = 7 

Dz - 20 

M, = 35 

K, = 5 


Overtime cost per unit z; = $10 

Inventory carrying charge per unit per period c = $5 

Cost of hiring in each period: 

Ai = |20/unit 
h2 = 21 
hz = 22 

Cost of firing in each period: 

/i = $11/unit 
/ 2 = 12 
/3= 13 

Regular-time production costs per unit r = $9 
Regular-time production output in the previous period Po = 33 

If a standard LP computer code is available, solve the problem. 
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P13-6. Use tlie transportation metliod to set up the following aggregate planning 
problem: 

Reguiar-time production capacity 
Overtime production capacity 
Initial inventory 
Final inventory should be 

Demand: 

Period 1 5j000 

Period 2 10,000 

Period 3 4,000 

Regular-time production costs $1.30/unit 

Overtime production costs |2.00/unit 

Inventory carrying cost per unit per period $1.00 

Backorder costs per period are prohibitively high. 

If a transportation code is available, solve this problem on a computer. 

Pl3-7. Set up the lollowing three-period aggregate planning problem: 

Demand per period D* = 50 
Maximum regular-time production: 

.¥i = 50 
= 40 
ifs = 50 

]\faximum overtime production: 

Fi = 10 

Fs = 4 
F3= 5 

Overtme cost per unit v = $6 

Inventor}’ carrying cost per unit per period c = $2 

Unit cost of increasing production level h = $5 

Regular-time production output in the pre\ious period Po = 27 

Unit cost of reducing production level f = $3 

Regular-time production cost per period r = $4 

If a standard LP code is available, solve the problem. 

P13-8- The following is a 12-month demand forecast for the Schmaty Garment Company, 
a manufacturer of stylish ladies’ apparel. 


10,000 units/period 
1,000 units/period 
500 units 
600 units 


Jan. 

150t 

May 

210 

Sept. 

200 

Feb. 

170 

June 

180 

Oct. 

220 

IMarch 

200 

July 

140 

Nov. 

210 

April 

190 

Aug. 

180 

Dec. 

200 


t Ail figures are in hundreds of man-hours. 


Because of forecast errors which they have grown accustomed to expect, management 
requires a safety stock level of 10,000 man-hours of merchandise at all times. At present 
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(December 31) they have 12,000 man-hours’ worth of safety stock. In the past, to 
absorb fliictuations they have shifted their production strategy from a one-shift system 
to a two-shift system. The capacity on one shift is 18,000 man-hours of output per 
month, while on a second shift it increases by 5,000 man-hours. Whenever tlhs change 
is made, a cost of $4,000 is incurred for hiring and training costs. Whenever the shift 
is eliminated, a cost of $1,000 is incurred. Finally, if inventory is carried, a cost of $0.20 
per man-hour per month is incurred. 

(a) If the only possible strategies for absorbing these fluctuations are inventory 
and the two production levels, why cannot hnear programming techniques be used to 
solve for the optimal strategy? 

(b) Emplo}dng a strictly intuitive approach, select three alternative strategies 
and compare their costs. Which one is preferred? 

(c) What other strategies has the Schmaty Garment Company ignored? Are 
they likely to be useful in this kind of business? 
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The Management and Control 
of Inventory Systems 


INTRODUCTION 

Tlie Htudy of inventory i)roI)l(^n)iH l)ack to 1915, wluvn F. N. Harris dcjvel- 
oped a very sinii)le l)ut nonetliekiSH nsefnl model of an invontory j)rol)l(an. It 
was quite natural for tlu^ inv(U)tory problem to la? a^monji; tlx^ first s{^I(K'-t(id for 
inathcmatical analysis, bcicause it was a wid(ispr(;ad j)robl(im whieh was seen 
as Ixiing more structured and having a pot(?ntially more profit;ai)l(‘ ])a,yofr than 
the other problems. 

Any inventory systcnn rec|uires the colh^ction and proet‘ssing of large quanti¬ 
ties of data. In those ];)re“Computer days the cost of doing this was quite 
high. Consequently those inventory systems w(U’(j relativctly sim|)le. Starting 
in the 1950s, however, the computer brought down the cost of handling 
data. This development sj)arked renewed interest in invcmtory theory and 
marked the beginning of an era in which sophisticated large-scale inventory 
systems became comrnoriplace in industry. 

Traditionally, formal inventory concej^ts have 1)een af)i)Iied only to the 
factory setting. They have been used to control thc‘ levels of raw materials, 
fabricated or finished parts, subassemblies, and finish(‘d producd-s. The concept, 
however, has much l)roader application. If we define^ invemtirnj as an idle re- 
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source of any kind that has potential economic value, we can transfer the insight 
which we have gained from our traditional focus. For example^ the capacity 
decision of a hospital can be structured as an inventory problem. A stock 
of idle beds must be maintained to meet future demand. The consequence of 
having too many beds is that investment and operating costs are too high but 
the costs associated with being out-of-stock (no beds available) during periods 
of peak demand are low since this will seldom happen. On the other handj with 
too few bedsj investment and operating costs may be low but the out-of-stock 
costs are high. Presumably there is some number of beds that will minimize 
the sum of these costs. 

As another example we have the stocking of buses in an urban transporta¬ 
tion system to meet commuter demand. With too few buses, the investment 
and operating costs are low but the out-of-stock costs (no seats available) are 
high. With too many buses, the investment and operating costs are high while 
out-of-stock costs are low. Again, there is some number of buses which will 
minimize the sum of these costs. 

These problems represent but a few of the ones which will benefit from 
the insight gained by studying inventory theory. We will start in the next 
section by developing a framew'ork within wiiich will be placed the subsequent 
analysis. Then the cost structure of inventory problems is examined, and this 
is followed by the development of the economic order quantity model. Quantity 
discounts are then discussed. This is follow^ed by the consideration of stockouts, 
and then the concept of risk is introduced. Finally, tw’o basic inventory systems 
are discussed: the fixed order quantity and periodic review systems. 

A GENERAL FRAMEWORK FOR INVENTORY MODELS 

A source of much confusion to the student wdio is confronted with inventory 
theory for the first time is the plethora of inventory models. In an attempt 
to minimize this confusion, a general framework will be developed within which 
these models will eventually be placed. 

DEMAND 

First we will consider demand. According to our definition, inventory decisions 
are made with reference to a future demand. Three states of knowiedge can 
exist with regard to this level. It may be possible that w^e know^ with certainty 
wiiat the future level of demand will be. For example, in some construction 
projects, the cement, steel, glass, and lumber requirements are knowm with cer¬ 
tainty w^ell in advance. The usual case, how-ever, is that w^e are able only 
to estimate the probability distribution of the future level of demand. By utiliz¬ 
ing sales records, for example, w^e could determine the likelihood that several 
different levels might exist. One such distribution is showm in Fig. 14-1. It 
can be seen that there is a 45 percent chance that demand will be 11,000 during 
any w^eek, a 23 percent chance that it will be 10,000, and so on. In this case 
we have an inventory problem under risk. 
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.45 


.23 


Fig. 14-1 Probability distribu- 
9,000 10,000 11,000 12,000 13,000 sales tion of demand. 


In tile last case we know nothing about the likelihood of future levels 
of demand. This is called an inventory problem under uncertainty, and it is 
usually as uncommon as the case of certainty. It is highly unlikely that we 
know absolutely nothing about demand. 

LEAD TIME 

The second aspect of this framework is the knowledge we have of the lead 
time. The lead time is the period between the time when an order is placed 
and the time when it is received. On occasion we know this lead time with 
certainty. For example^ there might be a particular item in inventory which 
has always taken exactly 7 working days from initiation of order to delivery 
in stock. Again, the more likely case is that lead time can best be described 
by a probability distribution. This is the case of lead time under risk. Finally 
we have the situation of lead time under uncertainty—the case w^here we are 
totally ignorant of the lead time. This state of knowledge is again quite 
unlikely. 

INSIDE OR OUTSIDE PROCUREMENT 

The third aspect has to do with whether the item under consideration will be 
purchased from outside the firm or will be produced wdthin it. When the item 
is produced within the firm, it affects the production process. In the chapter 
on aggregate production planning we saw^, quite explicitly, the interaction be¬ 
tween inventory and production. When we established production plans, inven¬ 
tory decisions were but one of the many factors that were considered. Imagine 
the consequences if an unusually large set of orders were released to the shop 
from the inventory control department. If little interaction had taken place 
between the shop and inventory control, the shop might respond by hiring, over¬ 
time, and, possibly, multiple shifts. Next- month, how^ever, the number of orders 
released might be below average. The shop’s response might include firing and 
undertime. Certainly a production-smoothing approach would be much more 
effective. Perhaps order size could have been reduced in the first month and the 
balance run in the second month. Several solutions exist; however, the point 
is that ini-entory decisions for parts produced within the firm are more complex 
than similar decisions for those parts when procured from outside suppliers. 
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STATIC AND DYNAMIC PROBLEMS 

The fourth aspect has to do with whether the inventory decision is made only 
once or whether it is continually made. For example, the inventory decision 
for Christmas trees is made only once. An order is placed in the fall and 
there is usually no opportunity for replenishment orders should demand exceed 
the supply. If, on the other hand, supply exceeds demand, the leftovers must 
be scrapped. This static case is quite unlike the more common case where 
an order is but one in a sequence of orders through time. For example, a drug 
in a hospital pharmacy is continually reordered. If an inadequate supply was 
ordered, the next order would be placed sooner than usual; or if demand for 
the drug had fallen off, the next- order would be later than usual. In this dy- 
Tiamic situation, one decision directly affects the next, and it is necessary to 
reflect this situation in the analysis. 

BEHAVIOR OF DEMAND THROUGH TIME 

Another aspect which must be included in our framework is the behavior of 
demand through time. The first case is when demand, or the probability dis¬ 
tribution of demand, does not change over time. For example, demand would 
be 10 today, 10 the next day, 10 the day after, and so on. The other case 
is when demand or the probability distribution of demand varies over time. An 
example of this would be a demand level of 10 today, 15 tomorrow, 13 the 
next day, and so on. If the probability distribution varied, one would have 
one relevant probability distribution of demand for today, another one for tomor¬ 
row’, and so on. 

COSTS 

A major aspect of this framework is the cost structure of the problem. In 
some cases price discounts are relevant, while in otliers they are not. Stockouts 
may be acceptable in one situation and quite unacceptable in another. The 
next section takes a close look at these and other relevant costs. 


INVENTORY COSTS 

The solution of any inventory problem requires the answ’ers to twm questions: 
First, when or how" often should an order be placed? Second, how much should 
be ordered? If w-e set as our objective the minimization of costs, our first 
step should be to identify the relevant costs. From this cost model w^e wdll 
be able to determine the answ^ers to these two questions. 

RER-PIECE PROCUREMENT COSTS 

The first major cost is the per-piece procurement cost. In the simple case the 
per-piece price remains the same regardless of quantity purchased, but in the 
more complex case a series of price breaks is offered for purchases of increasing 
quantity. 
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ORDERING COSTS 

A second kind of procurement cost is the fixed cost associated with placing 
an order. This includes the cost of t}T>ing the purchase order, expediting the 
order, placing the item in stock, and so on. All costs that do not vary with 
the size of the order are included in this category. When the item is produced 
within the firm rather than ordered from an outside source, setup costs are 
also included. 

INVENTORY CARRYING COSTS 

To carri" inventory costs money. This cost can be broken down into several 
components. The first is the opportunity cost of money tied up in inventor^u 
The funds that are allocated to inventory could be used for other productive 
purposes. Since the capital-budgeting process ensures that the expected earnings 
of other projects will be at least as great as the firm^s cost of capital, it seems 
reasonable to consider that figure as the opportunity cost of money tied up 
in inventory. 

To this opportunity cost we must also add storage, deterioration, and in¬ 
surance costs. If additional storage space must be built or rented, it becomes 
a legitimate marginal expense. If, on the other hand, there is plenty of space 
in the warehouse and the idle space cannot be put to any productive use, there 
are no marginal storage costs. 

Many kinds of goods suffer from some kind of deterioration or obsolescence 
during storage. For example, dry cell batteries and vegetables deteriorate, while 
electronic equipment and fashion wear slowly become obsolete. When building 
a cost mcNlel of an inventory st^stem, this is a very real cost w^hich must be 
included. It will serve to discourage large-quantity, infrequent orders for goods 
which suffer from this affliction. 

The last tw’o costs associated with carrying an inventory are insurance 
costs and inventory taxes. Xow we can summarize the cost of carrying inven- 

torj" ill the following way: 

I=C+G+K+T 

where I = cost of carr>dng inventory in percent per period 

C = opportunity cost of carrying inventory in percent per period 
G = storage costs in percent per period 

K = deterioration and obsolescence costs in percent per period 
T = insurance and taxes in percent per period 

STOCKOUT COSTS 

Running out of stock also costs monejn This cost is called a stockout cost 
and can lead to one of tw’o possible outcomes. The first is that this out-of-stock 
position will lead to a backorder. This situation is frequently found in mail¬ 
order houses where an item is temporarily out-of-stock and the customer is 
willing to W'ait until it is replenished. .The firm does suffer some cost in this 



THE MANAGEMENT AND CONTROL OF INVENTORY SYSTEMS 


367 


situation, since at the very least some expediting and extra communication, 
perhaps in the form of telephone calls or postcards, with the customer must 
take place. In addition to the explicit costs, repeated backorders will certainly 
lead to an erosion of goodwill. This effect, however, is very diJSicult to measure. 

The second possible outcome of an out-of-stock position is the lost 
sale. Here the cost is much more severe, but the exact level of the cost is, 
once again, very difficult to measure. In this case, the customer places an order, 
receives an out-of-stock response, and takes his business else'where. The cost 
of this occurrence to the firm is more than the profit lost on the potential 
sale. The company must take into account the likelihood that the customer 
will not return and that therefore the profit on future sales might also be lost. In 
addition, the loss in goodwill that this will precipitate may also persuade others 
to purchase elsewhere. 

Since backorder and lost sales costs are hard to estimate, service levels 
are frequently specified. For example, management may feel that stockouts 
should not occur more than 2 percent of the time. Unconsciously, however, 
management is imputing a cost to stockouts. If they had said that there should 
never be a stockout, they would be implying that there is an infinite cost asso¬ 
ciated with one. A policy of “no stockouts” is therefore very suspicious. 

This completes the development of our structure; as we progress from 
simple inventorj^ models to more complex ones, their place in this theoretical 
structure will be carefully pointed out. The framework, how^ever, is not exhaus¬ 
tive, yet it should adequately serve to unify our introduction to inventory theory. 


EOQ MODEL 

The first inventory problem which we will model is a ver}^ simple one. First 
we assume that demand and lead time are known with certainty. In addition 
we consider that the item will be purchased from outside the firm and that 
demand will continue well into the future. We also assume not only that de¬ 
mand is knovm with certainty, but that it is the same from day to day and 
that stockouts are not allowed. Under these assumptions, Fig. 14-2 depicts 
the inventory position through time. 

If we start to observe the inventory position immediately after receipt 
of an order, the quantity in stock Q decreases steadily until a lead time’s supply 
is reached. If lead time is 4 days and demand is 3 per day, a lead time’s 
supply is 12 units. Therefore, when 12 units remain, an order is placed. This 


Fig. 14-2 Time pattern of inventory 
level for simple EOQ model. 



368 


OPERATION AND CONTROL OF THE SYSTEM 


is called ihe reorder pomt r. Exactly 4 days after the order is placed^ the 

stock is replenished and the cycle repeats itself. 

OPPOSING COSTS 

If the quantity ordered each time is large^ the orders will be placed infre¬ 
quently. As a result the aTerage inventory will be high^ and this will lead 
to high inventory carrying costs. With these infrequent large orders^ however, 
the nxed cost of ordering incurred each year will be small. 

Let us look at the other extreme, where small orders are placed very fre¬ 
quently. The average inventory in this case will be small and the inventory 
carrying costs will therefore be low. Since orders will be placed frequently, 
the fixed ordering costs incurred each year will be high. What becomes ap¬ 
parent, then, is that there are costs which move in opposite directions. This 
is illustrated in Fig. 14-3. We see that when order quantities increase in size, 
carrying costs inerease because average inventory size' becomes larger. Fixed 
order costs, on the other hand, decrease as order quantities increase because 
fewer orders are placed per year. 

Given tliai the minimization of total costs is the objective, the carrying 
costs and fixed order costs are added together. The result is the total-cost 
curve shown in Fig. 14-3. The best strategy is to order each time an order 
is placed. If any other quantity is ordered, a higher total cost will be in¬ 
curred. Xext we iiirn to formulating this problem as a mathematical model. 

TOTAL COSTS 

The total cost of any order quantity Q can be wTitten in the following way: 

/Total cost \ _ /fixed order costs\ , /inventory carryingX 
\per period/ \ per period / \ costs per period / 

If we let .4 = fixed order costs per order 

D = demand per period (usually one year) 

f = per-piece procurement cost 

I = COST of carrying inventory in percent per period 

the fixed order cost per period can be written as (D/Q)A, wdiere D/Q is the 

iimnber of orders placed per period. 



Order quantity ^ Fig. 14-3 Inventory carrying costs. 
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The inventory carrying costs can be expressed in the following way: 
/inventoryX / . ^ 

V'pfriS / ^ V cost / 

The average inventory during any cycle is 

Maximum inventory + minimum inventory 


inventory 
carrying cost 
in percent per 
period 


and since each cycle is just like any other, this also represents the average in¬ 
ventory per period. In our example the minimum inventory is zero and the 
maximum inventory is equal to the order quantity Q. We can, therefore, write 
the inventory carrying cost per period as (Q/2) (C) (/). 

Combining the fixed order and inventory carrying costs, we have 

D Q 

TC = ~ A + ^ (7/ 

Q 2 

This is the total-cost expression for any quantity Q. Since the decision maker 
has control over the quantity ordered, the relevant question is, What order 
quantity Q will minimize total costs TC? 


MINIMUM COST 

Byresorting to differential calculus, we can determine the value of Q at which 
this total-cost function will be minimized. This procedure is illustrated in the 
next optional section, and from it w’^e learn that if the following quantity is 
ordered, our objective will be achieved: 


Q* 


4 


2DA 

Cl 


This quantity is frequently called the economic order quantity formula or 
EOQ. The total cost of this strategy is 


D Q* 

TO- -mUW 

V2DA/IC 

which can be simplified to 
TC = V2DAIC 

■C Example Consider the following example. The yearly demand for a par- 
ticular item has been forecast as 10,000 units. The per-piece procurement cost 
is $1, the fixed order costs are $10 per order, and the inventory carrying costs 
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1 determined to be 20 percent per unit per year. The EOQ can be 
■"compiitecf' as 

B = lOjOOO units 
A = llO per order 
= |1 per unit 
/ = 20 % 

Therefore 1,000 units mil be* ordered at a time, and the total cost of this strategy 
is 


TC = V2DAIC + V'2(10,000)(10)(.20)(l) = $200 


//// DERIVATION OF EOQ 

Since the total-cost expression is a function in one variable the minimum 
can be determined by differentiating the function, setting it equal to zero, and 
solving for Q, This is accomplished in the following way: 


D Q 

TG = -.4+|c7 


diTC) 

dQ 

DA , Cl ^ 
Q2 + 2 ~ 


DA 

Q- 


CI 

o 


Q* 


l2DA 


//!/ 


SENSITIVITY ANALYSIS 

Suppose in the example given earlier that the actual cost of processing an order 
was $20 and that we had erroneously measured it as $10. Therefore the true 
EOQ should have been 


| 2(10,000)(20) 
^ V .20(1) 


1,414 


and the total cost of the strategy that should have been adopted is 
TC 


10,000 1414 

’ 20 + (1)(.20) = $282.80 


1,414 
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However, the total cost of the strategy that was adopted actually is 


TC 


10,000 

1,000 


( 20 ) + 


1,000 

2 


(1)(.20) = $300 


Therefore with a 100 percent error in the fixed order cost, the total costs were 
higher by 


300 - 282.80 
282.80 


0.064 


or 


6.4% 


We can conclude that the analysis is not very sensitive to the estimation of 
the relevant costs. 


//// A MORE FORMAL APPROACH TO SENSITIVITY ANALYSIS 


Suppose that the actual carrying costs and fixed order costs are I and A. 
however, they are measured as kj and the computed EOQ would be 


= 


4 


•IDkiA 

kilC 


If, 


The actual cost incurred with this erroneous EOQ would be 


D Q* 


TC 


V {2Dk.A/kJC) 
This can be simplified to: 


D , , V{2Dk,A/k^lC) 

- A - IC 


-<=-(4h4l)4^^" 

Had the true inventory and fixed order costs been used, the total cost would 
have been 


TC = V2DAIC 

The percentage error can be determined in the following way: 

Actual TC — true optimal TC 
True optimal TC 

(Vfci/fc, + Vk./ki) VdAIC/2 - V2DAIC 
V 2 DAIC 

This can be simplified to 
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Consider a case where inventory cariydng costs have been overestimated 100 
percent. We have ki = 2. In addition fixed order costs have been underesti¬ 
mated by 20 percent, or k. = .8. Using these erroneous values to compute EOQ, 

we will be on from tlie optimal by 

Thus we see that the error in total cost depends upon the error in each of 
these parameters and. furthermore, that large errors have only a modest influence 
on total costs. That is, total costs are generally insensitive to cost estimates. 

//// 


QUANTITY DISCOUNTS 

The EOQ model assumes that one price prevails for all quantities pur¬ 
chased. Frequently, however, price breaks are offered for larger orders. Con¬ 
sider the following price schedule: 

If Q < fe, the price is Ci 
If Q ^ the price is C 2 

where Q = quantity ordered 

f i == price break quantity 


This being the case, the total procurement cost is no longer constant and must 

be included in the total-cost expression. We now have 

TC = CZ) -f ^ -1 + I JC 

Q 2 

The decision process in the presence of this price break is quite complex^ and 
It IS heqiiiil to develop the analysis as a sequence of decisions. 

The first step is to determine the economic order quantity Q* based on 
:ne higuer price This is recorded as step .1 in Fig. 14-4. If Q* is greater 
Iran the price-break point the optimal strategy is to order the economic 
oraer qiianiiiy based on the lower price Co. 




'2DA 

^ IC2 


The reason behind this strategy- can be seen from Fig. 14-5(a). Whenever Q* 
IS greater than Q:, the total-cost curve associated with the lower price lies below 
tre lotai-eost curve lor the higher price in the region beyond go- Thereforey 
in the interest of cost minimization, is ordered. 

If rot greater than the price break go, the economic order quantity 

at the lower price must be computed and compared wutli go- If Q** is greater 
than g . the cost lunciions must look like Fig. 14-5(5). If you recall, we have 




THE MANAGEMENT AND CONTROL OF INVENTORY SYSTEMS 


373 



Compute: 


TC* = C,/) + |^A + ^/C, 
TCo = C,Z) + ^.4+^/C, 

HQ 2 ' 



Fig. 14-4 Quantity discount decision model. 

already determined that lies below qoj and now we haA^e established that 
lies above go. GiA^en this outcome^ the optimal strategy is to order Q**. 

If is not greater than go, the situation depicted in either Fig. 14-5 (c) 
or Fig. 14-5 (d) prevails. Both and Q** must be less than go, and the only 
reasonable comparison is between the total cost associated with Q* and the 
total cost incurred if exactly go were ordered. Said another way, the decision 
is either to order the economic quantity based on the loAA^er price or to order 
just enough to get the price break. Therefore the total costs for each alternatiA^e 
must be computed. First, the total cost incurred at is computed: 

D Q* 

TC* = C^D + — A+^IC^ 

Q* 2 

Then the total cost if just the price-break quantity were purchased is computed. 

TCo = CiD + -A + ^IC2 
go 2 
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TC 


TC 





Fig-14-5 Cost functions for various discount situations. 


If TC* is less than TC©, Q* is ordered and the behavior of the cost functions 
is as shown for those of Fig. 14-5(d). If TC© is less than TC*, the relevant 
cost functions are shown in Fig. 14-5(c), and g© should be ordered. 

/Example Consider the following: 

D = 10,000 units If Q < go, Ci = $1.00 

.4 = $10 per order If Q > go, C 2 = $.80 

1 = 20 % 


qo = 

1,700 units 

Step 1: 

/2(10,000)(10) 

® “V .20(1) 

Step 2: 

Q* > 1,700 

Step 3: 


Step 4: 

Q** > qo 

Step 5; 

TC* = 1(10,000) + 10 + ^ (.20)(1) 


TC* = 10,000 + 100 + 100 
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TC* = 10,200 

TCo = .80(10,000) + 10 + (.20) (.80) 

TCq = 8,000 + 59 + 136 
TCo = 8,195 
Step 6: TCo < TC* 

Therefore, 

Order go = 1,700 


EOQ MODEL WITH STOCKOUTS ALLOWED 

Now we will return to our simple EOQ model, but this time we will relax the 
assumption that no stockouts are allowed. Again the first step is to specify 
the total-cost expression. 

TOTAL COSTS 

Writing the total-cost expression for those costs w^hich are affected by the order 
quantity Q, w-e have 

( fixed orderX / inventory \ /backorderV 

costs per J + I carrying | + I costs per j 
period / \costs per period/ \ period / 

The fixed order costs per period are computed just as before: 

( Fixed orderX ^ 

costs per \ A 
period / ^ 

The other costs, however, require that we look at the time pattern of inventory 
levels. This is showm in Fig. 14-6. 


Quantity 



Fig- 14-6 Time pattern of inventory- 
levels when stockouts are incurred. 


Time 
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Turning to the inventory carrying cost per period, we have the following: 


Inventory 
carrying cost 
per period 

Inventory 
carr^dng cost 
per period 


_ / average 
Vinventorv 


' average 
inventory 


per-piece \ 
procnremeiit | X 
cost / 


inventory 
carrying cost 
in % per period 




Average inventory, however, is quite different from what it was in the simple 
case. The maximum inventory is M and the minimum is zero. The average 
inventory of {M -|-0)/2 = df/2, however, is carried for only ti/T of the cycle. 
The average inventory for the remainder of the cycle is zero. We can therefore 
write the average inventory as (df/2) itj/T), Therefore, 

( Inventory carr;>dng\ _ ^ /^\/n 

cost per period / 2 \T/ 

Next we turn to the backorder costs per period. These costs can be determined 
in the following way. 


( BackorderX /average numberX /backorderX 

costs per | = I of backorders | X I cost j 
period / \ per period / \per period/ 

The average number of backorders ivhile backorders are taking place is equal 
to the maximum number of backorders divided b}" 2, or (Q — -Vj; 2. Since 
backorders occur only during it^/T) of the cycle, the average number of back¬ 
orders per cycle is [ (Q — dJ) , 2] (f 2 /T}. We therefore have 

/BaekordeA ^ 

I costs per 1 = —-— - B 
\ period / 

where B = cost incurred for every backorder 

Returning to the expression for total cost, we now have 
D Mh Q - M u' 

We can, however, remove ti, und T from this expression in the following 


backorder 




^2 = T — ti — 


Q M Q - M 

D D ^ D 
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h = — 

T~ Q 
ti Q - M 
T~ Q 


Returning to our total-cost expression, Tve now have 

Q - M /Q - M' 


tc.£a + 


M/M\ 

2 W/ 


C/ + 




B 




The next step is to find that order strategy Q which minimizes these costs. 


MINIMUM COST 

Since we now have a function in two variables Q and JI. it becomes a little 
more difficult to solve for the lowest total cost TC^. In the next optional seeiion 
the following solution is found. 






CI + B 


and 


M = 


IC 
QB 


B 


CI -{-B 

Notice that if backorder costs B are very large, the value of the second radical 
approaches 1 and economic order quantity derived for the simple case holds. 


^^^^JErxaviple Consider the following; 
D — 10,000 units 


J. = $10 per order 
I = 20% 

C = $1 per unit 

R = $5 per each backorder incurred 


Q 


-4 


2(10,000) (10) 


. 20 ( 1 ) 
Q* = 1,000(1.02) 
Q* = 1,020 

1,020(5) 


Jl(-20) 


+ 5 


M 


980 units 


1(.20) + 5 

Therefore the maximum amount backordered is 
Q — M = 1,020 — 980 = 40 units 
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//// DERIVATION OF ECONOMIC ORDER QUANTITY WITH BACKORDERK ALLOWED 

The |.r(.ACHH t)V Wliic.h UU' (iptiKiHl ... Q m roiUKl iiivolv.'H l,a.kiiiK Uia purlial 

<l<'rivHljv(! of 'Uic ttiinl-coHl, (‘5i|ircMHiuii CirHl. willi I'cHiH'd, lo Uid vanaJilc Q nml 

tluai wiil. r('HiKa.,l, l-o ilu- vnriul.l<‘ M. 'I’hcn ... .!<'rival,iv<'H ara hpI, (Miual 

to sicrcMiiKl .solved for Q. 

TIk: l,ol,al"AOHl, expri'HHioM is r<!p(‘ul,(al for (•.oiiveiiieiKa': 


. 

qv ' A A- ( f + 
Q 2Q 


- My 

m 


B 


Its jiartial dcirivaiivo witli rospoci l,o M is 

K cf _ H 

DM "" Q *' Q 


'riieii w<! Slit, it, (ipual to Kiii'o, 


Q li 


and solve for M ; 


M • ' 

a I + H 

Next w(i take the part.ial derivative of the tol.al-eosl, expresHioii with respect 
to Q.. 

iKTO) DA 
AQ "" (P ~ 

Bel,ting it eepial to xero, we liave the following: 

DA M, B ___ ,j 

■" (P 2(y ' 2 2(y 

Finally, tiy Hiihstituting M in this eqtiation and Hiinplifying, W(! get the, expression 
for Q^: 


Q 


• - v/“ 


jai + B 
li .. 


//// 


INVENTORY MODELS UNDER RISK 

In tlie simple FX)Q model it was assvimiid t,hat demand and lead tone were 
both known with certainty. Under this condition, whenever inventory loves 
reached a lead timc’.s worth of demand, an order for Q* was placed, then 
a.s tlie stock wa.s finally deiileted, a replenishment order wmdd arrive We ma 
find, liowever, that if linckordens had a finite cost, a reorder level liclow t 
average haul (,ime demand would he approiiriate. 'rhis stral,e(.'y wouh remr^ 
in some desired niimbcir of backorders. We can, therefore, conclvide that : 
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purpose of reorder levels is not to prevent stockouts, but lo keep them witliin 
desired limits. 

In the case of fluctuating demand, it may be quite logical to set reorder 
levels above the average lead time demand. For if we reorder when there is 
only enough in stock to meet the average demand during lead time, an out-of¬ 
stock position will occur whenever demand exceeds this average value. In fact, 
the average will be exceeded half of the time. To protect from undesirably 
large stockout situations, safety" stocks are maintained. They will provide the 
cushion needed whenever demand exceeds this average. 

Safety stocks can be defined as the difference between the reorder level r 
and the average lead time demand u. 

S = r — u 

Therefore as the reorder point is raised, the safety stock increases and tiie likeli¬ 
hood of a stockout during any cymle decreases. 

The inventory pattern through time for a particular item wMeli exhibits 
fluctuating demand is shown in Fig. 14-7. An order is placed whenever stock 
levels fall to r. On the average, stock will be depleted to S when the replenish¬ 
ment order arrives. During the first cycle we see that demand was about aver¬ 
age; however, in the second cycle, the demand was much greater ihan aver¬ 
age. Protecting the system from a stockout during the lead time was a safety 
stock maintained at S. If more protection was desired, the level of r could 
have been increased. With a higher r, the safety stock would have been larger 
and the chances of a stockout occurring in any one cycle would have been 
low^er. 

SETTING THE REORDER POINT WHEN THE SERVICE LEVEL IS GIVEN 

Consider the distribution of demand during lead time shown in Table 14-1. The 
data from which this table was compiled were collected over several periods. In 
2 percent of these periods demand was 44; in 3 percent of them, demand was 
45; and so on. The last column in Table 14-1 illustrates the probability that 



Fig. 14-7 Inventory levels under conditions of iuctuating demand. 
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Tabl« 14-1 Uad tlma damaim 


Lmd fdnui 
demand u 

pin) 

43 

M) 

44 

.02 

45 

.03 

46 

.04 

47 

.08 

48 

.09 

49 

.10 


I Probab ility 


that demand 


•will exceed, u 

n 


50 


51 

1 .00 

52 

.1)8 

53 

.95 

54 

.91 

55 

.83 

56 

.74 

57 

.64 

58 



t Probability 


that demand 

pin) 

will exceed u 

.10 

M 

.11 

.43 

.10 

.33 

.09 

.24 

.08 

.16 

.07 

.09 

.05 

.04 

.03 

.01 

.01 

.00 


demand will oxcned any of tlicHe Icveln, u. For exnmpk*, I,he proliahihty that 
dennind will cxcthhI 5(5 unite ih .04. The last e.olumn will be vin-y UHeful for 
Hcttinf' safety stocks wlusn a servici! criU;rion is givcui. , . , 

In many oases, it misht, lie (juito diincult to delertnine I,he aotual cwt 
of a stockout. An indirect way to assess this is to spe(uly a service l<‘V(k^ lor 
(ixamrile, the manuser of the iiroduct line whose hold time was recorded in .Fable 
14-1 inif^ht feel that tlu^ likelihood of a stockoidi should not (txoeed 4 percent 
during any oih; cycle. Tluirefore, the reorder poiid, should Ixt set at r « 56. We 
would, therefori','(!X[)eet an out-of-stock situation to oemir in only one^out of 
25 ordciring jjeriods. Tins implies that thc! cost ol a stoc.kouf, lor this item 

is quite high. ^ i i 11 r 

Supposii that the lead tinui distribution reconhal in Table 14-1 could be 

approximated by a normal distribution as shown in Fig. 14-8. d’he average 
level of dwnand is shown as u and tlu' standard deviation is given as <r. If 
the rc'ordca- level is set at r, the safety stock is and the probability that 
demand will exceed the reorder level r is shown as tlie shaded area. 

Consider an example where! u - 4(K) and .r = 15. Can you find the appro¬ 
priate safcity sto(!k l(.!vel such that the likelihood of a stoeskout during any one 
cycle is less than 1 jiercent? From thc normal tal>le we (san see that r should be 
set 2.33 standard (hsviations from the mean u. 



Fig. 14-8 DiBtriliution of lead time demand. 
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r = u + 2.33(0-) 
r = 400 + 2.33(15) 
r = 435 

Therefore, the reorder point is set at 435 and the safety stock is 435 — 400 = 35 
units. 

ISTo-w that we have examined a way in which to set safety stock levels 

when the service criterion is specified, we turn to the case where we must set 
safety stock levels when backorder costs are known. 

SETTING THE REORDER POINT WHEN BACKORDER COSTS ARE GIVEN 

The total cost when backorders are allowed can be written as 

TC = I A + I CJ + (r - u)CI + I [£(_V)]S (14-1) 

wdiere the first term represents the fixed order costs and the second represents 
the carrying costs for all but safety stocks. The third term represents the carry¬ 
ing costs associated with safety stock. In the last term, 

D 

~ = number of orders placed per period 

Q 

E{N) == expected number of backorders per ct’cle 
B = cost incurred per backorder 

Their product represents the expected cost of backorders per period. 

Solution of this cost function for the optimal values of Q and r iQ* and 
r*) is quite complex and beyond the scope of this chapter. There is, however, 
an approach which does not provide the theoretically optimal solution but does 
furnish a surprisingly good one. Its benefit is that it makes the process of 
finding a solution for and relatively simple. It is to this method that 
we now turn. 

The first step is to isolate the first two terms of the total-cost expression 
and solve for . Since these two terms are precisely those found in our simplest 
inventory model, the EOQ formula can be used to determine Q*. 

The second step is to use this value of Q* in optimizing the last two 
terms of the total-cost equation with respect to r. To illustrate these steps, 
we now turn to an example. 

The data for a particular unit kept in stock are 

D = 1,000 units per year 
C = $10 per unit 
A = $40 per order 
J = 20% per year 
B = $5 per unit backlogged 
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and Table 14-1 represents the probability distribution of demand during lead 
time. 

Firstj Q* is computed: 


Q* 


/ 2(1^00)(40) ^ 

V .20(10) 


Next the last two terms in the total-cost expression must be solved for r^. The 
first of these termSj (r — u)CI, is the cost of carrying the safety stock, and 
you would expect this to increase as safety stocks are increased. The last term 
represents the expected cost of backorders per period; it decreases as safety 
stocks are increased. These last two terms, theiij move in opposite directions, 
and the problem, therefore, is to find that level of safety stock which will 
minimize the sum of these costs. 

From Table 14-1 the average lead time demand can be computed in the 
following wa^v 


u = Y, «!'[?(“■■)] 

1 = 1 

u = 50 

In Table 14-2 we will determine the consequence of reordering at this average 
lead time demand level and above. 

Consider a reorder level set at r = 52. The probability of demand during 
lead time equaling this is pin) — .10. This is entered in row 1 of Table 
14-2. Since the average demand was computed to be u — 50, the safety stock 
for a reorder level of 52 w^ould be 2. This is entered in row 2. The annual 
carrjdng cost associated with this size safety stock can then be computed. 

(r - u)CI 
2(10)(.20) = 14 

This is entered in row 3. Next we turn to the computation of backorder costs. 

If the reorder level is set at r = 52, a backorder will occur whenever lead 
time demand exceeds this level. The expected number of backorders per cycle 
for each reorder level r can be computed in the following w^ay. 

E(N) = Y (u- r)p(u) 

u >r 

In Table 14-3, this procedure is illustrated for a reorder level of r = 52. In 
this case, the expected number of backorders per cycle is .87. This is entered 
in row 4 of Table 14-2. Now we can compute the backorder cost for this strat¬ 
egy and enter it in row 5: 


D 




Q 

1,000 


(.87) (5) = 21.75 


200 
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Table 14-3 Computation of expected number of backorders 


If r 52 
and actual 
demand is 

The backlog 
would he 
(u - r) 

The prohability 
of this is 

piu) 

Computation of the 
expected number of 
backorders per cycle 
(u - r)piu) 

Z 52 

0 

.67 

0 X .67 = .00 

53 

1 

.09 

1 X .09 = .09 

54 

2 

.08 

2 X .08 = .16 

55 

3 

.07 

3 X .07 = .21 

56 

4 

.05 

4 X .05 == .20 

57 

5 

.03 

5 X .03 = .15 

58 

6 

.01 

6 X .02 = .06 




F(A1 = .87 


Finally the sum of the carrying and backorder costs is entered in row 6. 

4 + 21.75 = S25.75 

This series of computations is performed for each possible reorder level, and 
whichever reorder level displays the lowest cost in row 6 of Table 14-2 would 
be selected as the best strategy’ r*. It appears that the best strategy for our 
example is to set the reorder level at r* = 56. This implies a safety stock 
level of 


5 = r — u = 56 — 50 = 6 units 

Furthermore the total cost for this strategt^ can be computed from Eq. 14-1. 


TC = ^ (40) + ^ (10) (.20) 6(10) (.20) 

2UU - 

TC = 200 + 200 + 12 + 1.25 


1,000 

200 


(.05) (5) 


TC = 413.25 

We cannot say, however, that the total cost of this strategy is lower than the 
total cost of any other. Recall that in the process of solving Eq. 14-1 for 
Q and r we simplified matters by solving the first two terms for Q and the 
last two for r. By using only these last two terms to determine r, we have 
implied that the expected number of shortages per time period (year) is strictly 
a function of r. This is only part of the picture, for r will specify the expected 
number of backorders per cycle, and the expected number of shortages per year 
depends on the product of the expected number of shortages per cycle and the 
number of orders per year. Therefore the number of backorders that occurs 
per year depends on both Q and r, and in our simplified approach we have 
chosen Q* independently of r*. What is the magnitude of the error? You 
may recall that in the section on sensithdty analysis, we found that the total-cost 
function was relatively insensitive in the \dcinity of its minimum. It is therefore 
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rcaiSonably SEfc to conclud© that our simplified method for caiciilaiing Q* and 
r* will usually result in values which are negligibly off from, the optimaf ones. 

FLUCTUATING LEAD TIME AND DEMAND 

When the lead time as well as the demand is subject to risk, ihe problem becomes 
even more complex. For many itemSj however^ this new source of variabiliiv 
is very small in relation to the average lead time. A reasonable approach, 
theU; is to take the maximum likely deliver}^ time instead of using ihe average. 


AGGREGATE EFFECTS 

It has been implied up to this point that the EOQ for each stockkeeping unii 
is determined in the absence of any constraints. Several eonstrainis, in fact, 
may be present. Consider the situation where there is a limited fund of cash 
which can be used for inventory. To order the amount specified by the EOQ 
formula for each stockkeeping unit may result in the violation of the budget 
constraint. By utilizing lagrangian multiplier techniques, a feasible ordering 
policy can be determined.^ 

Lagrangian techniques are used to minimize (or maximize) nonlinear mnc- 
tions subject to a set of constraints. Since our total-cost expression is nonlinear, 
these techniques must be used rather than linear programming methods. 

There are other constraints that could afi'ect the quantity ordered. Ware¬ 
house space may be limited, and if the EOQ formula is used for each item, 
there may not be enough storage space when all the orders are received. Another 
constraint may be imposed by the order processing department. Perhaps they 
can process only a limited number of orders per period. If any of these eon- 
straints must be considered, lagrangian techniques should be used to detemiine 
the order quantity for each item such that in the aggregate these orders will 
not violate the constraints. 


INVENTORY SYSTEMS 

THE FIXED ORDER QUANTITY SYSTEM 

There are two basic kinds of inventor}^ systems in use. The first is the fixec 
order quantity system and the second is the periodic review system. The fixea 
order quantity system is precisely what we have been studying in this chap¬ 
ter. Whenever the reorder point r* is reached, a fixed quantity Q* is or¬ 
dered. This requires the continuous reporting of inventory^ transactions, a prac¬ 
tice which has become economical and commonplace with the use of large-scale 
computer systems. 

THE PERIODIC REVIEW SYSTEM 

The periodic review^ system is quite unlike the fixed order quaiitiit 
tern. Rather than using continuous reporting of inventory’ transactions, periodic 

' Martin K. Starr and David Miller, Inventory Control: Theory and Practice. Prent,iee-HalL 
Inc., Englewood Cliffs, NJ., 1962, p. 97. 
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checks of iiiYeiitory levels are made at fixed intervals. The quantity on hand 
is compared with the desired inventory level, and the difference is ordered. 
Therefore, in the periodic review system, the order interval is fixed but the 
quantity ordered varies from, one order to the next'. 

In general it can be stated that the safety stocks for the periodic review 
system,s will be larger than necessary for fixed order quantity systems. This 
results from the fact that the safety stock must provide protection for demand 
during a rewew period p>lus the next lead time. 

Clerical costs, in the past, have been somewhat low^er for this system, 
since only periodic audits need be taken. This advantage, however, has been 
rapidly declining as computer-based recording systems have become avail¬ 
able. Fixed order systems wnli, how^ever, quite likely continue to dominate the 
field. 

A major benefit from this system is that all orders are triggered at the 
same time. Orders for many different items from one supplier can therefore 
be grouped. Ordering and shipping would therefore be much more efficient. One 
can easily see how supermarkets could benefit from this approach. 


SO MU ARY 

Perhaps one of the most difficult aspects of inventory control is the collection 
of input data. These include demand forecasts, inventory carrying charges, 
fixed order costs, backorder costs, lost sales costs, and data provided by a con¬ 
tinual monitoring of inventory levels. }vIost require a sizable expenditure of 
effon. to obtain. 

Since a forecast must be determined for each stockkeeping unit, this could 
be a particularly troublesome aspect of the input data problem. In the two 
previous chapters we explored forecasting techniques. The most popular of the 
techniques .for inventory demand forecasting seems to be exponential smoothing. 
This, togeiher with the appropriate inventory" model, can represent a verj^ 
effective system. 

The other data, including inventory carrying charges, fixed order costs, 
backorder costs, and lost sales costs, are not generally available from accounting 
data. Ill some cases, liow'ever, such as inventory carrying and fixed order costs, 
the aceouiitiiig data might be a starting point. The estimation of stockout 
costs, on the other hand, usually must rely on seaso.ned judgment. 

Finally a mechanism must be established for the continual monitoring 
of inventory levels. Usually this takes the form of remote monitoring devices 
into which all im^entory transactions are entered. This, in turn, is entered into 
the computer’s perma.neiit file. 

The choice of the appropriate inventor^" model, as you have seen, requires 
some thought. Is demand known with certainty? If so, the simple EOQ model 
can be used. Perhaps price breaks are available. If so, the price-break model 
should be used. What if backorder costs are not too high? Then it would 
be appropriate to use the backorder model. 
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How about the level of safety stock for the case of fiuetuaiing de¬ 
mand? We found two approaches for setting this level. The first was indiieci 
and required the specification of a performance level. When this level was 
specifiedj the decision maker had in mind a stockout cost but was somehow 
unable to estimate it explicitly. The second approach was to estimate the stock¬ 
out cost and use it directly in setting the reorder level. This model assimied 
that the stockout resulted in a backorder rather than in a lost sale, ilodels 
with other assumptions can^ of course^ be built. Once again it should be clear 
that the understanding of the assumptions is of paramount importance before 
the model can be used. 

QUESTIONS 

Q14-1. Distinguish between certain demand, imcertain demand, and demand under risk. 
Q14-2. What difference is there between inside and outside procurement in tlieir effeei 
on production planning and inventory control? 

Q14-3. What is the difference in consequence between an overstock in a dynamic and 
in a static inventory problem? 

Q14-4. Why is it unnecessary to consider total procurement costs in the total-cosi expres¬ 
sion of the simple EOQ model? 

Q14'5. Differentiate between the fixed order quantity and periodic review sysienis. 
Q14-6. When demand is subject to risk, and backorder costs are .known, what is i.iie 
method for setting the reorder point? Wliy is it an approximation? 

Q14-7. What is the consequence of setting the safety stock too high or too loir? - 
Q14-8. Why is the cost of a stockout difficult to compute? 

Q14-9. Is the simple EOQ model sensitive to forecast errors? Explain. 

Q14-10. If an electronics manufacturer felt that possible advances in the state of the 
art precluded the carrying of large inventories, how could .lie incorporate iliis in his 
inventory-ordering strategy ? 


PROBLEMS 

P14-1. The yearly demand for stock item 17096 is estimated,to be 4,000 iiiuts. Fixed 
order costs are $40 per order, while per-piece costs are $10. If inventory earrtiiig 
costs are 10 percent per unit per year, compute the following: 

(a) Economic order quantity 

(b) Total cost of the EOQ, strategy 

P14-2. If demand was estimated incorrectly as 4,000 in Prob. 14-1 but actually Turned 
out to be 5,000, what should the EOQ. have been? Wliat was the percentage error 
in total costs? 

P14-3. The following estimates have been determined for an inventoiw' problem. 


D — 2,000 units 
A = $15 per order 
I = 15% 

C = $10 per unit 
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If the unknown but actual fixed order and inventory carrying costs are S20 per order 
and 10 percent per period, what will be the magnitude of the order quantity and 
the total-cost errors? 

//// P14-4. If carrying costs have been estimated to be 120 percent of the unknown 

actual, and fixed order costs have been estimated to be SO percent of the actual, what wil 
be the percentage error in total costs? //// 

4-5. Consider the following price schedule: 

If the forecasted demand is 8,000 units, the fixed order costs SlOO, and the inventon.’ 
carrying costs 25 percent, what quantity should be ordered ? 

If Q < 850, then $10 per unit 
If Q > 850, then $8 per unit 

P14-6- Consider the following price schedule: 

S'"'"" 

If Q < 700, then $10 per unit 
If Q > 700, then $7 per unit 

If the forecasted demand is 8,000 units, the fixed order costs $100, and the inventon' 
carrying costs 25 per cent, what quantity should be ordered? 

P14-7. Given the following information, determine if the price break should or should 
not be taken. 


A = $10 per order 
I = 10% per unit per year 
D = 500 units per year 

If Q < 250, C ~ $10 per unit 
If Q > 250; C = $2.50 per unit 

P14-8. The forecasted demand for a particular stock unit is 40,000 units. The fixed 
order costs are $25 per order and the inventory carrting costs are 25 percent per 
unit per year. The manufaeiurer offers price breaks at the foUoving two points: 

If 0 < Q < 100, then C = SS 
If 100 < Q < 800, then C = $7 
If > SOO, then C = $6 


What quantity should be ordered? 

P14-9. Draw a flow chart for the decision process when two price breaks are offered. 
^d=^4-10. The following estimates have been made for an inventory problem: 


D = 2,000 units 
..4 = $15 per order 
/ = 15% period 


Given the following price schedule, how* many units should be ordered? 


If Q < 300, then C = $10 , 

If 300 < Q < 500, then C = $9 
If C > 500, then C = $8 

P14-11,. The cost for incurring a backorder is estimated to be $10 per backorder. If 
demand is estimated to be 4,000 units, fixed order costs $10 per order, inventory carrying 
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cost 10 percent per unit per year, and per-pieee cost SI, find the economic order quaniitv 
and the maximum level of inventory. 

Solve the following problem for order quantity: 

D = 3,000 units 
A = $10 per order 
7=10% per unit per year 
C = $2 per unit 
-B = $5 per backorder 

P14-13. The demand during several lead time periods has been obser\-ed and recorded 
bj^dw. 


Lead time 
demand 

Selaiire 

frequmcji 

110 

.05 

Ill 

.10 

112 

.15" 

lis 

.25' 

114 

.20 

115 

.10 

116 

.08 

117 

.07 


At^^hat point should the reorder level be set so that the chances of a siockoui are 
percent or less? 

P14-14. The lead time demand distribution for a particular product can be approximated 
by a normal distribution with a mean of 250 and a standard deviation of 5. At what 
level should the reorder point be set so that there will be less than a 7 percent elianee 
of a stockout? What will the safety stock be at this level? 

The probability distribution for lead time demand is esiimatai to be the 
following. 


iimatai to 


Lead time 
demand 

Prohab: 

m 

.07 

n 

.15 

32 

.26 

33 

.IS 

34 

.12 

35 

.OS 

36 

.07 

37 

.07 
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In addition, demand is 2,000 imits, fixed order costs $25 per order, per-piece 
cost S2 per unit, inventory carrpng costs 25 percent per unit per year, and backorder 
costs $1 per unit backordered. 

What is the optimal reorder level, the size of the safety stock, and the total 
cost of this strategy? 

. What is the optimal reorder level, the size of the safety stock, and the total 

V./ cost of the optimal strategy for the follo'^ving inventory problem? 


Lead time 
demand 

Probability 

48 

.02 

49 

.03 

50 

.06 

51 

.07 

52 

.20 

53 

.24 

54 

.20 

55 

.07 

56 

.06 

57 

.03 

58 

.02 


D = 1,800 units 
A = $30 per order 
I = 15^ per unit per period 
B = $l per unit backordered 
C = $2 per unit 

P14-17. Below are given the probability distributions of daily demand, lead time, and 
backorders. The backorder table represents the likeliliood that a stockout vail become 
a lost sale. For example, if a stockout has existed for 3 days, the chances it will 
become a lost sale are SO percent. 

Probability distribution of daily demand: 


N^umher of 
units demanded 

Probability 

7 

.10 

8 

.20 

9 

.25 

10 

.20 

11 

.15 

12 

.10 
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Lead time distribution: 


Lead time ProbabiIof 

(days) occurrence 


4 .20. 

5 .40 

6 .30 

7 .10' 


Probability of a stockout turning into a lost sale: 


Number of -periods Prohabilitp 
backordered 


0 

1 

2 

3 

4 


.20 

.40 

.65 

.m 

1.00 


In addition, the carrying costs per day are estimated to be $.10 per unit, the 
cost of a lost sale is $30 per unit while the cost of a backorder is $5 per unit, fixed 
order costs are $30 per order, and per-piece costs are $1 per imit. 

How would you simulate a strategy with a reorder point of 60 units and an 
order quantity of 300? Is this necessarily the best strategy? Wliai about other 
strategies ? 
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Loading, Sequencing, and Control 


IliTRODUCTION 

When the aggregate planning problem was discussed in Chapter 13, we did not 
work our way dowm to the planning of production for individual items. The 
concern at that stage was to establish an aggregate strategy wdthin wdiich these 
detailed schedules could eventualh^ be established. 

After the mix of jobs wdiich will flow through the process is finalized, 
it is iiecessaiy to compile a schedule specifying when jobs wdli be started, the 
machines on which they will be processed, the order in which they will be se¬ 
quenced oil these machines, and their expected completion date. This task is 
usualh^ initiated one month or less before processing is begun. 

The two major problems at this stage are loading and sequencing. Loading 
is concerned with the assignment of jobs to work centers, while sequencing focuses 
on the order in which these jobs are processed. First we look at the loading 
problem. 

LOADING 

The focus of attention in loading is the total load placed on a particular work 
center. The traditional approach for handling this problem has been to assign 
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work to a center and to monitor the load with a Gantt load chart. An example 
of this chart is shown in Fig. 15-1. Here we can see the cumulative work 
load that has been placed on the center as well as the expected week-by-week 
load. 

Although the Gantt load chart is a useful record-keeping device, it is not 
particularly helpful when there exist alternative machines on which the job 
can be loaded. Under these circumstances, a fairly complex decision problem 
exists. Let us take a closer look. 

Consider a simple case where five jobs have to be assigned to five ma¬ 
chines. Each job must be assigned to a different machine because these jobs 
are expected to run continuously. Furthermore, each job can be performed on 
any of the five machines. The cost of assigning job i to machine j is shown 
in Fig. 15-2. The problem is which job to assign to what machine. Since 
the rim conditions are equal to 1, it can be solved as an assignment problem. 

The point that this simple example should bring out is that when there 
is more than one way in which to load a job, a loading strategy must be found 
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which iniiiiiiiizcs the cost of processing for all jobs under consideration. In 
the Gantt load chart approachj the choice of where to load a jobj if there is 
a choice, is left to the discretion of the scheduler. Therefore, it is more of 
a record-keeping device than a decision-making tool. 'W'hen used alone, it skirts 

the main problem. 

In a more frequent and more complex case, a set of jobs must be assigned 
to machines; however, more than one job can be assigned to each machine. Some¬ 
times it is even acceptable for the job to be split between two or more machines. 
For example, a job requiring the production of 1,000 pieces may have 300 of 
them run on one machine and 700 run on another. The constraints imposed on 
this loading problem include machine and labor capacity. The objective may 
be stated as either the minimization of process costs, the maximization of equip¬ 
ment utilization, the minimization of job lateness, or one of several others. The 
full development of this problem, however, is beyond the scope of this chapter, 
and the interested reader is referred elsewhere.^ 

For the remainder of this chapter we shall assume that loading is a fairly 
straighiforward problem. That is, either there is but one loading alternative 
for each operation, or an acceptable loading solution already exists. This wdll 
allow us to focus on ihe sequencing problem. 

SEQOEH,CIHG 

Once the load on a machine center has been determined, the next problem is 
to determine the sequence in which these Jobs should be executed. 

Although this problem was originally studied in a manufacturing environ¬ 
ment, the sequenciiig problem is a more general phenomenon. In a hospital, 
a group of patients must be sequenced through a number of tests; at the airport., 
a number of aircraft holding in a landing pattern must be sequenced for landing; 
at a bank, the customers must be sequenced through a loan department; at 
a sendee station, a group of automobiles must be sequenced through a series 
of work centers; and a salesman must determine in what sequence he will call 
on 10 customers. 

Ill almost all of these situations, the problem is solved wdthout our even 
realizing that a problem exists. Consider the problem faced by the sales¬ 
man. He must decide the order in which to call on his customers, who are 
located in 10 cities. There are many possible sequences which he could fol¬ 
low. If we numbered the cities 1 through 10, the following represent two possible 
sequences: 

1-2-3-4-5-6-7-8-9-10 

1-3-2-4-5-8-7-10-6-9 

In fact there are 10! or over 3 million possible sequences. Suppose that the 
salesman wanted to minimize drhdng time. Then for each of the 3 million 


^ For a good introduction to the subject of loading see Martin K. Starr, Systejns Mafiage- 
ment of Operatioiis, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1971, chap. 10. 
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sequences, a driving time could be computed. Finally, the one with the lowest 
time would be chosen as the sequence to be followed. 

It can be seen from this example that a problem which is usually seen 
as trivial from the salesman’s point of view turns out to be quite substantial 
from the management scientist’s point of view. To completely enumerate all 
possible sequences and from this set choose the best one is completely untenable, 
even for this small problem. 

In this chapter we will focus on more efficient ways of solving this and 
other sequencing problems. First we will develop a framework into "which this 
analysis will be placed. Then we will develop a series of sequencing models, 
each to be used under different conditions. Finally two case studies are pre¬ 
sented which illustrate approaches to the sequencing and control of complex 
systems. 


A FRAMEWORK FOR SEQUENCING PROBLEMS 

The models that will be presented will differ in their consideration of one or 
another of the following factors: 

1. The number of jobs n 

2. The number of machines m 

3. The type of facility: flow shop—^job shop 

4. Manner in which jobs arrive at the facility: static or dynamic 

5. Criterion by which alternatives will be evaluated 

The first factor is the number of jobs, n, that must be processed through 
the facility, and the second is the number of machines that will be utilized. The 
third factor concerns the order in which machine centers appear in the routing 
of individual jobs. If all jobs follow the same path, that is, if they go through 
the same sequence of machines, we have a continuous or flow shop. If, at 
the other extreme, there is no common pattern for the flow of jobs through 
the shop, a job shop pattern is said to exist. The fourth factor is the manner 
in which jobs arrive at the facility. If the jobs amve simultaneously, the shop 
is idle upon receipt of these orders, and no further jobs arrive, a static arrival 
pattern exists. This kind of situation requires that we focus only on a set 
of fixed jobs. A more difficult situation, but one which is usually more realistic, 
is one wdiere jobs are continuous^ arriwlng at a facility. This is the case of 
a dynamic arrival pattern. Finally we turn to the criterion by which alternative 
sequencing plans are compared. Here there is certainly no agreement as to 
the best one. These include the utilization of equipment as measured by the 
processing time, the average lateness of orders, the total setup time, and the 
minimization of work-in-process, to name just a few. 


n JOBS, ONE MACHINE, FLOW SHOP, STATIC ARRIVAL PATTERN, SPT 

The first case which will be examined assumes that any number of jobs n are 
queued up at one machine. Since all the jobs must go through this one machine, 
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we essentially haYe a flow shop problem. In^ addition we assume that all of 
the jobs are received at once and no- new jobs arrive. Therefore a static arrival 
pattern prevails. The objective will be to find the shortest average processing 
time iSPTl for these jobs, where processing time is the sum of waiting and 
operation time. If we let C* be the time in which each job is completed, for 
n jobs the average processing time is: 


f c.. 

c = 

N 

Since X is constant for all sequences, the sequence which minimizes the sum 
of the processing times will be identical to that which minimizes the average 
processing time. 

The operation times for six jobs are given in Table 15-1-^ The problem is 
to find that sequence which minimizes average processing time C. 

Consider the trial solution A-B-C-D-E-F. Its average processing time is: 


C = 


7 + 13 + 17 + 20 + 22 
6 


23 


= 17 min 


Another trial solution is sequence F-E-D-C-B-A. Its average processing time is: 


C = 


1 + 3 


6 4- 10 + 16 + 23 
6 


= 10 min 


Clearly the choice of a sequence has an influence on average processing time 
per Job. 

In Fig. 15-3 a graph is drawn for the trial solution A-B-C-D-E-F. Along 
the abscissa is time in minutes and along the ordinate, at one-unit intervals, is 
the progression from X to 1, within which the jobs will be placed. 

In this trial solution, the first job on the schedule is A. Therefore the 
reetaiigie that appears first in the sequence is 1 unit high by Pa == 7 minutes 
long. The second job is B. Its rectangle is 1 unit by = 6 minutes. In similar 
fashion the rest of the rectangles are drawn. 


Table 15-1 Job operation times 


Job 

n 

Operation time 

P. 

A 

7 min 

B 

6 

C 

4 

D 


E 

2 

F 

1 , 
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The total area of this graphj including both the shaded area and the rec¬ 
tangles, represents the sum of the job processing times. Now if we were to 
generate another trial sequence, the sum of the area wifMn the rectangles 'would 
not change. That is, this area is independent of the sequence. The shaded 
area, however, is sequence-dependent. Consider, for example, the sequence for 
the second trial solution: F-E-D-C-B-A. Its graph is shown in Fig. 15-4, 
Clearly the shaded area for this sequence is much less than the shaded area in 
the preceding sequence. 

THE MINlWliZATiON OF AVERAGE PROCESSING TIME 

We can characterize each block by an arrow on its diagonal. Each schedule 
graph will therefore be a head-to-tail chain of these arrows whose slope is —1/F^. 
It therefore seems reasonable to say that the shaded area is minimized when the 
arrows form a convex curve. This is equivalent to sequencing the jobs by non- 
decreasing operation times, or: Pfi] < < Prsi < P[ 4 ] <***:< Pinj- 

If the jobs in this example were arranged by nondecreasing operation times, 
we would have Pa, and they wmuld be scheduled in 

the following order: F-E-D-C-B-A- For this sequence the arrows form a convex 
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Fig. 15-3 Trial solution A-B-C-D-E-F. 
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currej tliG slisded arGs- is niiiiiiBizGdj and wg therefore have a schedule which 
.minimizes the average processing time. 

As an illustration of how this rule could be applied, consider the following 
familiar situation.. In a supermarket a group of n people {n jobs) is waiting 
in line at a checkout counter (1 machine). The sequence in wdiich they will 
be processed through the system is usually based on when they arrived: first 
come, first served. That this rule is not the best should be clear. If the first 
customer in line has a large order, this will increase the average processing 
time per customer. We just learned that to minimize average processing time 
the customers (or jobs) should be sequenced by nondecreasing operation 
time. This means that the customer with the fewest items goes first, then the 
customer with the next fewest, and so on. Although the supermarkets have 
never tried this, they have established checkout lanes for fewer than 10 or so 
items. This will, of course, decrease the average processing time somewhat. 

OTHER CRITERIA 

It seems that one of the most important criteria by which practitioners schedule 
Jobs in a typical job shop is the minimization of job lateness. By employing 
the SPT ...rule, surprisingly enough the average job lateness is also minimized. 
The .reason why this is surprising is that due dates were not considered by this 
rule in any way. 

If, however, the criterion is to minimize the maximum lateness of any job 
in the set of fi jobs, it can be shown that the optional sequence is in order of non- 
deereasiiig due dates: dnj < di^j < ‘ ‘ < d[n]^ Proof of this can be 

found elsewhere.- The point that should be made is that the particular mle 
which should be used depends upon the criterion chosen. Rarely will one rule 
satisfy all releva.iit criteria. 

n JOBS, OME MACHINE, FLOW SHOP, STATIC ARRIVAL PATTERN, 
SEQUENCE-DEPENDENT SETUP TIMES 

Ill the previous model an unwritten assumption was that if a setup was necessary 
for each job, the time which it took was independent of the previous job. This 
being the ease, the setup times can simply be included in the operation time 
F». For example, in the problem illustrated in Table 15-1, the operation time 
for Job A might comprise 1 hour of setup time and 6 hours of run time. By 
expressing the operation time in this way it is implied that the setup time 
is independent of the Job hj which it is preceded. For Job A the setup and 
run time is 7 hours regardless of whether it was preceded by Job B, C, D, 
E, or F. There are several occasions, howmver, when the setup time depends 
on the previous job. Consider a scheduling problem found in a large printing 
shop. The length of time required to set up a job depends upon the color 

‘Riclaard It. Conway, Maxwell, and L. Miller, Theory of Scheduling, Addison-Wesley 
Publishing Company, Reading, Alass., 1967, p. 30. 
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of the ink and the paper size of the previous job. The actual setup and run 
times for a batch of six jobs which must be processed each month are shown 
in Fig. 15-5. For example, if job 1 is followed by job 5, the setup and run 
time for job 5 will be 14 hours; if job 5 is followed by job 2, the setup and 
run time will be 7 hours; and so on. Notice that the matrix is not symmetri¬ 
cal. The setup and run time required to go from job 1 to job 5 is not the 
same as to go from job 5 to job 1. The problem is to find a sequence for 
these six jobs which minimizes the total setup and run time. There are several 
other situations in which a similar sequencing problem can be found. In the 
chemical and processing industries different products are often processed through 
the same sequence of operations. After each one is processed, the equipment 
must be cleaned and set up for the next job. The cleaning and setup times 
are frequently dependent on both the product which has just been processed 
and the next product. Other examples include the manufacture of ice cream, 
paint, petroleum products, and industrial chemicals. 

Another example which exhibits this form is the “traveling salesman prob¬ 
lem.” In this problem a salesman must visit each of n cities once and only 
once and finally return to his point of origin. In choosing the best sequence, 
either cost, time, or distance may be minimized. It is seldom that any one 
schedule will minimize all three. 

THE DIFFERENCE BETWEEN THIS AND THE ASSIGNMENT PROBLEM 

In some respects these problems seem to resemble the assignment problem. A 
closer look, however, will show us that this is not actually the case. Consider 
the problem presented in Fig. 15-5. If we let 

_ if i to j is an included sequence f = 1, 2, . . . ,6 

otherwise j = 1,2, . . . ,6 

and Cij = cost of the sequence ij 


To job 

3 4 5 


Fig. 15-5 Job setup and run times. {From 
Conway et aL, Theory of Schedulingj Addison- 
Wesley Publishing Co?7ipany, Reading, Mass., 
1967, p. 58.) 
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the objective function can be written as: 

6 6 

i^Iimiiaize ^ ^ CijXij 

t=ii=i 

The constraints will include: 

Z,, = 1 i = 1, 2, . . . , 6 

and 

I; Z,i = 1 i= 1,2, ... ,6 

Tp to this point the mathematical specification of the problem is exactly 
that of the assignment problem. There is, howeverj one important restraint 
that must be added. Xo four (schedule) can return to its starting place tmtM 
all 71 cities (jobs) have been visited {assignedK For example, the matrix shown 
in Fig. 15-6 is a feasible solution to an assignment problem; but if we look 
at it closely, it is an infeasible solution to the sequencing problem presented 
in Fig. 15-5. Although the conventional rim conditions associated with the as¬ 
signment problem are not violated, the additional restraint w^hich we imposed 
is violated. Xameiy, the solution includes the following cyclic subtours: 

1-6-1 and 2-5-2 and 3-4-3 

Consequently, this problem is more complex to solve than the assignment 
problem. We now turn to a computational procedure for solving it. You will 
find it quite similar but not identical to the assignment algorithm presented 
in Chapter 8. Essentially the steps involve the partitioning of the problem 
into less complex problems, the establishment of lower bounds, and the check 
to ensure that no cyclic subtours are included. The process continues with 
additional partitioning, and so on, until a solution is reached. 
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Fig. 15-6 Trial solution matrix. 
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REDUCING THE MATRIX BY ROWS AND COLUMNS 

The first step in the search for the optimal solution is to reduce the matrix 
first by TOWS and then by colimim^ The reductions that can be made to each 
row are showm in Fig. 15-7 while the column reductions are shown in Fig, 
15-8. The new matrix, which has at least one zero in ever}- row and column, 
is shown in Fig. 15-9. Since we have reduced the original matrix by 
13 + 3 = 16, this wdll establish a lower bound on the problem. That is, any 
solution to the problem will have a cost of at least 16. If the zero cells are 
so placed that they represent a feasible sequence for the six Jobs, the optimal 
solution has been reached and its cost would be 16. If they are not, nonzero 

® The problem can also be solved by reducing first by columns and then by rows. 
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15-7 Row reduction. 


Fig. 15-8 Column reduction. 
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Fig. 15-9 Reduced matrix. 
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(U‘11h iiiuHt l)(i nm\, irK-ivaHin^ Uh^ niiniiniraHeoHi hoIuIjou innn UVih Umov 
bound. Tho y>m) (udlw in 154) aro nut IoohUmI in Huoh n, wi\,y iJiiii a IVnaiblo 
Hch(‘(lul(' on,n hr, i(l(nii;if)<‘d by only Uioho ooIIh. (doiiHocjUiubly W(' tniiHL 

(unploy a liratinJi-jind-bound al|.i;oriilnn lor Holvba^ lliiw |n‘ol)lonL Wo now Lnrn 
to Uii8 al|i;oriihin and tlio (.awk of making ib(‘ llml, aHHigufuiOiL 

FIRST ASSIGNMENT 

Above each zc'ro entry in (niter(‘d iln^ ot)i)ori<unii,y (a)Hl, a! not making tliat i)ai> 
ticidar assigiinumt. For tjxamph^, if an aHHignnnmt in noi/ nnnle in (a!|| 1-2, 
cell 1 must Ik^ bnaninated sormiwhmT^ elsin In tln^ intcjroHt ol o.OHt niinimi/yatiorp 
that assigninent would be rnadci to e-oll l-h. In addition, (udi 2 muHt orif';injtt(‘ 
sornewhere else besides cell I, It would Ix^ asHigiHsI l-o <x‘ll 4-2, 'riim'cd'oix*, 
if cell 1-2 is not assigiKMl, a minimum additional cost of 1 | I 2 will Ih; 
incurred. In a similar fashion tln^ ronnrining /au*o (xdls a/n* evalinitf'd. 

Next an assigrirrumt is mad(^ to tin? ladl wiili Idle liigln^Ht opportunity 
cost. As you will naiall from Chafiinr 8, tln^ aiSsigmuent is nmdo boN* to avoid 
incurring this high cost, Accordingly, we mak<i our flrsl/ aiHsignnumt to cell 
2-5, and it serves a^s the ba.sis for th(‘ |)a,r(/ition of tin' originaJ probl(^m into 
two less com|)lex ones, First wo |)artition inl»o all thosi' [irotib'uis whi(di have 
cell 2-5 as an incliuh'd H(‘(iu('nc(g tln'U wr paad.ition into aJl tliose (rrolilcans 
whicli do not allow 2-5 as an inc.ludiMl sixjiK'rKa*. 

THE FIRST TWO BRANCHES 

In Fig. 15-10 Idle first ru'W jirobh'm is gimeralnd in whicli (adl 2-5 is a.HHigned. An 
infinite cost, reprcsentiHl by da^shes, is enlnri'd in the rema/ming cc'IIh of row 
2, sinc(‘ job 2 will Ix^ followc'd onlj/ 'liy job 5. l)a,HlM‘H aja* a^lso enti'ri'd in tlie 
remaining cells of ccilurnn 5, since jol) 5 (am be prixa'ch'd ordy by job 2. We 
also enter a dash in cadi 5-2, sinee 5-2-5 woidd n'Sidt in a. iirohilfited cvycdic 
subtoiir. Now the remaining (Xists are (vntered into the rriatrix. 

The distinguishing fcaiture of tlu^ si'c-ond mw |)rohl(^m is l.liat tlie aMSsigimnait 
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Fig. i5“10 Firsi aHHigrunerU,, firnt- riew prohlcrn: 
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to cell 2-5 is prohibited. To accomplish this a dash is entered in its cell. The 
new problem is presented in Fig. 15-11. 

Both of these new problems should be examined for possible row and column 
reductions. The first new problem cannot be reduced any further; it therefore 
has a lower bound of 16, the same as the original problem. This new problem 
will be denoted by S^o — (16), where the subscript represents the assigned cells 
and the parenthesis represents the lowest bound. 

The second new problem can be reduced by 2 in the second row. The 
new matrix after this reduction is shown in Fig. 15-12. Checking for possible 
column reduction, we see that column 5 can be reduced by 4. The new fully 
reduced matrix is shown in Fig. 15-13. The lower bound for this problem, how¬ 
ever, has increased from 16 to 22, since row and column reductions of 2 ^ ^ 


Fig. 15-11 Second new problem. 
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Fig. 15-12 Second new problem after row 
reduction. 


Fig. 15-13 Second new problem fully 
reduced: Sn 25 -( 22 ). 






4i4 


OPERATION AND CONTROL OF THE SYSTEM 


were undertaken. We can therefore denote this problem by Sn25 — (22), where 
the subscript n25 denotes that cell 2-5 is 7 iot assigned. 

Let us take a more general view of what we have just accomplished. We 
started with a matrix which we can say represented all possible solutions to 
the problem. It had a lower bound of 16. From this solution set we partitioned 
into all those problems that included 2-5 and those problems that did not include 
2-5 as an assigned set. This can be \dewed graphically, as shovm in Fig. 15-14. 

We will now branch out from our new problems, each time reducing the size 
of the problem until it is eventually solved. The decision now, however, is 
from which of these two new problems to branch. First let us try S 25 — (16), 
since its lower bound is less and it has more assignments than does Sn25 — (22). 


BRANCHINe FROM Sss-dS) 

Figure 15-10 is the matrix for the set of problems S 25 — (16). It is repeated 
in Fig. 15-15, and in addition we enter the opportunity costs for the zero 
ceils. Using the maximum opportunity cost as a basis for the partition, we 
choose cell 4-1. First we partition into all problems including cell 2-5 and 
cell 4-1. This is accomplished in Fig. 15-16. We also assign an infinite cost 
to assignments other than cell 4-1 in column 1, assignments other than cell 
4-1 in row 4, and assignment of cell 1-4. Finally the remaining cell values 
are entered. It is not possible to reduce the rows of the matrix; however, the 
third column can be reduced by 3. Therefore, the lower bound of this new 



Fig. 15-15 Branching from 525-(16). 


Fig. 15-16 
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problem is 16 + 3 = 19, and we can denote it as — ( 19 ). The reduced 
matrix is shown in Fig. 15-17. 

Now we must partition into those problems which do not include cell 
4-1. This is accomplished by entering a dash in cell 4-1 of Fig. 15 - 18 . Next 
we reduce the rows and columns. Only column 1 can be reduced by 3. The 
reduced matrix is shown in Fig. 15-19. It has a lower bound of 16 + 3 = 19 
and can be denoted by 805,^1 ~~ (19). The sequence of partitions up to this 
point is shown in Fig. 15-20. 

BRANCHING FROM Sf25.4i — (19) 

Branching can now take place from one of three places: S „-5 ~ (22), S 25 ,» 4 i— 
(19), or S25,4i — (19). The most promising is 825,41 — (19), since it has a lower 
bound no greater than the other two and it has more assignments specified than 
S 25 ,n 4 i— (19). Although we will not branch from these other two matrices at 
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Fig. 15-18 
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Fig. 15-19 ^25.n41-(l9). 
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this time, we will return to them later to ensure that they do not lead to better 
solutions than the one toward which we are now heading. 

To partition from & 5 , 4 i—(19), we return to Fig. 15-17 and enter the 
opportunity costs in the zero ceils. The results are shown in Fig. 15-21. Parti¬ 
tioning is based on cell 1-3. First we partition into those problems which include 
cel! 1-3. In addition to the usual inadmissible cells, a dash must be placed 
in cell 3-4, since its inclusion would result in a cyclic subtour of less than 
six Jobs (Fig. 15-22). 
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Each time an assignment is made and after the usual cells are filled with 
a dash, the remaining cells (those w^hich have finite values) should be checked 
to see if their future selection would cause a cyclic subtour of less than six 
jobs. For example, in this case if cells 3-2, 3-4, 3-6, 5-4, 5-6, 6-2, and 6-4 
are checked, you will find that cell 3-4 when added to the partially determined 
tour (2-5 and 4-1) will result in the subtour 1-3-4-1. Since this must be avoided, 
a dash is entered in cell 3-4. Essentially it is this checking procedure which dif¬ 
ferentiates this algorithm from the assignment algorithm presented in Chapter 8. 

After the relevant costs and dashes are entered into Fig, 15-23, the matrix 
is reduced. The results are shown in Fig. 15-24. Its lower bound is 19 -f-1 = 20 
and it can be denoted by 825,41,13 — (20). 


Fig. 15-22 
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Fig. 15-24 825.41. i3 -(20). 
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Fig. 15-26 S25,4i.ni3-(22). 


Fig. 15-27 



Now tile partition into problems which do not include cell 1-3 must be 
considered. In Fig. 15-25 the new matrix is drawn. After reduction by 3 in 
column 3, we have the matrix shown in Fig. 15-26. Its lowest bound is 
19^-|-S = 22 , and it is denoted by S25,4i,»i3 •“ (22). Our branching up to this 

point is shown in Fig. 15-27. 
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BRANCHING FROM )S25.4i.i8--(20) 

To branch from S 25 , 41 , 13 — (20), we compute the opportunity costs for the zero 
cells. These costs are entered in Fig. 15-24 to conserve on space. We see that 
partitioning will be based on cell 3-6. The new matrix is drawn in Fig. 
15-28. Notice that a dash must also be placed in cell 6 - 4 , since its inclusion 
in a tour would result in the following unacceptable cyclic subtour: 

The resulting matrix cannot be reduced; therefore iis low^est 
bound is 20 and it can be denoted by 505 , 41 , 13,36 — (20). 

The other branch, prohibiting cell 3-6, is depicted in Fig. 15-29. It can 
be reduced by 10 in row 3 and then by 2 in column 6. The reduced matrix 
is presented in Fig. 15-30. Its lowest bound is 20 + 12 = 32. and it can be 
denoted by 525,4i,i3,n36 — (32). Graphically, we can depict the branching up w 
this point by the tree shown in Fig. 15-31. 
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Fig- 15-30 525 . 41 . 13 .n 3 6"(32). 
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Fig. 15-12 


A TENTATiVE SOLUTiON 

Eeturniiig to — |20 l, it can be shown that we have a solvable problem. 

The assigiinients already specified include those shown in Fig. 15-32. From this 
can be observed two diseoiiiiecied sequences: 

4-1-3-6 and 2-5 

Tiiere is only one way in which they can be combined in a valid sequence: 

4 1 3 6 2 5 

CHECKING OTHER BRANCHES 

The cost of this solution is 20. Since we now have a complete solution, we 
can look at some of the uncompleted branches of Fig. 15-31 to see if they 
are worth pursuing. For example, the branch that wmuld emanate from 
bii25 (221 is no longer worth considering, since a solution pursued in this 
direction cannot have a cost lower than 22. Our present solution at a cost 
of 20 is preferred. V\ e can also strike out the branches S 25 , 4 i,ni 3 —- (22) and 
l32j, since they both have lower bounds greater than our present 

solution. 

There is, however, one branch which we must pursue before we can declare 
our present solution the optimal one. This is S 2 s,n 4 i— (19) with a low^er bound 
of 19. 

Returning to Fig. 15-19, we must proceed by computing the opportunity 
costs. The results are shown in Fig. 15-33. Partitioning is based on 3-1. The 
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matrix for the branch which assigns celi 3-1 is shown in Fig. 15-34. Column 6 
can be reduced by 1. This results in the reduced matrix of Fig. 15-35, with a 
lower bound of 20. This approach can be discarded^ since it is impossible that 
it will lead to a solution lower than the present one of 20. At best its solution 
can be equal to the one we have. 

Now we turn to the other branch which prohibits the assignment of cell 
3-1. The matrix and its opportunity costs are shown in Fig 16-36. It can 
be reduced by 10 in the first column. The result is shown in Fig. 15-37. The 
lower bound is 19 + 19 = 29, and it is clear that this branch can also be dis¬ 
carded. We have, therefore, eliminated all but jS 25 , 4 i,i 3,36 — (20), with its implied 



Fig. 15-35 325.n4i.3i-(20). 


Fig. 15-36 
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Fig. 15-37 S 25 .n 41 .n 3 I-( 29 ), 


Fig. 15-38 



solution shown in Fig, 15-38. Since all others have an equal or higher lower 
bound, we can conclude that this is the optimal solution. 

Figure 15-39 summarizes the branching sequence which led to the solu¬ 
tion. Although this procedure may have seemed laboriouSj it is much less so 
than complete enumeration. In this example complete enumeration would have 
required the evaluation of -n! = 61 = 720 sequences. 

w JOBS, m = 2 MACHINES, FLOW SHOP, STATIC ARRIVAL PATTERN, 

MINIMIZATION OF .TOTAL ELAPSED TIME 

Now we turn to a problem which can be categorized by n jobs, two machines, 
flow shop configuration, and a static arrival pattern. The criterion chosen will 
be the minimization of the total elapsed time for the entire set of jobs. 






LOADING, SEQUENCING, AND CONTROL 


Johnson-* showed that if the following set of rules was followed, ti_ 
elapsed time would be minimized. 

1 . List the operation times on the two machines in two vertical eoiiimns. 

2. Scan all the time periods for the shortest one. 

3. If it is for the first machine, place the corresponding job first. 

4. If it is for the second machine, place the corresponding job last. 

5. Cross off both times for that job. 

6 . Repeat the steps on the reduced set of times. (The solution of the problem 

will therefore proceed from both ends toward the middle.) 

7. In the case of a tie, order the job with the smallest subscript first. For 

example, if Ai and B 4 are tied, select Ai first. If the tie is between Ai, and 
Bi, order the job according to A. 

Consider the example shown in Table 15-2. Here we have five jobs which 
must be processed through two machines. The jobs must pass through first 
A and then B. The problem is to find that sequence which minimizes total 
elapsed time. Following rule 1 , the operation times for machines A and B 
are recorded in two columns. Then the columns are scanned for the shortest 
time. It is job 1 on machine B. Since it is associated with the second machine, 
the job is placed last in the sequence. The procedure is repeated for a reduced 
list of four jobs. The lowest value is 3 hours for job 2 on machine B. It 
is placed second to last. Next we find a tie between job 4 on macMne A and 
job 5 on machine B. According to Rule 7, job 4 is sequenced first. We now 
have: 



Continuing with the next selection, job 5 is placed third from the end and 
job 3 is entered in the only remaining slot left in the sequence. The optimal 

"S. M. Johnson, ‘‘Optimal Two- and Three-stage Production Schedules with Setup Time 
Included,’' in John F. Muth and G. L. Thompson, hidustrial Scheduling. Prentice-Hall, Inc., 
Englewood Cliffs, N.J., 1963, p. 13. 


Table 15-2 


Job 

i 

Operation times 

MacMm 

Ai 

Machine 

Bi 

1 

Jg'hr 

.2 hr 

2 

6 

3 

3 

9 

8 

4 

,4' 

M'- 

5 

7 

4 
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sequence is 


When the problem is extended beyond M = 2^ it can no longer be solved by 
exact procedures. A heuristic presented by Campbell^ Dudek, and Smith, how¬ 
ever, finds nearly optimal solutions very efficiently. We now turn to their 

method. 


n JOBS, m MACHINES, FLOW SHOP, STATIC ARRIVAL PATTERN, 

MINIfillZATION OF TOTAL ELAPSED TIME 

The heuristic which we will employ for this n by m problem splits up the larger 
problem into a series of n X 2 problems and then utilizes the rules generated 
in the last section to solve these n X 2 problems. The best of them becomes the 
heuristic solution. 

Given that there are m machines, we will generate m — 1, n-job, two- 
machine problems. They will be generated from the original problem in the 
following way. The first two-machine problem will contain the operation times 
for the first and last machines. For example, consider the five-job four-machine 
problem shown in Table 15-3. The first tw'o-machine problem is recorded in 
Table 15-4. The second iwo-machine problem is derived by adding the opera- 


Table 15-3 

Machine 

Job 


1 

i 

11 

2 

14 

2 

18 

15 

IS 

13 

3 

4 

11 

14 

IS 

4 

11 

27 

32 

21 

5 

6 

16 

14 

16 


Table 15-4 


Machine 

Job 

A B 

1 

7 14 

2 

18 13 

3 

4 18 

4 

11 21 

5 

6 16 
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tion times on the first two and last two machines for each job. The result 
of this computation is shown in Table 15-5. The third tw-o-macMne problem 
is constructed by adding the operation times on the first three and the last 
three machines for each job. The results are shown in Table 15-6. Since there 
are m = 4 machines, and the number of two-machine problems required by 
this heuristic are m — 1 or 4 — 1 = 3, we need not develop any more. 

Using general notation, the operation times which we have Just computed 
for the fcth two-machine problem can be expressed as 


k 


11 

j = 1, 2. 3, . . 

. , n 

Pj2 - £ iji 

j = 1, 2, 3, . . 

. , n 


i = m-f-1 — k 


where Pyi = operation time in Mh problem for jth job on first machine 
Pj 2 — operation time in ^th problem for jth job on second machine 
tji = operation time for jth job on fth machine 

Now we apply the n-job, two-machine algorithm from the last section 
to the three auxiliary problems. The sequences which evolve from the applica¬ 
tion of this algorithm are shown in Table 15-7. 


Table 15-5 


Jah 

Machine 

J., 

B 

1 

18 

16 

2 

33 

31 

3 

15 

32 

4 

38 

53 

5 

22 

30 


Table 15-6 



Machine 

Joh 

A 

B 

1 

20 

27 

2 

51 

46 

3 

29 

43 

4 

70 

80 

5 

36 

46 
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Fig-15-40^ Sequence 1: 3-5-1-4-2. 



Tile final step is to compute the total elapsed time for each of the k 
sequences from the original ii X table of operation times. To accomplish this 
a Gantt chart must be dratra for each alternative sequence. A chart for the 
sequence 3“0-l“4~2 is shown in Fig. 15-40. It, in fact, turns out to be the 
best sequence. Elapsed time for the other sequences is shown in Table 15-7. 

THE GENERAL n, m JOB SHOP PROBLEM WITH A STATIC ARRIVAL PATTERN 

We HOW' turn to the general job shop problem in w'hich we find n jobs to be 
processed on m macliiiies in such a w'ay that the routing for one job is not 
necessarily the same as the routing for the next. Consider the problem showm 
in Fig. 15-41, where the length of the rectangle represents the time necessary 
to complete the operation. The notation z, j, k represents the job number, the 
order in which that step must be performed, and the machine required for that 


Tafale 15-7 Total elapsed time 


Mh mixiliary 


Total elapsed 

problem 

Sequence 

time 


3 - 5 .I.. 4.2 

135 hr 


3-5-4-2-1 

138 


1-3-5-4-2 

138 
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operation. The problem is to optimally rearrange these blocks into a schedule 
such that steps are performed in the proper order and that there is no overlap 
of jobs on a machine. One such feasible schedule is shown in Fig. 15-42. 

Unfortunately there is no analytical solution to this general n/m Job shop 
problem. The emphasis, moreover, has been on approximate solution to the 
problem. One of these is merely to randomly generate a set of feasible schedules 
and choose from among them the one that best meets the objective. Other 
approaches include the use of heuristic rules to sequence jobs on machines. 
These include such rules as shortest processing time first, “first come, first served/’ 
and earliest due date first. 

Before we take a closer look at these heuristics, one more assumption will 
be changed. In the preceding models we have assumed that all Jobs arrived 
at one time. More common is the case where they arrive continuously. This 
is referred to as the dynamic arrival case. 

THE GENERAL n/m JOB SHOP PROBLEM WITH DYNAMIC ARRIVAL PATTERN 

When jobs arrive continuously in either a random or a continuous fashion, the 
problem of developing a schedule becomes even more complex. It is for this 
situation and the job shop with static arrival patterns that several priority 
rules have been tested. The rules are used to determine the next job that should 
be selected from a set of jobs awaiting processing on a particular machine. Some 
of these rules rank jobs according to: 

1. Shortest operation time 

2. First come, first served 

3. Random order 

4. Slack time remaining to due date (slack time = number of days to due 

date —- number of processing days remaining) 

5. Slack time per operation remaining 

6. Length of next operation 

The appropriateness of the rule, moreover, depends upon the criterion cho¬ 
sen. For example, a rule that minimizes the percentage of late orders may 
result in inefficient utilization of resources. Common criteria include the 
following: 

1. Average flow time 

2. Percent of late orders 

3. Average waiting time of orders 

4. In-process inventory costs 

5. Labor utilization 

6. Machine utilization 

Making the choice of the priority rule even more difficult is the fact that 

the goals of the decision maker can very seldom be expressed in terms of a 



2 2,1,2 2.2.1 2,3,2 2.4.3 
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single criterion. Usually a combination of seYcral factors must be considered 
in making a sequencing decision. 

To test the effectiveness of these rules, large-scale simulations of job shop 
systems have been designed. Through these simulated shops, large numbers 
of jobs are processed according to the rule being tested- First, jobs are dis¬ 
patched to the first machine in their specified order of operations; they then 
take their places in the queue based on the priority rule, wait for service, are 
processed by the machine, and finally are sent to the next machine. This pattern 
is continued until all the jobs have been processed or enough equivalent shop 
time has been simulated. During the simulation the important criteria by which 
the rule will be compared with others are recorded. Next, other rules are ex¬ 
ecuted, and finally a comparison takes place between the performances of the 
various rules. 

Several studies® have reached the conclusion that the ^^shortest operation 
time’^ rule has the loW'Cst average floW' time for all rules tested. That is, the 
average time spent processing the order will be the lowest if the jobs are sched¬ 
uled on each machine with the highest priority going to the job with the shortest 
operation time. 

Rather than focusing on the average processing time, it is more in line 
with industry practice to focus on the lateness of jobs. Slack time per operation, 
for example, has been reported to perform quite effectively in reducing the late¬ 
ness of jobs. We now turn to a case study in which this priority rule was 
employed as a crucial part of a large-scale scheduling and control system. 


A JOB SHOP SCHEDULING AND CONTROL SYSTEM 

The scheduling and control of a job shop have characteristics w^hich are common 
over a wide spectrum of applications. In general, the following sequence of 
events takes place. Upon finalization of an order, it is usually broken dowui 
into its basic parts or jobs. The fabrication plans for these jobs are sent to 
the appropriate locations in the shop, and the jobs are then scheduled at a 
work station or machine. If other jobs are already waiting, each job must 
take its place in the queue. The position which it takes within this queue 
depends upon the scheduling rule which has been chosen. It may be “first 
come, first served,” shortest operation time, shortest setup time, and so on. 

Once the order has been released to the shop, a control system usually 
monitors its progress. The primary purpose of this control system in many 
shops is to ensure that the due date will be met. When the order is not pro¬ 
gressing according to plan, the job is expedited. In an unsophisticated system 
this might mean putting pressure on the foreman to keep the job moving, while 
in a more sophisticated system it might mean updating the job’s relative priority 
and closely watching its progress through a computer-controlled system. 

To give some substance to this descriptive framework, we turn to a sched- 

^Elwood S. Buffa, Production-Inventory Systems: Planning and Control, Richard D. Irwin, 
Inc., Homewood, Ill., 1968, p. 304. 
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uling and control system wliicli was developed at Hughes Aircraft Com¬ 
pany.® The job shop for which this system was designed fabricates a wide 
variety of productSj including machined and sheet metal parts, machine assem¬ 
blies, w’-aveguideSj and printed-circuit boards. At any one time there are between 
2,000 and 3,000 orders being processed through the shop. The shop consists 
of 1,000 machines which are grouped into 120 functional work centers. Each 
work center is capable of performing one functional operation, such as milling, 
drilling, or grinding. The work centers are manned by 400 direct work¬ 
ers. Given this level of capacity, the average cycle time per completed job 
is three to four weeks. 


MAJOR FUNCTIONS OF THE CONTROL SYSTEM 

The Hughes job shop^s scheduling and control system performs four major func¬ 
tions. These include: 

1 Preparation of a fabrication shop order and all necessary paperwork upon 
initiation of an order 

2. Daily schedule for all parts in the shop 

3. Daily order status through special reports 

4. Weekly forecast of shop loads 

Upon initiation of an order request, a fabrication order is prepared by 
data processing. Included in this packet are master job cards, wdiich are even¬ 
tually used together with plastic location cards to transmit status reports from 
the machine centers in the shop to a central information file. 

The second function performed by the system is the determination of a 
daily schedule for each machine group. To sequence the jobs, a priority rule 
is used w'hich minimizes job lateness. In general, whenever a job has fewer 
days until its promised deliver}" date, it takes on a higher priority than a job 
with more days. Jobs of higher priority are then scheduled first. Shortly we 
will take a closer look at the rale they use. 

The scheduling problems would be somewhat simpler if it were satisfactory 
to schedule only those jobs w’hicli were to be found at the machine center each 
morning. But should we not take into consideration those jobs wdiich are now 
at other machine centers and expected to arrive at the center being scheduled 
sometime during the day? In developing the daily schedule, neglecting these 
late arrivals would result in less than desirable schedules. A more comprehen¬ 
sive system will therefore schedule not only those jobs which are to be found 
at the machine center in the morning, but also those jobs which are expected 
to arrive at the center during the dajn To accomplish this, an elaborate record- 

® Michael H. Bulkin, J. Colley, and H. Steinhoff, Jr., ‘^‘Load Forecasting Priority Sequencing 
and Simulation in a Job Shop Control System,” Management Sciences, voL 13, no. 2, 
October 1966, p. B-29. 
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keeping system must be maintained to monitor the status of the job. In addi- 
tioUj a simulation must be performed whose output specifies the expected time 
of arrival and the updated priorities for these new arrivals. The completed 
schedule will therefore include jobs which are to be found in machine centers 
and jobs which are expected during the day. Data on the priorities for all jobs 
and the expected time of arrival for new jobs ensure a more effective sequence 
decision. 

The third function of this system is to prepare daily status reports which 
can be used to control the jobs in process. Once the job is released to the 
shop, its progress is reported daily. A comparison can then be made between 
its planned and its actual progress, and appropriate expediting can be initiated 
if required. 

The final function that this system performs is to forecast the shop loads 
for each machine group. The forecast is updated weekly and shows the load 
for the next 10 weeks. In this way, the shop utilization can be monitored 
and necessary short-term changes in capacity can be planned. 

Next w^e turn to a closer look at the process of generating a daily schedule 
for each machine group. 


PRIORITY RULE 

For every job in the central information file a priority rating is computed. To 
accomplish this, two files must be set up and maintained. These include: 

1. Planning and Standards Library 

2. Fabrication Open-order Master File 

The Planning and Standards Library includes setup and run time standards 
for parts built in the shop. Whenever changes occur, the file can be up¬ 
dated. The second file contains the information showm in Fig. 15-43. The sec¬ 
ond section of the Header record is updated daily by information received 
through remote terminals located in the shop. Here is where the status of the 
job is recorded. The next section of the record, Open Operations, specifies the 
sequence of steps required for job completion. 

From this information, the priority of the job can be calculated. As we 
have seen, there are several rules 'which can be used to determine this priority. 
The particular rule chosen by this shop was the jninwium slack time per operation 
rule. First, a slack time per operation is computed: 

Slack time „ RT — ROT 
per operation NOR 

where RT = remaining calendar time to due date 

R1CT = remaining operation time to order completion 
NOR = number of operations remaining 
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Consider one particular job with 14 days left until its due date, 7 days of 
operation time, and three operations remaining. The priority can be computed 
in the following way: 

RT = 14 
ROT = 7 
NOR = 3 


Slack time 
per operation 



= 3 


1 

¥ 


Since the remaining operation time does not include the time spent in 
a queue, the figure computed actually represents the clock time remaining per 
operation. Therefore, the lower this figure, the higher is the priority. In the 
event that the job is already beyond the scheduled due date, the slack time 
per operation would be negative. This would represent an even higher priority. 


SIMULATION SCHEDULE 

Before the daily shift begins, a priority is computed for each job in the Fabrica¬ 
tion Open-order Master File. Then a shop simulation is run 'where these orders 
are assigned to machine centers and take places in the queue according to their 
priority ratings. The operation times are then retrieved from the file and each 
order is processed on the appropriate machine. After it is completed, the job 
is moved to its next location. Its position in this new queue depends upon 
its updated priority. The simulation for the entire shop continues for one shift. 

The outcome of this simulation is summarized in the Order Schedule Re¬ 
port. An adaptation from it is shown in Table 15-8. It shows the orders in 
the machine center at the beginning of the shift and those which are expected 
to arrive during the shift. Also included in this report are the priorities for 
the jobs already at the station and the updated priorities for the incoming 
jobs. 

The Order Schedule Report is the foreman’s guide to scheduling his machine 
centers for the forthcoming shift. From it he knows what jobs he has and 
their priorities and what jobs are expected to arrive and their priorities and 
from where they are coming. 


HOT ORDER VISIBILITY REPORT 

A report that is quite useful for top priority orders is the Hot Order Visibility 
Report. This report shows where the hot orders are located at the beginning 
of the shift and their expected progress during the shift. Coordinators, whose 
responsibility it is to pay special attention to these orders, therefore know where 
each job is and when it is expected to move. Rather than pressuring the foreman 



Table X§°8 Order schedule reportf 
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to process these jobs next, the coordinator is performing more of a control 
function. 

RESULTS 

Several significant improvements were reported as a result of this new sys¬ 
tem. The percentage of orders completed by their due date increased by 10 
percent. The before-and-after profile of order completion is shown in Fig. 
15-44. It is clear that the system has made an impact on delivery schedules. 

This improvement in performance has led to the reduction of in-process 
inventory and a simultaneous increase in machine and manpower utilization. 

Quite impressive is the reduction in expediting costs. These costs have 
been reduced by 60 percent, a savings large enough to pay for the computer 
costs of the simulation. 

Case study: court scheduling" The scheduling of courtrooms is in drastic 
need of attention. Quite often cases are not heard on their scheduled dates 
because of a case overload. As a consequence of thisj lawyers, policemen, 
and witnesses often waste an entire day in court. In fact, if the situation is 
repeated, it is likely that the wutnesses will eventually refuse to try again. 

Often the opposite occurs. A judge may close his courtroom early 
because of a lack of cases. Both of these problems can be attributed 
to a scheduling system wdiich by present-day standards and capabilities 
can be considered antiquated. 

Recently a study was undertaken for the New York City Criminal 
Court to see if a better scheduling system could be devised. 

The consulting firm which designed the system identified several fac¬ 
tors which guided their design effort. The first was that the probability 
of a judge running out of cases should be kept low. Second, the probability 
that a case would be adjourned because of a calendar overload should 
also be kept low. Third, a policeman’s court appearances should be 
batched and scheduled for duty days. Fourth, high-priority cases should 
be scheduled as early as possible; and fifth, a maximum time limit should 
be enforced prior to which a case must be scheduled. 

At the core of the scheduling system is a priority rule wdiose purpose 
it is to assign a priority rating to each case. Those cases with a high 
priority are slated for scheduling, while those of lower priority are returned 
to the unscheduled pool. 

The priority assigned to each case depends upon several factors, in¬ 
cluding whether the defendant is in or out of jail, the seriousness of the 
charge, and the elapsed time since arraignment. Since priority is a function 
of time, the rating is continually being updated. When it reaches a 
threshold level, the case is scheduled. 

Once a case is marked for scheduling, a multiple-regression routine 

"This case is based upon the following paper: Samuel S. Shapiro, “An Automated Court 
Scheduling System,” presented at the 12th American Meeting of the Institute of Manage¬ 
ment Sciences, Detroit, Mich., September 1971. 
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Percent 



Fig. 15-44 Reduction in costs, {From Bulkin et aL, ^%oad 
Forecasting Priority Sequencing and Simulaiion in a Job Shop 
Control System,Management Siience, ISy 2 {October 1966), 
p. B-47J 


determines the time slot that would be necessary for the case to be 
heard. This model relates the expected court time to a set of causative 
factors such as seriousness of ofifensCj plea of the defendant^ number of 
witnesses, and presiding judge. Finally, the case is scheduled into an ap¬ 
propriate time slot. 

The scheduling algorithm, however, does not schedule a full case 
load. It keeps time open for the insertion of high-priority cases. In fact, 
the further into the future the schedule extends, the more open time is 
resert'ed for priority cases. 

Each day the schedule is revised. Cases which are new to the court 
and have received a high priority are added, as are the old cases whose 
updated priorities have exceeded the threshold. 

To implement such a system requires a substantial investment in 
data collection, computer hardware, and additional system design 
effort. Furthermore it requires the approval and cooperation of lawy^ers, 
judges, and court administrators. At present the system is still considered 
to be in the design stage and none of these implementation problems have 
yet been confronted. The city is still open to design and implementation 
suggestions. 


SUMMARY 

It should now be quite apparent that the scheduling and control of an operational 
process can be a complex task. The appropriate methodology by which a solu¬ 
tion to the problem is achieved should include not only a careful analysis of 
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the operational process and its associated information flows, but also the design 
of efficient sequencing rules or algorithms. 

For the very simple situations, such as n jobs through one machine, it 
becomes a relatively simple task to find the optimal sequence. How-ever, as 
we progress to the general n“job-7n-machine job shop problem, we have to be 
satisfied with solutions generated by heuristic rules. 

For large-scale applications, a computer-based system is usually a 
must. Its primary functions would include the storage and collection of data, 
the generation of efficient schedules through the use of decision rules, and the 
provision of useful output for control purposes. 


QUESTIONS 

Q15-1. Why is a Gantt chart generally inadequate for machine-loading purposes? 
Q15-2. Describe the sequencing problem. 

Q15-3. If five people are waiting in a clinic for a series of tests to be made on them, 
how many different ways can they be sequenced through the process? Might it be 
advantageous to sequence them one way instead of another? Why? 

Q15-4. Why would the type of facility (flow shop or job shop) affect the consequence 
of a sequencing strategy? 

Q15-5, What makes the traveling salesman problem one of the most difficult in manage¬ 
ment science to solve? 

Q15-6. In the job shop scheduling case, what decision rule was employed? Is it a 
heuristic or an optimization rule? 

Q15-7. Given the complexity of the court scheduling problem, would you expect the 
computer to improve upon manual scheduling techniques now employed? What prob¬ 
lems do you see in this system? 

Q15-8. Is a computer a necessary component of a scheduling system? Explain. 
Q15-9. Show that the area under the schedule graph in Fig. 15-3 represents the total 
processing time for that particular schedule. 

Q15-10. 'Why is the technique which we have employed to solve the traveling salesman 
problem called a “branch-and-boiind” algorithm? 

Q15-11. What implementation problems would you foresee in the court scheduling case? 
Q15-12. Why is the general n/in job shop problem so difficult to solve? 

Q15-13. Suppose that you came up with a heuristic rule which you thought could per¬ 
form quite well in sequencing jobs through a general n/vi job shop facility. How would 
you test this rule and compare it with others? 


PROBLEMS 

P15-1. Solve the machine loading problem illustrated in Fig. 15-2. 

^P15-2. Eight jobs must be processed through a single machine. The operation time 
for each job is given below. 
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Job Operation time 


1 

2 

3 

4 

5 

6 

7 

8 


11 

22 

15 

7 

19 

20 

16 
6 


{a I 'WBat sequence will minimize the average processing time for the entire set 

of jobs? 

(b) What sequence will minimize the average job lateness? 

(c) What sequence will minimize the ma.ximum lateness of any job in the set? 
■■'■■'."'(cf) What sequence will minimize the total processing time for ail jobs? 

P15-3. The length of time necessary to set up and run an ice cream manufacturing 
pXBcess depends upon the job pretiously run and the job about to be run. Given 
the following data, how should these four jobs be sequenced through the process? 

To 

Job 


- 

5 

9 


7 

- 

5 

11 

4 

S 

- ; 

6 

3 ! 

i 

7 ! 

i i: 

! 1 

- 


P15-4- Solve the foEowing traveling salesman problem. 
To 


\ 

1 

n 

3 

4 

5 

I 

- 

3 


9 

12 

■1 

7 

- 

3 

6 

4 

3 

14 

5 1 

1 - 

8 ^ 

13 

4 

6 

9 

1 4 

- 

8 

5 : 

1 8 

5 

1 

i 

10 

i - 
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P15-5. A salesman must make a tour of five cities. He must start and end in city 
L What route will minimize the distance traveled? 

To 

\ 1 2 3 4 5 



P15-6. Solve the following traveling salesman problem. 
To 

\ I 2 3 4 5 6 


- 

7 

10 

11 

6 

7 

3 

- 

8 

10 

8 

4 

4 

5 

- 

9 

3 

11 

6 

7 

13 

- 

14 

10 

8 

4 

5 

2 

- 

7 

3 

11 

9 

6 

4 

- 


P15-7. Seven jobs must be processed through two machines. Each one must be processed 
by the first machine and next by the second. For the operation times which are given 
beloWj find a sequence such that the total elapsed time is minimized. 

Operation time 


Job Machine .4 Machine B 


1 5 12 

2 9 6 

3 11 ~ 7 

4 3 4 

5 6 0 

6 12 9 

7 4 14 
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P15-8, Six j()l)M nniMt ho protuwocl t.Iirotigli mncliiiHHA jol) iniiHl, firHi l)C5 

j)r(H‘,csH 0 (l on iifiiicliiiH^ I, iJnni on rruudiim^ 2, and Ihially on fniM'liiiio Kor l.lio (jporafion 
Lim(‘s whioli uro f^iv('n Ix^Iow, find n Hoqnonnc) wlu(di anliJovoH a low io(n.l olnpH(?<l Urnt^ 


Operation tinie 

Job MacMnc A M(whine H Mdehine 0 


1 12 6 

2 7 9 

3 8 11 

4 4 6 

5 5 13 

6 10 5 


9 

13 

5 
11 

6 
a 


P15-9- Throe jobw iriUHl/ ho prooeHHod on four rnachiiH'H. l^jnioli job nninlf lifHt bo proiMwed 
on maeliine 1, then on niaehino 2, next on nuudiino 3, and finally on ni.’nthiia^ 4. ()iv(^n 
the following operation tirn(‘H, find a- ntdaulnlc^ wlii(^h (hjoioh f^loNttrt lo niinirniz/mg tof-al 
clapned time. Graiih yonr roBnltH. 


Operation time 


Job Ma(Mne A M'(whine H MiwMne 0 Ai (whine l> 


1 7 10 

2 9 7 

3 4 8 


6 5 

If 12 

3 7 


P15-10. (Irapliically illuHtrate a feawble Holul-ion f-o tli(‘ followirjg goiatrnJ n/tn job nhop 
problem. 


Job 1 
Job 2 
Jobs 
Job 4 


ld,2 

1,2,1 

1,3,3 



2,1,1 

2,2,2 

2,3,3 


3,1,2 

3,2,1 

3,3.4 

4,1,1 

4,2,2 



L 


JL 
4 5 

1'ime 


1 
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Quality Control 


INTI?ODyCTiON 

It is earh" in the process design stage that conclusions on the attributes which 
must be incorporated in the product or service are finalized. These probably 
include decisions on size, weight, cost, maintainability, serviceability, per¬ 
formance, and appearance. Once determined, they serre as standards for system 
design and, later during the production cycle, as standards against which actual 
output must be measured. Good quaiit}^ is therefore defined in relation to the 
standards set in the process design stage. If these standards are met, the quality 
is good; othervdse, it is not. 

To ensure that these quality standards are met, control procedures are 
undertaken. Quality control can be exercised over the product or the proc¬ 
ess, When it focuses on the product, we call it acceptance control. Typically 
this involves making accept-or-reject decisions on a batch of parts after it has 
been through all or some of its operations. Usually this decision is based on 
a sample. Consider, for example, an order which has just arrived from a ven¬ 
dor. It contains 10,000 made-to-order insulators. The customer feels that a 
decision on whether to accept or reject this lot can be based on a sample. If 
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,v!iull.ii I'rnin (he an* HiitiHfiuJtory, the lot will be accepted; otherwise, 

the lot. Will Ilf ffiil' iiiu'k to the vendor. 

(^iiHlity foiitrol III alHo uned to (‘tiHure that proceHsoH are operating under 
(•.(iiitrol. ( oiiiiiilfi a lfi.l.li(' wliieli hiW Ikk'h Hot to lauchine a piece of aluminum 
to It iiK'liea III diaiiiftef. lo Verily tluH Hiitting, a random selection of pieces 
,,„iild Ilf pfi'iodically iiflfcted and ineaHiired. In this way, whenever the machine 
goeii out ol foiitiol, ifiiifdial action could be taken befote too many defective 
Itcmii arc iiuumlacl.iirfd. I bis aspeiiL of (luality control is called process control. 

'I'lio fcpproacli which will hi* taken in this chapter is to first consider the 
appnipi'ial.e [ilaceH in the transforination process whore quality control measures 
should Ilf undertaken. I’hen we will turn our attention to the concepts of sam- 
plinp, rink and I,he <‘cononiicH ol sampling. Following this the design of ac- 
cc[itanef control and then process control systems is considered. A case is then 
presenl.fd which fxiilores the application of these concepts to bank auditing. In 
the last, lint opI.ionaJ, section bnyesian sampling techniques arc illustrated. 
'I'hfHO ti’chniipii'H fdlow tlie decision maker hi explicitly incorporate his prior 
beliefs on pruceHs ipiality into the quality control decision process. 


WHERE TO INSPECT 

An iinporl.anl., hut UHiudly neglected, asiiect of the cpiality control problem is 
the ileciHion when- to inspect. In Mg. lll-l, a three-stage production sequence 
is shown. Inspection can iaki* place after production has been completed or 
any place betwi'cn production stages. If inspection was costless, we might in- 
Hjicct at all of thcHc potential locations. Another reason we might inspect at 
every point would be a very high cost associated with passing defectives through 
the jiroccHH, 

('•ooHider the manufacture of a iirecision jiiecc of navigational equipment 
to he iiMfil on the Imnar M-xeiirsion Module. At each successive production 
stage, a eoHiJy si't of oiierations is jierformed on the unit. If at any stage 
the unit bcconifs did'ective, any further processing will just add costly steps 
to a now worthlfHH unit. It is, thendore, reasonable to accept the moderate 
cost of thorough inspee.tion after (tvery stage rather than the high expected cost 
of pail!',ill!' defectives l.hroiigh the systwn. For most products, however, one 
would not cxpecl, inspection to take place after every production stage. 






operations 

potential inspection locations 
Flf|, I'.ooatJon of iimpnotion HtatioriH. 
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In general, the number and location of inspection stations will depend 
upon two costs. The first is the inspection cost; this will increase as the number 
of inspection locations increase. The second is the cost of passing on defectives 
through the system. As the number of inspection locations increases, this cost 
will decrease. The optimum number and location for these inspection stations 
are achieved when the sum of these two costs is a minimum. 

There is no simple procedure for soMng this problem. Heuristics have 
been used; however, a digression into these methods is beyond the scope of 
this chapter. Suffice it to say that the number and location of inspection stations 
are an important consideration in the design of the overall quality control system,. 


SAMPUMG RISK AND THE ECONOMICS OF SAMPLING 
SAMPLING RISK 

Once the decision is made to inspect at a pariicular stage, the next step is 
to develop a sampling plan. Consider a lot of machined parts which has just 
been received from the vendor. Before they can proceed through the manufac¬ 
turing process, it must be determined whether or not this lot meets the desired 
standards. An acceptable lot is defined as one with 5 percent or less defec¬ 
tives. One way to establish its quality is to examine the lot completeh^—that 
is, to use 100 percent inspection. This strategy will ensure that no lots in exeess 
of 5 percent defectives will be passed on through the manufacturing process. 

Another strategy" would be to sample a small portion of the lot and accept 
or reject it on the basis of the sample results. Consider that the lot of machined 
parts contains 10,0CX} pieces and that a sample of 100 is taken. Assume that 
the decision rule is to accept the lot if the number of defectives in the sample 
is less than or equal to five. Suppose that, unknown to us, the lot actually 
has 6 percent defectives, or 600 defective pieces. It is quite possible that for 
any sample of IQQ pieces, we could be ‘^unlucky’’ enough to draw four defective 
ones. Our decision rule, however, would tell us to accept the lot. T\Tiat we 
have, in fact, done is to accept a bad lot. This is the first type of risk that 
you take when sampling; it is called the consumer's risk. How can one reduce 
this risk? Take a larger sample. The limit, of course, would be a 100 percent 
sample, for which no risk is taken. 

There is still another kind of risk that is incurred. Suppose that our next 
lot has, unknown to us, an actual percent defective of 3 percent. It is quite 
possible for us to take a sample of 100 pieces in which six defective items 
are found. Following our decision rule we would reject this lot. What we 
have done this time is to reject a good lot. The likelihood of this happening 
is called the prodiicefs risk. Again the larger the sample size, the smaller is 
this risk. 

THE ECONOMICS OF SAMPLING 

We have seen that whenever a sample is taken, risks are incurred. First, bad 
lots can be sent on through the manufacturing process. The consequence of this is 
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the cost of passing tliese defectives through the process. Bad lots which are 
accepted by the inspection process and sent to further manufacturing stages 
or on to the customer before being discovered incur costs which could have 
been avoided by 100 percent inspection. Secondlyy perfectly good lots can be 
rejected. The conseciuence of this is the unnecessary rework and administrative 
costs that are incurred. 

Two kinds of costs are therefore born at an inspection location. The first 
is the cost of sampling and the second is the expected cost associated with 
sampling risk. The behavior of these costs is such that as the sample size 
increases, inspection costs rise but the costs associated with sampling risk 
fall. The optimal strategy is that level of inspection for which the sum of 
these two costs is a minimum. 

Theoretically, then, a sampling plan should be based on estimates of these 
two costs. Practically, however, it is seldom done. The reason is that they 
are very difficult costs to assess, especially the cost of passing on defectives. For 
example, a judgment of the cost of passing defectives at the final stage of inspec¬ 
tion must consider those direct costs borne by the firm when the customer receives 
a defective unit as well as those indirect costs of the loss of customer goodwill. 

When we turn to the development of a sampling plan shortly, you will 
see that consideration of these two costs will not be an explicit part of the 
analysis. It will be shown, however, that the level of these costs is probably 
implied and that their omission in the first place is in the interest of practicabil¬ 
ity. We now turn to a more formal way of measuring sampling risk. 


ACCEPTANCE SAMPLING BY ATTRIBUTES 

First we will develop a statistical sampling plan where the results of each item 
inspected can be classified as either acceptable or defective. That is, either 
the part is good or it is bad. This is called acceptance sampling by attributes. 
An example of this is the inspection of a machined shaft where a set of 
go and no-go gauges might be used to accept or reject the part. The first 
gauge is used to test for the minimum shaft diameter. If the shaft fits 
through the test hole, this means that the shaft is undersized, and it is recorded 
as a defect. The second gauge is used to test for oversized shafts. If the 
shaft fails to fit through the gauge, it is rejected as being oversized. In this 
way the process is continued until all of the items in the sample are inspected 
and categorized as either good or bad. Then it is a simple matter to compute 
the sample lot's pei'cent defective. 

The first step in designing such a sampling plan is to determine what 
constitutes acceptable quality for the lot. Is it 5 percent defectives or less, 
2 percent defectives or less, or 10 percent defectives or less? The answer de¬ 
pends, of course, upon the product. 

Whatever this level, we would like to accept all lots whose actual percent 
defective is less than or equal to our acceptable quality level (AQL) and reject 
all others. The only plan which can do this perfectly, however, is a 100 percent 
sampling plan. 
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OPERATING CHARACTERISTIC CUR¥E 

On, graphs like that shown in Fig. 16-2, the discriminating power of any sampling 
plan can be illustrated. Along the abscissa is measured the actual percent defec¬ 
tive in the lot, and along the ordinate is measured the probability that a lot 
with a certain actual percent defective would be accepted. 

A cun^e that shows the relationship betw'een the probability of acceptance 
and the actual percent defective is called an operatlTig characteristic (OC) 
curve. The OG curve for a 100 percent sampling plan is shown in Fig. 
16-2. You can see that this plan perfectly discriminates between good and 
bad lots. For example, if the actual percent defective in the lot were less than 
o percent, the lot would be accepted (Pa = 1*0). If, on the other hand, the 
actual percent defective exceeded 5 percent, the lot w^oiild be rejected with cer¬ 
tainty (Pa = 0.0). Clearly this plan is riskless. Now' let us examine the dis¬ 
criminating power of a smaller-size sample. 

A sampling plan must include two pieces of information. The first is the 
.size of the sample n that must be drawn from the lot. The second is the maxi- 
muni number of defectives c that can be uncovered in the sample before the 
lot is rejected. Consider a sampling plan with n =100 and c = 5. From the 
lot of lOyCKW pieces we will take a random sample of 100 pieces and test them 
to determine if they are good or bad. If w'e find 77iore than five defective 
pieces, the lot will be rejected. The discriminatory powder of this plan can 
be seen in Fig. 16-3. For example, if the actual percent defective of the lot 
were 3 percent, this sampling plan would accept the lot 92 percent of the 
time. Therefore, 8 percent of the time lots of this high quality wmuld be rejected. 

Consider a lot whose actual percent defective is in fact at the acceptable 
quality level, 5 percent. This plan would accept lots of this quality only 62 
percent of the time. Consequently 38 percent of the time lots of this quality 
would be rejected. This represents the producer’s risk. If the lot were as bad 
as 10 percent actual defective, this plan would accept the lot 7 percent of the 
time. 

As you can now see, there is not perfect discrimination around the AQL 
level. It can be improved, how'ever, by increasing the sample size. In Fig. 
16-4, for example, another plan with n = 200 and c = 10 is presented, together 
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Fig. 16-3 Sampling plan: n == 100; c —5. Actual percent defective 



with the old one. The discriminatory power of the new plan is clearly better 
than that of the first. The offsetting factor, however, is the higher cost of 
the larger sample. 

Drawing the OC curve Whenever the lot size is large and the ratio of the 
sample size to lot size is less than .20, the cumulative Poisson distribution can 
be used to approximate the probability of acceptance for any level of percent 
defectives. A cumulative Poisson chart, for this purpose, can be found in Appen¬ 
dix B. 

Suppose that we are interested in constructing the OC curve for the plan 
specified in Fig. 16-3. We will proceed by computing the probability of ac¬ 
ceptance for several levels of actual percent defective. Then an OC curve will 
be drawn through these points. For example, the probability of acceptance 
for 1 percent actual defectives can be found in the following way. First the 
expected number of defectives is computed: 

n(PD) 
u = . 

100 

where u = expected number of defectives 
n = sample size 
PD = actual percent defective 
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In this case 


We then enter the cumulative Poisson table down the first column until this 
value of u is found. Now we read across to the column which is headed with 
c = 5. The figure that we find, .999, is the probability of c or less defectives 
in a sample which has an average number of defectives equal to u. Since when¬ 
ever c or fewer defects are found, the lot will be accepted, we can label this 
the probability of accepting the lot. 

Next we proceed to find the probability of acceptance when the percent 
defective is 2 percent. We have 


and reading across to c = 5, we find the probability of acceptance to be 
.983. We continue in a similar fashion, find the remaining points^ and then 
plot them on a graph. The results are shown in Table 16-1 and Fig. 16-3. 

Xow that we have learned how to construct an OC curve given a certain 
sampling plan^ we turn to the problem of findmg a sampling plan that will 
acMeve a specified degree of discrimination. 


THE SAMPLING PLAN 

Discrimination s.pecified by a, jS, AQL, and LTPD The purpose in the design of a 
sampling plan is to choose a combination of n and c such that lots of high cjuality 
'will be accepted with a high probability. We have specified this high level of 
quality as AQL, and to be more explicit we will also identify the high probability 
as a. For example, we might wish to find a sampling plan which has an « = 95 
percent chance of accepting a lot of AQL == 3 percent defectives. 


Table lS-1 Determining the probability of acceptance 


Actual 

percent 

d^ectims 

n(PD) 

u =- 

100 

c 

Probability 
of acceptance 

1 

1 

5 

.999 

2 

2 

5 

.983 

3 

3 

5 

.916 

4 

4 

5 

.785 

5 

5 

5 

.616 

6 

6 

5 

.446 

7 

7 

i} 

.301 

8 

8 

5 

.191 

9 

9 

5 

.116 

10 

10 

5 

.067 
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Actual percent defective 

Fig. 16-5 Complete specification of OC curve. 


The values of AQL and a do not, however, completely express the degree 
of discrimination required. The OC curves of Figs. 16-3 and 16-4 also illustrate 
that there is a chance of accepting lots of poor quality (consumer's risk). We 
can define the level of poor quality as LTPD (lot tolerance percent defective) 
and the probability that lots of this quality will be accepted as fB percent. Of 
course w^e would like to have a low probability of accepting this poor qual¬ 
ity. Now we can specify two points which summarize the degree of discrimina¬ 
tion desired. In Fig. 16-5 the way in which these four values, including AQL 
and a, together with LTPD and p, completely specify an OC curve is 
shown. Once these values are decided upon, the next step is to find that sam¬ 
pling plan, n and c, whose OC curve passes through these points. 

The first step, then, is to specify the values for AQL, a, LTPD, and It 
is quite common for a to be set equal to .95 and /3 equal to 10 percent. Suppose 
the AQL for a particular part is set at 3 percent, a at .95, p at .10, and LTPD 
at 11 percent. Now the problem is to find a sampling plan which achieves 
this degree of discrimination. 

A computational procedure for determining a sampling plan In Table 16-2, a pro¬ 
cedure for finding the values of n and c is illustrated for this problem. In the 
first column is found a sequence of possible values of c. The second column 
represents the values of ^(PDaqlI/IOO which can be read from the cumulative 
Poisson chart. For example, consider the first value for c = 0. The cumulative 
Poisson chart is entered in the c = 0 column, and we read down until we arrive 
at probability of acceptance Pa associated wdth AQL; this is .95. Reading 
across, we find ?2 (PDaql)/100 is approximately .05. Next we enter the c = 1 
column and read down to .95. We find n(PDAQL)/100 = .35. The process con¬ 
tinues in a similar fashion. 

Column 3 represents the values of n(PDLTPD)/100. This time, when read- 
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Table lfi-2 Determination of sampling plan 



m 

(S) 

(4) 


a = 

0 = .10 



ii( PDaql) 

ii{PDlptd) 

(5) 

c 

im 

100 

(S) 

0 

.05 

2.30 

46 

1 

.35 

3.90 

11 

2 

.85 

5.30 

6.2 

3 

1.40 

6.70 

4.8 

4 

2.00 

8.00 

4.0 

5 

2.60 

9.40 

3.6 


mg down ilie columns of the cumulative Poisson table, we search for Pa = .10. 
In the first case, for c == 0, we find that 71(PDltpd)/100 = 2.30. Again the proc¬ 
ess continues for the other values of c. 

Let us digress for a minute so that the theory behind column 4 will be 
understood. The ratio of column 3 to column 2 can be simplified in the following 
way: 


n (P Dltpd) 100 P Dltpd 

n (PDaql) 100 PDaql 

We can compute this ratio from the data which were initially given: 

PDltpd _ _ 02 

PDaql 

Therefore the appropriate value of c is the one whose corresponding ratio 
of column 3 to column 2 is closest to 3|. In column 4 this ratio is computed, 
and it can be seen that at c = 5 the ratio is closest. Note that the ratio of 
column 3 to column 2 is continually decreasing. It is, therefore, unnecessary 
to look further tliaii c = 5 in the hopes of finding a closer approximation. 

Now that c has been determined, we turn to n. Solving for n can be 
accomplished by using either column 2 or column 3. The answer wull not be 
the same for each one, but it will be close. We will do it both w^ays, and 
the reason behind these differences will be pointed out. 

Using the second column, we have 


Rearranging terms, we have 
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Since PDaql = 3^ 7i = 2.60/.03 = 87. Therefore the sampling plan which we 
have developed is 


n, = 87 
c = 5 

Let us check the a and p probabilities at AQL and LTPD. At AQL we 
have n(PDAQL)/100 = 87(.03) = 2.6. From the cumulative Poisson table we 
find that Pa = .95. We can conclude that our OC curve goes right through 
AQL = 3 percent and a = .95. But this is just as you would expeetj since we 
have verified the Pa at AQL by working backward through our solution for n 
and c. 

Checking on the Pa a.t LTPD, we find a different story. First we compute 
n(PDLTPD)/100 = 87 (.11) = 9.57. From the cumulative Poisson table we can 
read that for a value of c = 5 and n(PDLTPD)/100 = 9.57 the Pa = .085. That 
is, by iising column 2 to determine n, the a error is exact but the ^ error is not; 
the OC has almost gone through our tw^o points but misses at LTPD and /? by 
just a little. We therefore say that of is fixed but /? floats if we solve for n using 
the second column. 

What would have happened if the third column were used to solve for 
n? The answer is that ^ would be fixed and a would float. To illustrate this, 
our problem is solved using column 3. We find the following: 


with a sampling plan of 


71 = 85 
c = 5 

Checking on the value of a, we find 

?l(PD aql) or/noN o r- 
= 85(.03) = 2.5o 

and from the cumulative Poisson chart w^e find that Pa at AQL is .958. 

W^e can therefore conclude that the combination of n and c will depend 
upon whether a is fixed and floats or a floats and jS is fibbed. In other wmrds, 
it is usually not possible to find a plan wbose OC curve goes through both 
points, thereby achieving the precise degree of discrimination desired. Which 
of these two plans to finally select depends upon which one comes closest to 
meeting the designer’s needs. For example, it might be more important that 
a be fixed and /? float than the other way around. Usually, however, the differ¬ 
ence between these two plans will be negligible. 
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The appropriate degree of discrimination Now that the process of designing a 
sampling plan is familiar, we return to the problem of establishing the appro¬ 
priate degree of discrimination. Suppose it was decided that the plan just de¬ 
veloped did not provide enough discrimination. A new plan could be designed 
based on the following criteria. 

AQL = 3% LTPD = 7% 

a = .95 0 = .10 

Since LTPD has been moved much closer to AQL, it is clear that the new 
design criteria are much more discriminatory. The consequence of this new 
plan will be a much higher sample size n. Since larger sample sizes are more 
costly to undertake, the cost of this new plan would be higher than that of 
the original one. The benefit, however, is that the likelihood of passing defective 
lots is reduced. Therefore, we have paid a higher cost to reduce the risk. 

It is this trade-off between reduction in risk and increase in sampling 
costs which must be carefully considered when the initial design criteria are 
specified. Since the economic consequence of the reduction in risk is difficult 
to assess, frequently this aspect of the design problem is not given the appropriate 
attention. 

Average outgoing quality As a consequence of processing a lot through a sampling 
stage, the oiitgoiiig quality vnll be as good as or better than the incoming qual¬ 
ity. Lots which have a small number of defective items will be passed with 
a high probability, and the outgoing lot will therefore be of high quality. Lots 
which have a large number of defects will be rejected with a high probability, 
itnll usually then be subjected to 100 percent inspection, only good ])arts will 
be passed on, and as a result the average outgoing quality will again be high. 

This phenomenon, for the plan c = 5 and n = 87, can be seen in Fig. 
16-6. Along the abscissa is the incoming quality and on the ordinate is the 
average outgoing quality (AOQ'I. It can be seen that the worst that the average 
outgoing quality can be for this plan occurs when the incoming quality is about 
5 percent. At that point the average outgoing quality is 3.6 percent; this is 
called the average outgoing quality limit (AOQL). 

DOUBLE AND SEQUENTIAL SAMPLING 

Ekjuble sampling There are economic advantages to be gained wffieii sampling 
strategies more sophisticated than those which we have been nsing are employed. 
One such strategy is double sampling. In a double sampling plan, first a sample, 
of size ? 2 i, is randomly selected from the lot and inspected. If it contains less 
than Cl defectives, it is accepted; and if it contains more than C 2 defectives, it is 
rejected. If, liow’ever. it contains betw’een Cj and Co defectives, another sample, of 
size IT., is taken. If the combined sample of ?h + ^^-2 contains less than c. defec¬ 
tives, the lot is accepted; otherwise it is rejected. 

The value in double sampling is that the first sample size n is much smaller 
than what w’-ould have been taken in a conventional single sampling 
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Fig. 16-6 Average outgoing quality. Incoming quality 



Number inspected 

Fig. 16-7 Sequential sampling. 


plan. Therefore, if the lot is good enough to be accepted or bad enough to 
be rejected on the smaller sample size, lower sampling costs are incurred. 

Sequential sampling Sequential sampling is but a logical extension of double 
sampling. The difference is that decisions are made after the inspection of 
a sequence of small samples. In fact, the sample size may be as small as 
1. After each sample is drawn, the items are inspected. The cumulative result 
of this and the previous samples is then used as the basis to either accept 
the lot, reject the lot, or take another sample. 

An illustration of how the sequential sampling plan works is shown in 
Fig. 16-7. If the cumulative number of rejects remains outside of the shaded 
regions, sampling must be continued. If, however, the results fall in the shaded 
regions, the lot is accepted or rejected. 
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ACCEPTANCE SAMPLING BY VARIABLES 

The sampling plans that have been studied so far were based on sampling tech¬ 
niques which determined whether a part was either good or bad; no actual 
measurements were recorded. There is^ however^ another way to inspect. 
Rather than just making go or no-go decisions^ actual measurements can be 
taken. Such a plan is called a variable sampling plan. Consider the following 
variable sampling plan for ensuring that the shaft diameters of a particular lot 
are not too large. Let n = 15 and c = 1.75. First, 15 shafts are selected at 
random from the lot. Next the diameters are measured, and then the average 
diameter is computed. The result of one such sample of 15 is a sample mean 
of 1.33 inches. Since this is less than c — 1.57, the lot is accepted. Had it 
been greater than 1.57, the lot would have been rejected. 

The criteria for the design of this sampling plan are exactly the same 
as in attribute sampling; AQL, at, LTPD, and /I. The process of going from 
there to the determination of n and c, however, is quite different. Rather than 
using distributions which focus on proportions, we use the normal distribu¬ 
tion. The detail of generating such a plan, however, is beyond the scope of 
this chapter. 

It is usually the ease that to take actual measurements is much more 
time-consuming than to make a go or no-go decision. Therefore, we can say 
that ihe inspection process for variable sampling plans is more costly than it 
is for attribute plans. The benefit, however, is that variable plans require 
smaller samples to achieve the same level of protection as attribute plans. For 
example, the same degree of protection can be achieved by an attribute sampling 
plan in which n = 300 and by a variable sampling plan where n = 85. 

In some cases where inspection destroys the part, variable sampling is 
certainly superior. For example, in testing light bulbs, a sample set of bulbs 
is illuminated until each one fails. The average life is computed and compared 
with the critical value c. If the actual average is greater than the critical 
value, the lot is accepted; otherwise it is rejected. 

Ill other cases where it might not be clear whether the sampling plan 
should be by variables or by attributes, the total cost of sampling and measuring 
must be evaluated for each alternative. The approach with the lowest total cost 
is then chosen. 


PROCESS CONTROL 

Now we turn to the problem of monitoring a process in order to determine 
whether or not it is operating in control. As long as the output is satisfactory, 
we can conclude that the process is ‘fin-controL’’ If, however, the output is 
not satisfactory, the process is ^^out-of-control/’ and appropriate corrective action 
should be taken. In this way the manufacture of lots with a high percentage 
of rejects can be prevented. 

The output from any process is subject to two kinds of variability. These 
include variability which can be attributed to both chance and assignable 
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causes. Chance variations are caused by many factors, none of which accounts 
for much variation by itself. Some of these sources for a machine might include 
changes in electrical voltage, wear of gears, changes in temperature, uneven 
tool wear, and so on. The consequence of several sources of error is that they 
occur in random fashion, and there is little that can be done to eliminate them. 

There frequently occur, however, variations which can be assigned to par¬ 
ticular causes. These include differences between workers, differences between 
machines, differences between materials, and differences due to a combination 
of these factors. 

When chance variations are the only source of variation, the process is 
said to be in-control. How-ever, w^hen variation is due to one of these assignable 
causes, the process is out-of-controL The problem is to determine when the 
process is out-of-control, so that remedial action can be taken. The reason 
why this is a problem is that both chance and assignable variations occur simul¬ 
taneously. The solution is to set upper and lo'wer control limits. Variations 
within these limits will be assumed to be from chance, and no remedial action 
will be taken. Variations outside of these limits will be attributed to assignable 
causes and remedial action will be initiated. 

CONTROL CHARTS FOR VARIABLES 

Monitoring process mean Consider a machine wiiich has been adjusted to produce 
shafts 1-50 inches in diameter. Experience has shown that the standard devia¬ 
tion of the process, w^hen it is in-control, is .21 inch. The problem is to design 
a control system for this process. 

Usually control systems are designed for a sample of several items from 
the process rather than for individual measurements. This is primarily intended 
to reduce sampling risk but also makes designing tlie control system much easier, 
since the distribution of the means of samples is approximately normal for large 
samples, wdiereas the distribution of individual measurements may not be. 

Suppose that w^e elect to take a sample of ii = 10 shafts at random from 
the machine. The distribution of sample means for all possible samples of size 
n = 10 is shown in Fig. 16-8. This is called the sampluig distTibution of the 
mean, and it is quite different from the distribution of the individual values 


Fig. 16-8 Population and sampling 
distribution of mean. 


Sampling distribution of mean: n == 10 
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ill the population also shown in Fig- 16-8. To make this distinction clearer, 
consider the following exaniple. From our knowledge of the standard deviation 
and the assiimpiioii that the output from, the process is normally distributed about 
its mean u = 1.50, we could determine the likelihood that any one shaft would 
be greater than, say. 1.92 inches. This requires that we find the area to the right 
of 1.92 inches. To enter the normal table we need to express the value of 1.92 
in terms of standard deviations from its mean; it is (1.92 — 1.50)/.21 = 2 
standard deviations. Entering the normal table at 2, we find that the area above 
this value is .0228. That is, the likelihood that any one shaft which has been 
taken from this process will exceed 1.92 inches is 2.28 percent. 

Suppose that instead of taking one item from the population, a sample 
of 10 items was taken. The likelihood that the mean from these 10 items would 
exceed 1.92 is much smaller than 2.28 percent. Wliy? Because now the relevant 
variability of outcomes is not the variability of the population, but the variabil¬ 
ity of sample means of size 10 as summarized by the sampling distribution 
of these means. The variability of the sample means is much smaller than 
that of the population s because in a sample of 10 , mean values at either extreme 
are especially rare. This can be attributed to the fact that large values are 
likely to be offset by small values. The result is that the sample means will 
duster quite closely around the mean of the population. 

The variability of a sampling distribution of means, also called the standard 
error of the mean, for a sample of size n can be approximated by 

0 * 

CTx = — 

V » 

where a = population standard deviation 
n = sample size 

Since o- is seldom kiiovTi, an estimate utilizing the standard deviation computed 

from a sample is frequently used. 

Eeturiiiiig to our example, we have the following: 

41 = L50 

£r = .21 
.21 

. = .07 

V10 

I sing the normal table found in Appendix B, we can make the following 

statements: 

1. Ninety-nine percent of the time, chance variations of the mean will be con¬ 

tained within 1.50 =i: 2.58(.07), or from 1,32 to 1.68. 

2. Ninety-five percent of the time, chance variations of the mean will be con¬ 

tained within 1.50 ±: l,96(,07j, or from 1.36 to 1.64. 
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3. Sixty-eight percent of the time, chance variations of the mean will be con¬ 
tained within 1.50 ±: 1 (.07), or from 1.43 to 1.57. 

Suppose that a control system was designed such that the upper control 
limit (UCL) was set at 1.50 + 2.58(.07) = 1.68 and the lower control limit 
(LGL) at 1.50 — 2.58(.07) = 1.32. These upper and lower control limits are 
used in the following way. Whenever the outcome of a sample of size 10 falls 
outside these limits, the machine is considered out-of-controL If, however, the 
result is wdthin these limits, the process is assumed to be in-control. 

As is true in any sampling process, risks are incurred, and this time is 
no exception. If the upper control limit is set at 1.68 and the lower at 1.32, 
1 percent of the time chance variations from the process will exceed these 
limits (producer’s risk). When this happens, remedial action will be inappro¬ 
priately taken. This is called a Type I error, one in which action is taken 
w^hen none is actually required. The second kind of error occurs when a varia¬ 
tion could be traced to an assignable cause but the variation is not large enough 
to exceed the control limits. In this case, no action is taken when some, in 
fact, is required; this is referred to as a Type II error. 

The nature of the risk taken can be altered by changing the UCL and 
LCL levels. For example, if these levels are narrowed to 1.36 and 1.64, the 
chance of a Type I error increases and the chance of a Type II error de¬ 
creases. The best plan is the one wdiich minimizes the cost of these two errors. 

Example The usual procedure followed in a statistical control program 
is to plot the seciuence of samples, as they are taken, on a control chart. A 
control chart for 25 consecutive samples is shown in Fig. 16-9. It appears that 
the process is in-control. 

Monitoring process variability The control charts which we have discussed so 
far have monitored the mean value of the process. When it is suspected that 

1.8 

1.7 


1.6 



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 

Sample number 

Fig. 16-9 Control chart for process mean. 
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Fig. 16-10 Process variability. 


the process mean has shifted, remedial action is taken. In addition to the likeli¬ 
hood of a shift in the mean, the process variability may also change. 

Consider the control chart shovm in Fig. 16-10. The upper control limits 
and lower control limits are established at ±:3o-^ from the mean of the proc¬ 
ess. The original sampling distribution of the mean from which the control 
limits were set is shown. Suppose that the mean of the process does not changCj 
but that its variability does. This new sampling distribution of the mean is 
also shown in Fig. 16-10. The chance that an out-of-control condition is signaled 
has increased. However, this time it is not the mean that has shifted, but 
the standard d€\dation. 

As a result of this second source of variability, control charts are often kept 
on the standard de\datioii of the process. Each time a sample is taken, its mean 
is plotted on the x chart and its variability is plotted on a control chart for 
variability. 


CONTROL CHARTS FOR ATTRIBUTES 

Instead of taking an actual measurement on the characteristic being controlled, 
a simple good or bad, go or no-go, decision can be made. Control charts for 
these kinds of measurements are based on the binomial distribution, where the 
fraction defective in the sample is 

- „ of defectives obser\^ed 

^ 71 total number of observations 



where Sp = standard error of the mean for sample proportions 
p = fraction defective in the sample 
q = fraction acceptable in the sample (1 — p) 
n = sample size 
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The control chart is set up so that for^ say, 99 percent control limits, the UCL 
(upper control limit) is P + 2.58Sp and LCL (lower control limit) is P — 2.58Sp 
where P is the population mean expressed as a fraction defective. In cases where 
the population mean is not known, the combined results of several samples can 
be used as a first approximation. 

Case study: quality control in bank auditing Most loans granted by the IMidtown 
National Bank require that collateral be pledged by the loan applicant. 
Frequently this collateral is in the form of securities, whose market values 
are continually changing. The job of the loan department is to ensure that 
at least a certain percentage of the loan is always covered. When the 
value of the collateral falls below this amount, the account is said to be 
undermargined. At that time, a call for additional collateral is sent to the 
customer. 

Since it would be costly to insist that the loan department keep every 
loan properly margined at all times, a performance level of 5 percent has 
been set. As long as 5 percent or few^er of the outstanding loans are under- 
margined, it is assumed that the loan department is “under control.” 

Periodically the bank's auditing department must audit the loan de¬ 
partment to verify that their accounts are properly margined and that 
the process is “in-control.” The head of the auditing department, Norm 
Morris, has recently suggested that the bank employ statistical sampling 
procedures for these audits. 

In a memo w^hich he recently sent to those responsible for setting 
this policy, he explained that the full range of sampling strategies up to 
100 percent inspection is open to them. He went on to say that if a 
100 percent sample is taken, there w^ould be no audit risk; they would, 
in fact, know precisely the percent of undermargined accounts. This strat¬ 
egy, however, does require a large staff; and as the bank grows, the staff 
will become even larger. Such a strategy is therefore quite costly. This 
cost would, in fact, be justifiable if the cost of operating above the 5 
percent level were infinitely high. One would expect, however, that the 
higher the undermargined rate, the higher the expected losses from defaulted 
loans. But in no case would they be infinitely high. The risk incurred 
by sampling, then, may be worth it; the savings in audit time could be 
much greater than the expected costs of a higher than desired level of 
undermargined accounts. Essentially he was saying that the risk of ac¬ 
cepting a process which actually has 7 percent undermargined accounts 
may be worth it. The precise nature of the risk will, of course, finally 
depend upon the values of AQL, a, LTPD, and which are finally chosen. 

Morris also told them that the magnitude of the risk could be tied to 
the size of the loan. For example, they might be inclined to take no risk 
for large commercial loans and a modest risk for consumer installment 
loans. To use statistical terminology, the audit department could stratify 
these loan accounts by dollar amounts and then determine the degree of 
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sampling risk to which each stratum should be exposed. For example, three 
categories might include: (1) time loans of less than $10,000; (2) time loans 
greater than $10,000; and (3) demand loans. Since the risks that can be 
taken for each of these categories will be different, the sample sizes also 
will be different. 


■ / BAYESIAN QUALITY CONTROL 

Up to this point we have taken the classical statistician’s point of view. In 
specifying the criteria for the sampling plan (AQL, a, LTPD, and , we pre¬ 
sumably took into consideration the cost of making Type I and Type II errors, 
together with the cost of sampling. The selected plan somehow achieved the 
lowest sum of these costs. Nowhere, however, was it made explicit just how 
these costs were considered- In addition, any knowledge concerning the quality 
of the lot which the decision maker might possess prior to the sampling process 
went unused. 

In the bayesian approach, these shortcomings are overcome. First, use 
is made of any prior knowledge. Consider a shipment which the purchasing 
agent of the G. E. Work Company has just received from one of his ven¬ 
dors. Based on past ex'|3erienee, he feels that there is a high likelihood that 
these parts are well within the desired equality limit. The bayesian statistician 
would insist that this knowdedge, albeit intuitive, be used in the decision-making 
process. He would take a sample and use its result to revise his prior knowledge. 
Then he would either accept or reject the lot. 

PRIOR PROBABILITIES 

Let us look at how these prior beliefs can be expressed. Suppose that the full 
range of likely percent defectives for a particular process is 0, 1, 2, 3, 4, 5, 
and 6 percent. Furthermore, suppose that the decision maker feels that the 
likelihood of each of these occurring is .05, .10, .20, .30, .20, .10, and .05. These 
are shown in Table 16-3. 


Table lS-3 Prior probability distribution 


True process 
defeciii'e 
in percent 

Pi 

Prior 

prohability 

P(Pi) 

0 

.05 

1 

.10 

2 

.20 

3 

.30 

4 

.20 

5 

.10 

6 

.05 
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LOSS FUNCTION 

The identification of the loss associated with sampling errors is the second short¬ 
coming that bayesiaii analysis overcomes. Rather than specifying an AQL level 
and an LTPD level, the bayesian approach makes explicit the losses that can 
be incurred. We measure these losses as opportunity losses, where an oppor¬ 
tunity loss is the difference between the cost actually incurred because of the 
decision and the cost wdiich would have been incurred had the best possible 
decision been made. 

Consider the followdng example. A manufacturer orders components in 
2,000-unit lots. Whenever defective parts are uncovered, they are reworked 
at a cost of |1 each. If the lot is rejected, a fixed cost of $60 is incurred 
to cover clerical and handling costs. 

If a lot is accepted, the costs of acceptance plus any necessary rework 
are 


$1 X p X 2,000 = 2,000p 

If, on the other hand, the lot is rejected, the cost is $60 regardless of the number 
of actual defectives. The point at which the decision maker is indifferent as 
to whether he accepts or rejects occurs wdien these costs are equal, that is, 

2,000p = 60 

or when p = 3 percent. 

If we reject the lot wdien the actual percent defective is greater than 3 
percent, the best decision has been made and no opportunity loss has been 
suffered. If, however, the lot is rejected when the percent defective is less than 
3 percent, a needless $60 cost is incurred wdien in fact w^e should have incurred 
onty a cost of $2,000p. This is a Type I error. Summarizing the opportunity 
loss associated with rejecting the lot, w^e have 

Type I error: Ai(p) = 60 — 2,000p for p < 0.03 

Ai(p) =0 for p > 0.03 

Now we turn to the Type II error. If we accept a lot which had an 
actual percent defective in excess of 3 percent, a cost of 2,000p is incurred 
wdien it wms necessary to incur one of only $60. If, however, we accept a 
lot where the actual percent defective is less than 3 percent, the opportunity 
cost is zero. We can summarize the opportunity loss of accepting the lot in 
the followdng w^ay. 


L^iv) = 0 'when p < 0.03 

LsCp) = 2,000p - 60 when p > 0.03 


Type II error: 
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We have now established a conditional loss function. When a good lot 
is rejected^ is the opportunity loss; and when a bad lot is accepted, L^ip) 

is the opportunity loss. 

ERROR 

Suppose that it has been decided to take a sample of 100 pieces (we will return 
shortly to a method for finding the optimal sample size) and reject the lot 
if the number of defectives in the sample- is greater than c*. The problem 
is to determine the critical value which minimizes opportunity loss for that 
particular sample size. 

Let us start by computing the total expected loss for the strategy- n = 100, 
c = 2. First we find the probability of making an error for each possible percent 
defective. For example, if the lot percent defective is 0 percent, the possibility 
of making an error is zero, since it would be impossible to draw three or more 
defectives from the lot. If the lot percent defective is .01, a Type I error 
could be made; that is, a perfectly good lot may be rejected. We can compute 
this possibility from a binomial table. From the table in Appendix B we see 
that when a sample of 100 is taken and the true fraction defective is .01, the 
likelihood of three or more rejects in this sample can be computed by subtracting 
the probability that 0, 1, or 2 defectives will occur from one. In this case we 
have 1 — [.3660 -f .3697 + .1849] =.0794. This and the probability of also 
making a Ttpe I error when the actual percent defective is 2 or 3 are shown in 
Table 16-4. If the true percent defective is either 4, 5, or 6, a T>i)e II error can 
be made. 

The probability of accepting a lot with 4 percent defective can be computed 
fay summing the probability of 0, 1, or 2 defectives in the sample. From the 
binomial table we have .0169 + .0703 + .1450 = .2322. The probability of 
acceptiiig a lot with 5 and 6 percent defective is computed in the same way and 
recorded in Table 16-4. 

Now- we can compute the total expected loss for this strategy. First the 
conditional loss is computed for each true fraction defective from the conditional 


Table 1.6-4 Probabilities of errors for the 
decision rule 7i = IM!, c = 2 


True percent 

Probability that an 

defectwe 

error will be made 


.0 

11 Type I 

.0794| probability of 

2[ error 

.3233 i rejecting a 

3/ 

. 58011 good lot 

Type II 
y error 

.2322| probability of 
.1183 > accepting a 
.OodoJ bad lot 
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loss function. For example, if the true fraction defective is .01, the conditional 
opportunity loss associated with this Type I error is 

ii(p) = 60 - 2,000(.01) 

Li(p) = 40 

In a similar fashion, the conditional opportunity loss associated with each of 
the other true fraction defective is computed and shown in Table 16-5. Nex^ 
the conditional expected loss for each fraction defective can be computed. 

probability 

that an / prior \ 

error will \probabiIity/ 

be made 

Finally, the total expected loss can be determined by summing the conditional 
expected losses. We can therefore conclude that if a sample of size n = 100 
is taken and lots are rejected when c > 3, an expected cost of $3.1822 will 
be incurred. 

We are not through yet, because it might be that for a sample of size 
n = 100 another value of c might have associated with it a lower total expected 
loss. Therefore we must determine this loss for values of c = 0, 1, 2, 3, 4, 5, 6, 
and so on. The probability that an error will be made is computed from the 
binomial table for each of these values of c and recorded in Table 16-6. Then 
the total expected loss is determined for each of these strategies just as was done 
in Table 16-5. The summary of this analysis is shown in Table 16-7. From this 
it can be seen that if a sample of n == 100 w’'ere taken, expected losses would be 
minimized when c = 2. 

Thus far, what have we determined? That if a sample of = 100 were 
taken, expected losses would be minimized if c = 2. But what about other 


Conditional / 

, j /conditional 

“tea ^ 


Table 16-5 Computation of expected loss when n — 100, c = Z 


(1) 

True fraction 
defective 

Vi 

{S) 

Conditioned 

loss 

Up) 

(S) 

Probability that 
an error will 
be made 

(4) 

Prior 

probability 

Vi 

(5) 

Conditional 
expected loss 

0 

S60 

0 

.05 

.0000 

.01 

40 

.0794 

.10 

.3176 

.02 

20 

.3233 

.20 

1.2932 

.03 

0 

.5801 

.30 

.0000 

.04 

20 

.2322 

.20 

.9284 

.05 

40 

.1183 

.10 

.4732 

.06 

60 

.0566 

.05 

.1698 




Total expected loss 3.1822 
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Table 16-6 Probabilities of errors for various decision rules with n = 100 


Fmciion 

defective 

c " 0 

c = i 


c = 3 

c = 4 

c = S 

0 

0 

0 

0 

0 

0 

0 

.01 

.6340 

.2642 

.0794 

.0184 

.0034 

.0005 

.02 

.8674 

.5967 

.3233 

-1410 

.0508 

.0115 

.03 

.9524 

.8054 

.5801 

.3528 

.1821 

.0808 

.04 

.0169 

.0872 

.2322 

.4295 

.6289 

.7884 

.05 

.0059 

.0371 

.1183 

.2578 

.4360 

.6160 

.06 

.0021 

.0152 

.0566 

.1430 

.2768 

.4407 


Table 16-7 Expected 
losses for different values 
of c with n = 1£XJ 


€ = O' 
c = 1 
e = 2 
•c - 3 
c 4 
c — 5 


6.1031 
3.9864 
3.1822 
3.8158 
5.3068 
6.9877 


sample sizes? Might a sample size of 50 or 200 be even less costly? Unfortu¬ 
nately there is no other way to find out than to go tlirough this same analysis, 
starting with a sample size of 1 and continuing until the overall minimum is 
reached. Since larger samples are more expensive to take than smaller ones, 
sampling costs should be included along with the total expected loss for each 
sample size. As the sample size gets larger, sampling costs will increase while 
expected losses will decrease. For some sample size n*, the sum of these costs 
will be minimized. We can therefore conclude that the optimal sample size 
is that sample size which minimizes the sum of sampling costs and expected 
losses. 

It should be obvious that to find the optimal sample size is not a trivial 
chore; a lot of aritlimetic is involved. If, on the other hand, a computer routine 
is available, the determination of the sample size can be a simple matter. 

POSTERIOR ANALYSIS 

The analytical framework developed thus far is used to determine the appro¬ 
priate sample size. Once this is accomplished, a sample is taken and a sample 
result is observed. In bayesian analysis this sample result is then used to revise 
the set of prior probabilities. It is from this revised set of probabilities that 
a decision is made to reject or accept the lot. 

Suppose that in our sample of n = 100 pieces exactly six defective items 
were found. With this new information we now compute a revised likelihood 
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Table 16-8 Revision of prior probabtllties 


True fraction 

Prior 

Conditional 

J oini 

Posterior 

defective 

Vrohahiliiy 

probability 

probabiliiij 

probability 

Vi 

P{Vi) 

P(d\pi) 

P{d\pi) X P(pi) 

P(Pi\d) 

0 

.05 

0 

0 

0 

.01 

.10 

.0005 

.0000 

.0000 

.02 

.20 

.0114 

.0023 

.0373 

.03 

.30 

.0496 

.0149 

. 2422 

.04 

.20 

.1052 

.0210 

.3414 

.05 

-10 

.1500 

.0150 

.2439 

.06 

.05 

.1657 

.0083 

.1349 




.0615 

.9997 


for each possible true fraction defective pi. Said another way, ve will revise 
our prior probabilities P(pi) to a posterior probability. This posterior probability 
can be written as P(,pi\d), where d implies the occurrence of a sample result with 
d defective items. This revision can be accomplished by employing Bayes’ rule. 


P(p4d) 


P(d\pdPiPi) 

I P{d\pi)P^Pi) 

all i 


The sequence of steps for the example ?i = 100, rf = 6 is shown in Table 
16-8. The conditional probability P(d\pi) is the probability of observing exactly 
d defectives, given that the true fraction defective is pi. For example, the prob- 
abilhy^ of exactly six defectives, given pi — .02, is found to be .0114 from the 
binomial table. 

Once the posterior probabilities have been computed, the total expected 
loss of rejecting and accepting can be determined. The expected loss associated 


Table 16-9 Computation of expected losses after sampling has occurred 


P 

Posterior 

probability 

P{Pi\d) 

Rejection 

Acceptance 

Conditional 

loss 

LiiPi) 

Expected loss 
LilPi) 

X P(Pi|d) 

Conditional 

loss 

LAPi) 

Expected loss 
LdPi) 

X P{Pi\d) 

0 

0 

60 

0 

0 

0 

.01 

.0000 

40 

.0 

0 

0 

.02 

.0373 

20 

.7460 

0 

0 

.03 

.2422 

0 

.0 

0 

0 

.04 

.3414 

0 

.0 

20 

6.828 

.05 

.2439 

0 

.0 

40 

9.756 

.06 

.1349 

0 

.0 

60 

8.094 




.7460 


24.678 
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iSi 

with rejecting the lot is 

X X P(pi\d) 

aUi 

The expected loss associated with accepting the lot^ on the other hand, is 
X L,ipd X P{pi\d) 

sU'i 

Whichever is lower becomes the chosen strategy". The computations for this 
problem are illustrated in Table 16-9. It can be seen that the lowest expected 
costs will be incurred if the lot is rejected. //// 


SOWilARY 

In the control of quality, there are veiy^ few occasions when it is necessary 
to completely inspect everx" item in the lot. Consequently a sampling plan 
is employed which reflects the decision maker’s attitude about the risk wdiich 
he is willing to incur. As the sample size is increased, the cost of sampling 
increases but the risk of passing defectives through the system decreases. The 
economic consequence of passing fewer defectives through the system is the 
savings of imnecessary work performed on defective parts and of the costs asso¬ 
ciated with defective parts reaching consumers. If the sample size, on the other 
hand, is decreased, sampling costs decrease but the cost of passing defectives 
mereases. Difficult as it is, the designer must have the sum of these costs in 
mind when setting AQL, a, LTPD, and Ideally he would like to set these 
so that the sum of sampling costs and the cost of passing defectives through 
the system is minimized. From a practical point of view, as long as he gets 
close, he has done the job well. 


QUESTIONS 

Q16-1. How is good quality deflned? 

Q16-2. Differeniiate between product and process quality control. 

Q16-3. What factors influence the location of inspection stations? 

Q16-4. What is sampling risk? 

Q16-5. What factors influence the size of the sample? 

Q16-6, How is a sampling plan related to AQL, a, LTPD, and i3? 

Q16-7. How is the outgoing quality of a samphng plan related to its incoming quality? 
Q16-8. Why can sequential sampling be more economical than conventional sampling 
methods ? 

Q16-9. Compare attribute sampling and variable sampling. When is each appropriate? 
Q16-10. When using control charts to monitor a process, two types of errors can be 

made- Wliat are they? 

Q16-11. Why is it necessaiy to monitor not only the process mean but also the process 
variability ? 
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PROBLEMS 

P16-1. Draw the OC curve for the following sampling plan. 

n 100 
c 6 

P16-2. Find the sampling plan that will best meet the following objectives. 

AQL = 3 percent 
a — 95 percent 
LT-PD = 12 percent 
/3 = 10 percent 

P16-3. A manufacturer would like to specify a sampling plan which w'oiild have a high 
likehhood of accepting good-quality lots. To be more specific, he feels that lots of 
2 percent actual defectives should be accepted by the plan 95 percent of the time. On 
the other hand, lots of poor quahty, S percent actual defective, should be accepted 
only 10 percent of the time. Find a sampling plan wdiicli will achieve these objectives. 
P16-4. Find the sampling plan which will best meet the following objectives, 

AQL = 2 percent 
a = 95 percent 
LTPD = 8 percent 
jd = 15 percent 

(а) Let a float. 

(б) Let ^ float. 

P16-5. Suppose that a very large lot whose incoming quality is 4 percent defective is 
processed through a sampling plan where n =100 and c = 4. If lots of this quality 
are repeatedly processed through this plan, what wiU be the average outgoing quality? 
Assume that rejected lots are sampled 100 percent and only good items are accepted. 
PI6-6. Records indicate that the mean of a process has been 2.00 inches and its standard 
deviation .40 inch. Design a control system for this process such that the chance of 
making a Type I error for a sample size of 16 items is less than 1 percent, 

P16-7. Establish a control system for a process w^hich over the past has exhibited an 
average percent defective of 6. Set the sample size at 25 and the control limits such 
that the probability of making a Type I error is 5 percent or less. 

PI6-8. Establish a control chart for process variability when the average standard devia¬ 
tion of the process for samples of size 16 is X* = 5.0 with its own standard deviation of 1.0, 
Set up control limits such that 95 percent of the time standard deviations are observed 
within these limits when the process is actually in-control. 

P16-9. A manufacturer orders parts in lots of 1,000. Whenever defective parts are 
uncovered, they are rewurked at a cost of $2 each. If the lot is rejected, a fixed 
cost of $80 is incurred. 

(а) Determine the loss functions. 

(б) Compute the total expected loss for the strategy n 100, c = 4. 

(c) If n = 100, what is the optimal value of c? 
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(d) Suppose that in the sample of n = 100 items exactly five defectives were un¬ 
covered. '^■^at is the optimal strategy? In reaching your decision, utilize the decision 
maker's prior estimates of process defective. 


True process 
defectwe 
in percent 

Pi 

Prior 

prohabilUy 

PiPi) 

0 

.02 

1 

.05 

2 

.20 

3 

.46 

4 

.20 

5 

.05 

6 

.02 
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Management Information Systems 


rNTRODUCTION 

Before the availability of computers, all records, including accounts receivable, 
payables, inventory, payroll, personnel, and the billing of customers, were kept 
by bookkeepers and clerks. Record-keeping systems were frequently quite 
sizable, inefficient, and subject to human error. 

In the early years of computers it was, therefore, not surprising to find 
the focus on these applications. The potential payoff seemed promising. The 
results, in fact, bore this out. It was proved that these computer methods held 
substantial advantages over the old labor-intensive methods. Among them were 
speed, accuracy, and cost savings. 

In these applications no decision making is involved; there is no choice 
between alternatives. At most, some arithmetic operations are performed and 
the output summarized on a record or stored in the computer’s storage sys¬ 
tem. For example, in preparing payroll the employee’s identification number, 
hourly wage rate, number of dependents, weekly retirement deductions, union 
dues, and so on, are recorded and stored on tape. At the end of the week, 
his regular and overtime record is submitted and the computer, upon reaching 
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his file, computes his pay, makes the necessary deductions, and supplies him 
with the appropriate records and paycheck. For this and the other early appli¬ 
cations of the computer, therefore, only simple data processing was involved. 

As the computer assumed this information-processing role, it became appar¬ 
ent that the timely source of data which it generated could possibly be useful 
for decision-making purposes. Data-processing departments then started to 
supply management with voluminous streams of data. There are several prob¬ 
lems, however, with this approach. The first is probably one of the most im¬ 
portant: too much data is frequently as bad as none at all. A busy manager 
is not likely to pour through a several-hundred-page daily load status report 
before making his daily schedule. Secondly, data in this form are not necessarily 
the kind of information that is required for decision-making purposes. Both 
of these problems point to the fact that the use of the computer in a management 
information system capacity requires at least the coordination of the system 
wdth the potential decision makers and perhaps even the collection of data other 
than those which are collected for the accounting and financial reporting system. 

These problems led to a fresh inquir^^ into the way in which information 
should become involved in the decision-making process. Out of this came the 
discipline called fnanagement information sysfe7ns. Its focus ranges from simple 
applications, where relevant financial and accounting data are effectively sum¬ 
marized and presented, to systems where complex decision problems are solved 
by computer routines. 

The ultimate, one might suggest, would be to have all decisions programmed 
so that they could be made automatically. In this way complex interactions 
between decisions could be incorporated in the decision-making models to ensure 
global optimization of the firm. 

Such a system is at least a long way off—but, more probably, unattain¬ 
able. The reason for this is that the environment within w^hich decisions are 
made is not only continually changing but at any one time may be too complex 
to model in its entirety. Quite attainable, moreover, is a management informa¬ 
tion system lying somewhere short of this extreme: a system which is not totally 
automatic and one which requires the decision maker to take an active role. 

The more modest management information system is the focus of this 
chapter. In the following sections we will consider what a management informa¬ 
tion s3"stem is and what it is not. Then we will briefly examine some general 
characteristics of computer systems that act as the heart of the MIS. Finally 
w^e will take the major decision areas in operations management and develop a 
management information system centering on their related problems. 


WHAT rs A MANAGEMENT iNFORMATION SYSTEM AND WHAT IS IT NOT? 

DEFINITION OF MIS 

A workable definition, and one that will set the stage for the rest of this chapter, 
is the following: “An MIS is an automated system which presents information, 
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both internal and external to the business, that aids in making a specific set 
of routine decisions.”^ 

There are two aspects of this definition that warrant closer scrutiny. First, 
the purpose of the MIS is to aid decision making and not to automate the 
decision-making process itself. As a result, the decision maker is seen as having 
a dominant role, not the MIS. This in turn means that any attempt to design 
a system without the support and involvement of management is most often 
pointless. The second aspect of the definition is that the MIS should focus 
on routine decisions only. What this implies is that the determination of what 
should be included in an MIS is an economic decision by itself. The inclusion 
of any set of decisions, be they inventory, capital budgeting, scheduling, or 
line balancing, must be justified on a benefity^cost basis. There is a cost of 
including them in the system which consists of the model-building cost, then 
the cost of collecting and maintaining the relevant data base, and finally, the 
computer costs. The benefits, on the other hand, include the stream of savings 
that the new system will accrue over the old. Only those decisions whose 
benefit/cost ratio is attractive should be included. 

The potential for MIS in an operational system is substantial. Generally 
the kinds of decisions that are made during the design, operation, and control 
of a transformation process exhibit much more structure and are much more 
routine than decisions made elsewhere in the firm. For example, there would 
be less controversy over the conceptualization, solution, and implementation 
of a model designed to solve an inventory problem than of one for setting a 
marketing strategy. Consequently much of the effort in MIS has been directed 
at operational problems. There have, indeed, been countless successful applica¬ 
tions. The record, however, has not been unblemished. 

PITFALLS IN DESIGNING AN MIS 

Experience has uncovered several erroneous assumptions which help account 
for the failure of countless MIS projects,- Reviewing them should provide some 
useful insight into effective MIS design. 

The first wrong assumption is that managers sujjer from a lack of relevant 
mfoynnation. There is some truth to this; however, it seems more realistic to 
say that they suffer more from an overabundance of irrelevant informa¬ 
tion. Therefore, the focus of an effective MIS should not be on supplying rele¬ 
vant information but on eliminating irrelevant information. If the emphasis 
was on relevant information, the information specialists would busy them¬ 
selves with generation, storage, and retrieval of information. The consequence 
of this w^ould be a profusion of data, difficult to absorb and analyze. 

The second erroneous assumption is that MIS systenis should be based 
on the kinds of information that management needs. Since most managers do 

^ Harr>^ Stern, ‘ffniomiation Systems in Management Science,” Management Science, voL 
17, no. 2, October 1970, p. B-121. 

^ Taken from Russell L. Ackoff, ‘‘Management Misinformation Systems,” Management 
Science, vol. 14, no. 4, December 1967. 
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not understand the structure displayed in some decision situationSj they will 
likely ask for more information than is needed. In this way they play it 
safe. An excellent example of this is given by Ackoff. He tells the story 
of a group of marketing managers who were asked for the variables which 
they thought were relevant in explaining the sales volumes of filling sta¬ 
tions. Almost 70 variables were identified. The market research team subse¬ 
quently built a regression model in which 35 variables were found to be sta¬ 
tistically significant. Later an OR team built a simple regression model with 
traffic flow as the only independent variable. It performed best of all 

The point is that any analysis should start with the decision process. ¥trhat 
are the kinds of decisions made? What information is required? Once these 
questions are answered, only those data which are needed should be sup¬ 
plied. The management information system should be a subsystem of the deci¬ 
sion process and not the other way around. 

The third erroneous assumption is that if a mamger has the information 
he needs, his decisi&n making will improve. That this may not be true can 
be seen from a simple example. Consider the traveling salesman problem, where 
a salesman must be routed to each of 10 cities. If a manager is given the 
driving time between each possible pair of cities, it is very unlikely that he 
could structure a tour such that dri\ing time was minimized. With over 
3,000,000 possible tours, a more effective approach would be to either provide 
him with a decision rule or, by using an appropriate model, supply him with 
the optimal tour. 

Therefore, whenever information is provided, it is necessary to consider 
how well these decision makers can use these data. If the decision process 
is structured and complex, the use of models and decision rules should be care¬ 
fully considered. 

Finally we turn to the erroneous assumption that a manager does not 
have to miderstand how the information system works to use it. If, in fact, 
the decision maker does not understand how the information system works, 
he probably had no role in its design and currently has no role in its control. As 
a result, few decision makers would place much confidence in its use. If, on 
the other hand, he were to use the output, the decision maker would be in the 
position of being controlled by the information system rather than controlling 
it. 

Understanding the IMIS is not easy. It takes some knowledge of manage¬ 
ment science and the computer—precise!}’' the kind of background you are gain¬ 
ing by reading this book. Most important, it takes confidence to ask the in¬ 
formation system people the right kinds of questions. What are the assumptions 
of the model? How, where, and when are the data collected? In addition, 
a continual feedback process is essential so that the information system people 
may be kept sensitive to the dynamic nature of the decision environment; there 
is nothing quite so irrelevant as a decision model which was designed two years 
ago to solve a problem which has dramatically changed over time. Stagnant 



MANAGEMENT INFORMATION SYSTEMS 


463 


information systems such as this are doomed to failure. The only way to avoid 
this pitfall is to encourage understanding and participation by information 
specialists^ management scientists, and managers. 

Now that we have considered the role of the decision environment on the 
one hand and that of information collection and presentation on the other, we 
turn to the link between them: the computer systems. To do this subject justice 
takes much more time and space than this chapter can allow. Only a few 
very basic and general concepts will be covered. 


CHARACTERISTICS OF COMPUTER SYSTEMS 

A computer system has three basic units. These are its input, output, and 
central processor. The input unit is the means by which data are supplied 
to the computer (see Fig. 17-1). Input devices include punched-card readers, 
magnetic tapes, and disks. The central processing unit (GPU) is usually con¬ 
sidered the heart of the computer and is composed of a control, arithmetic, 
and memory unit. 

When a set of operations is to be performed by the computer, a set of 
instructions called a program is entered through the input unit and stored in 
memory. In addition, any data that are required are also entered and 
stored. To be acted upon, the data and program are moved into the control 
unit and the appropriate arithmetic and logical operations are executed. 

Finally we have the computer output units. Output can be presented in 
several ways, including punched card, tape, disk, printed records, and video 
display. 

Two distinguishing features between computers include their storage capac¬ 
ity and their response time. Storage capacity is the ability of the computer 
to both temporarily and permanently store data. For example, in an inventor}^ 
control system, the computer must be capable of storing inventory levels, data 
for forecasting purposes, reorder levels, and reorder quantities. When hundreds 
of thousands of items are carried in inventory, a sizable storage capacity is 
required. The second distinguishing feature is the response time. This is the 
time betw^een when the input is supplied to the computer and when the output 
becomes available. 


•Input 



Fig- 17-1 Central processing unit. 
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BATCH PROCESSING 

The predominant system in the past has been batch processing. In this system, 
the computer is totally dedicated to the job being run. That is, other jobs 
must wait in a queue until the one being processed is completed. This approach 
has two major drawbacks, including inefficiency of the central processor and 
turnaround time. 

Ill a moderate-sized batch facility, a program and data are entered into 
the computer’s memory, the program is executed, and the output is eventually 
supplied. During much of this process, the CPU is entirely dedicated to one 
job, and as a result a considerable amount of idle time is incurred. For example, 
if the program recpiires that data which are stored on a disk file be processed, 
the CPU sits idly by as the search for the data is undertaken. In strict batch 
processing, little can be done to overcome this problem. 

The turnaround problem is the second major drawback of batch process¬ 
ing. Usually a job is brought to the central computing facility and output 
is picked up some minutes or hours later. The wait depends upon the number 
of jobs in the queue and on their length. It is not unusual for this process 
to take 24 hours. This delay, together vith the inconvenience of dropping off 
and picking up the job, casts an unfaAmrable shadow over batch processing 
from a user s point of viewv 

For many applications in a management information system, the computer 
must be easy to use. convenient, and quick to respond. A batch system does 
not fulfill these requirements. There are. however, some kinds of information 
which are needed at infrequent intervmls which can be processed by a batch 
system. These include monthly financial statements, monthly inventor}^ sum¬ 
maries, and so on. 

REMOTE BATCH 

One way in which the turnaround time for batch systems has been reduced 
is by the use of remote batch processing. Remote tenninals are placed in con¬ 
venient iocations and thereby provide remote input-output access to the com¬ 
puter. Jobs are entered from them and are transmitted to the main computer 
facility, where they take their place in a queue and wait their turn. Other 
than the convenience of remote terminals, the system basically operates as a 
batch process. 

MULTlPROGRAMlilNG 

Multiprogramming is a technique which allows the CPU to operate on more 
than one program, thereby overcoming a basic inefficiency of the batch 
process. It works in the followung way. If the central processor is idle at 
any time during the execution of a program, the program that is next in queue 
is worked on temporarily. When the first program once again requires the use 
of the CPU, the processor switches from the second program to the first. For 
example, if the primary program directed the computer to search for data in 
a storage file, during the time it would take to seek and retrieve this information, 
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the CPU would switch to another program. A major advantage of multipro- 
grammiiigj therefore, is that the CPU is kept busy most of the time. To use 
such a system, however, is still inconvenient. Although jobs in the queue may 
be partially completed, the first one receives primary attention until it is com¬ 
pleted, then the next one moves to the primary position and it is processed 
until complete, and so on. A three-minute job with 25 jobs ahead of it may 
still have to wait 24 hours for completion. 

ENQUIRY SYSTEMS 

An enquiry system operates in real time. That is, the remote console operator 
receives the impression that the computer is responding nearly immediately to 
his inquiries and that he is the sole user. Typical of the use to which these 
systems are put are stock quotation services and airline resen^ation systems. In 
these applications a trivial amount of computation but a considerable amount 
of search for particular items stored in memory is required. Many of these 
systems are multiprogranimed, since a substantial portion of system time is 
spent searching for data. 

GENERAL-PURPOSE TtME-SHARE SYSTEMS 

In a general-purpose time-share system, the user has the impression that he 
is the only one using the machine and that the responses to his inputs are 
nearly instantaneous. This is accomplished by giving each user a slice of 
time. In this time slice he has complete use of the CPU, after which the next 
user has exclusive use, and so on, the CPU eventually returning to the first user. 
The cycle haj^pens so fast that the user gets the impression of continuous, exclu¬ 
sive use. 

The system is general-purpose in that the user can retrieve information, 
use available computer codes, or write his own programs in BASIC, COBOL, 
FORTRAN, and so on. These characteristics are especially important to the 
design of management information systems. 

In addition to being general-purpose, the turnaround problem is 
solved. With a time-share system, for example, the consequences of making 
a change in a shop schedule can be determined almost instantaneously. 

Time-sharing is especially attractive for interactive decisions. This is the 
situation wdiere the decision maker requires some time to think, makes an entry 
into the remote terminal, receives a response, devotes more time to thinking, 
makes another entry, and so on. This alternating sequence is a useful concept 
in the design of an MIS. 


EXAMPLES OF MIS 

Most of the experience in developing management information systems has been 
limited to well-defined groups of problems. An example of this is the Sabre 
reservation system which is operated by American Airlines, This enquiry system 
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is used to manage flight reservations. At the center of this system are some 
i;2G0 terminals located in reservation offices throughout the country. They are 
in turn linked to a central computing facility through the telephone net¬ 
work. When an enquiry is made for seat availability on a particular flighty 
instantaneous up-to-date information can be obtained. If the customer desires 
the seat, his passage can be assured and the load status revised. 

Without such an information system, the ability to verify seats wotild 
take much longer. Therefore, the timeliness of the data is one justification 
for the expeiiditiire of some $20 million; customers must be given a confirmation 
while they are on the phone. A second justification is that the inventory is 
perishable. If a seat should become available as the result of a cancellation, 
its immediate entry into the load status of the plane might lead to its resale. In 
a less efficient system, it might go unsold. 

An extension of this system is currently being considered. Into the re¬ 
mote-entry device would be placed the customer's desired date and time of 
departure, together with his destination. The computer would then determine 
the best available schedule which most nearly meets his departure objective. 

Another example of a specialized MIS is found in banking. Here, remote 
units are located at tellers' cages. Bank transactions which are carried out 
at the window are transmitted to a central computer. In this way several cus¬ 
tomers can be seiwed from several different locations and the file on each cus¬ 
tomer iiistaiitaneousiy updated. 

In judicial systems, illS is being used for court scheduling, while the 
police use it for identifying and finding criminals. Its use in investment analysis 
has been growing rapidly. Anistutz^ reports on an investment firm that has 
been using it for some eight years. He points out that even in investment 
analysis implicit management theories can be discarded in favor of explicit 
concepts. 

Applications of IMIS to health maintenance and diagnosis seem inevitable, 
for ill this field is found a substantial amount of data collection, processing, 
and decision making. The functional components of this process involve the 

following five stages: 

1. The acquisition of data to establish health status 

2. The coiiiparisoii of these data with stored knowledge 

3. The decision as to: 

а. What added data are needed? 

б. What treatment is indicated? 

4. The administration of the treatment and the acquisition of follow-up data 

5. The addition of all of this experience to stored knowledge 

® Arnold E. Amstiitz, “Information Systems in Management Science,” Management Science, 
voL 15. no. 2. October 196S. p. B-99. 

Harry Stem, “Information Systems in Management Science,” Managerjient Science, vol. 16, 
no. 10, June 1970, p. B685. 
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The apiplication of MIS to these stages seems promising. Given the urgency 
of health care and our changing set of national priorities, much progress in 
this direction can be expected over the next few 3 ^ears. 

Countless other examples can be found in the factory setting. The most 
prevalent are associated with forecasting, inventory, and scheduling prob¬ 
lems. The scheduling system illustrated in Chapter 15 represents one of the 
more ambitious undertakings. 

The systems which we have discussed so far are partial information sys¬ 
tems. In the next section, an MIS for an entire operational system will be 
generated. x41though none ciuite so perv'asive is being used by industry, the 
intent of the section is to suggest wdiat can be done and how these subsystems 
can be integrated into a functioning wdiole. 


INTEGRATED MIS 

For many the concept of a full-blown management information system is vague 
without the benefit of a supporting illustration. In this section, a management 
information system will be designed for a large manufacturing company produc¬ 
ing a variety of products, both to order and for inventory. The focus will 
be on the kinds of decisions that should be made, on the information required 
to make these decisions, and on the models wdiich might be helpful during the 
decision-making process. 

This section will also serve to integrate the topics covered in previous 
chapters. Therefore you should begin to get the feel of how those previously 
isolated topic areas can be integrated into a management system—how, for ex¬ 
ample, sales forecasting, aggregate scheduling, shop loading, dispatching, and 
inventory control are related through a complex web of information flows. 

To consider the entire task from long-range planning to shop control at 
once would be overwhelming. Instead we develop the system in three stages 
and tlien combine those stages into one management information system. The 
artificial classification which separates these stages is the planning horizon. The 
first stage centers around the decisions necessary in long-range planning. Here 
the planning horizon is one year and beyond. The second stage focuses on 
aggregate planning, where the planning horizon is from one month to one 
year. Finally, the third stage is concerned with the short term, a period usually 
considered to be less than a month. 

LONG-RANGE PLANNING 

Forecasting The essential ingredient in any plan is a forecast for the future 
level of activity. In long-range planning, the purpose of this forecast is to 
identify the kinds of products or services that will be demanded as w^ell as 
some indication of volume. Unfortunately the traditional forecasting techniques, 
such as exponential smoothing and econometric analysis, can be of very limited 
help. This is so because long-range planning is concerned with the nature of 
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the marketplace several years away, and in this length of time the whole struc¬ 
ture of demand may change. Therefore it is probably of little value to use 
exponential smoothing techniques, which extrapolate historical time series data 
into the future, or econometric analysis, which bases its predictions on historical 
cause-aiid-eftect relationships. Long-range forecasting methods will probably 
coiitiniie to rely, as they have in the past, on insight, intuition, experience, 
and an occasional educated guess. Consequently, there is very little that a 
management information system can do to help. For example, at best it can 
be used to summarize available competitors^ data, industry data, and industry 
forecasts. 

Process strategies Once these estimates have been made, they must be combined 
with preliminary engineering and manufacturing data to determine the alterna¬ 
tive process strategies which can be employed to meet this type and level of 
output. This sequence of information flow is illustrated in Fig. 17-2. 

Capital budgeting Since the alternative solutions to the production plan require 
a share of the scarce pool of capital, and since marketing and engineering are 
also making demands on these funds, some interaction is required when these 
funds are allocated. In Chapter 2 it was suggested that the common denomina¬ 
tor by which ail projects, including replacements, compete for scarce funds be 
the benefit cost ratio. In this way the most profitable alternatives, regardless 
of functional identity, can be selected first, then the next most profitable, and 
so on, until the budget is exhausted. 

The capital-budgeting process can very effectively be included as part of 
an }^nS. Into remote terminals can be entered the relevant data. The computer 
could then execute the necessary calculations and present the output data perhaps 
as decreasing benefit cost ratios or as internal rates of return. Perhaps the 
more complex models which employed linear programming and simulation to 
cope with constrained decision making and uncertainty would be even more 
appropriate. 

Project scheduling After the capital-budgeting process is complete, a set of 
projects emerge which form the project plan for the future. To plan and control 
the execution of these projects from their design stage through the point in 
time when they become operational, some form of project scheduling should 
be employed. In Chapter 7, several project-scheduling techniques, including 
PERT and CP]M, were presented. We learned that the choice of a particular 
technique depends upon the predominant factors in the actual situation. 

The formulation of the project network and the subsequent control of the 
project can be included as part of an ]MIS. If status reports on each activity 
are periodically entered, critical paths can be recomputed and project control 
can therefore be based on the latest information. 

Facilities location If the project requires the expansion or relocation of physical 
plant facilities, a facilities location study is usually initiated. In some w^ell- 
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Fig. 17-2 Long-range planning. 


defined })roblems, a management information system can be helpful in arriving 
at the location decision. Examples of two such situations were given in Chapter 
9. The first w^as a company wdiere transportation and manufacturing costs domi¬ 
nated the decision, and the second was a telephone company where the location 
of a central switching office significantly affected the investment in copper wire 
between the switching office and subscriber telephones. 

Macro design The next stage is macro design. This topic was covered in Chap¬ 
ter 5 and focused on such problems as the choice of either a product or a process 
layout, the design of the process, selection of equipment, major make or buy 
decisions, and material handling. As we discussed in that chapter, this is not 
a ^‘once only” effort to be initiated for new^ projects. It should be structured 
as a periodic review system wdiere new’- alternatives are evaluated in response 
to either new technological process developments or changes in the prices of 
labor, materials, or equipment. 
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Consider the following example of how a management information system 
can provide valuable assistance in solving macro design problems. In a job 
shop the feedback from the shop has shown a chronic bottleneck situation at 
several work stations. As a result jobs have not been meeting their due 
dates. One of the several suggested solutions to the problem is to purchase 
a $600,000 numerically controlled machine. It should be able to absorb many 
of the jobs which are now^ being processed on several different machines. If 
the relevant job arrival times and ser\dce times have been stored, simulations 
for this and other alternatives could be run to determine the effectiveness of 
each strategy. 

Major make or buy decisions are usually considered in this phase. Since 
the price breaks, quality, and deliver^" of purchased items are continually chang¬ 
ing betiveen vendors, the firm should maintain some routine procedure for peri¬ 
odically ensuring the best strategy. Without it the tendency is to stay with 
the same vendors. This re\dew process could also be included as part of the 
MIS. 

[Material handling problems of the kind illustrated in Chapter 5 also lend 
themselves to quantitative analysis. If they recur frequently enough, a mate¬ 
rials handling model could be incorporated as part of the MIS. 

Micro design After macro design, focus shifts to the micro aspects of the 
process. Involved here are the determination of production standards, work 
methods, and finally line balancing, which acts as the integrating element. 

In Taylor’s era of scientific management, the micro design of the production 
process was approached from a mechanistic point of view. There was very 
little consideration directed toward the human element in the process. 

Today, however, in process design considerable emphasis is given to human 
factors. As a result, the design of the process is less structured than under 
the Taylor approach. Usually, however, the design is accomplished by an itera¬ 
tive process. For example, in line balancing the initial cycle time for each 
work station may be selected in response to considerations of job scope and 
depth. Then the line is balanced using some optimization technique or heuristic 
which could well be part of an IMIS. The resulting composition of w^ork at 
each station is scrutinized and perhaps another cycle time is chosen, followed 
by the line-balancing routine, followed by another cycle time, and so on. 

Facilities layout A facilities layout study must be undertaken not only wdien 
new facilities are planned, but also periodicalh" in response to a new product 
mix, new levels in demand, or changes in the process. Since the alternative 
strategies are usually numerous, a decision model incorporated as part of an 
]\nS could be quite useful. Several heuristics have been successfully employed 
by industry, one of which was presented in Chapter 8. 

Capacity plan The outcome from this long-term strategic planning phase is a 
capacity plan showing a suggested strategy to be used over the next five or 
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perhaps even the next 10 years. The plan includes the chosen projects, increase 
ill physical plant capacity, new plant locations, equipment purchases, replace¬ 
ments, and even major changes in work force levels and inventory strategy. Its 
detail, furthermore, is greatest for the immediate future and decreases as the 
plan unfolds into the long-range future. 

aggregate planning 

In the aggregate planning phase, production plans are made for the period 
between the next one and 12 months. If the firm’s manufactured output is 
destined to stock finished goods inventory, the starting point for the plan is 
a sales forecast. If, however, the firm manufactures only upon receipt of an 
order and customers are willing to wmit for their special orders, aggregate 
planning can be based on orders. Sometimes a combination of both situations 
can occur. These two possible inputs are shown in Fig. 17-3. 

Forecasting At this stage an IMIS can provide valuable forecasting assistance. 
Using either exponential smoothing or econometric forecasting techniques, de¬ 
mand forecasts can be made. In either case it will be necessary to maintain 
some data bank. When econometric forecasting is used, however, one can find 
commercial time-share companies which offer data banks of over 6,000 economic 
variables which can be used as predictive variables in the forecasting model. 
This is usually an attractive alternative compared with generating and main¬ 
taining one’s own data bank for forecasting purposes. 

Aggregate requirements Now the sales forecast and customer order information, 
engineering and manufacturing data, and stock status can be combined to deter¬ 
mine the requirements over the planning horizon. Usually the requirements 
are stated in aggregate dimensions, such as gallons of paint, number of TV 
sets, number of court cases, number of surgical operations, and so on. The 



Fig. 17-3 Aggregate planning. 
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detail, which would include the different kinds of paints, the variety of TV 
sets, the kinds of court cases, or the tT^pe of surgery, is left for the next stage 
in the plaiiiiiiig process. 

There is usually good reason for this aggregate focus. Since this plan 
is drawn up some months before the orders materialize, it should be flexible 
enough to accommodate a variety in the product mix. 

Master schedole Now’ the master schedule can be compiled. As inputs wn in¬ 
clude the aggregate demand requirements, the capacity plan, and the current 
information on shop loads. The capacity plan supplies the capacity levels over 
the plaiiiiiiig horizon. If demand is undergoing a secular increase, capacity 
will probably be increased over time. As tliis capacity becomes available, it 
wuli be incorporated into the scheduling plan. Finalhv information on current 
shop loads is supplied so that the initial conditions from which the schedule 
unfolds w’iil at least reflect the current status of the shop. 

The master schedule specifies wflien jobs will be initiated and completed, 
the production and w’ork levels, make or buy decisions, undertime and overtime, 
hiring and firing, and inventory levels. It is therefore a production plan wdiose 
objective it is lo meet a demand pattern as economically as possible. 

Because of coiistraiiiis such as capital, labor, physical capacity, and man¬ 
agement, and because of fluciuating demand requirements, aggregate planning 
can be a complex problem. In Chapter 13 linear programming, transportation, 
and quadratic techniques for aggregate planning were illustrated. A model of 
this nature included as part of the ^IIS can, therefore, be quite useful. 

SHORT-TERM SCHEDULING AND SEQUENCING 

Now’ w’e are dowTi to planning for the month in which production will take 
place. At this stage tremendous detail must enter the planning process; each 
pan, subassembly, and final assembly for every job found on the master schedule 
must be sdiediiled. Without an iMIS, this stage is frequently chaotic and 

iiieffieieiit. 

Job explosion The first step in scheduling is to explode the jobs found on the 
master schediile. This explosion essentially decomposes the job into all of its 
basic parts and subassemblies. This is accomplished by merging the master 
schediile with the manufacturing information file. Also considered are changes 
ill customer orders or special manufacturing instructions in response to custom 
orders. These relationships are showm in Fig. 17-4. 

Requirements Once the total requirements are determined, a check is run on 
the quantity of these parts in inventory. When a sufficient quantity is available, 
the requirement is met from stock. When there is an insufficient quantity, an 
order is entered on the short-term schedule. It, how’ever, must be scheduled 
ill such a W’ay that it will be ready to be combined w’ith the other parts to 
ensure on-time completion of the job. You will recall from Chapter 13, whenever 
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Fig. 17-4 Short-term scheduling. 


parts are manufactured within the firm, an EOQ supply is not necessarily or¬ 
dered. The reason for this is that order cpiantities affect the shop load in addi¬ 
tion to the usual inventory costs. Therefore these should be considered before 
an order C|uantity is entered. If the order for parts is placed outside the firm, 
the conventional inventory analysis of Chapter 14 applies. 

Sequencing Once each part or subassembly has been assigned to a work center 
and its approximate starting time has been established, focus shifts to the work 
load at each of these work centers. The scheduling problem is now down to 
its finest detail; here we determine the order in which the jobs at each machine 
are to be processed. This topic was covered in Chapter 15, where models were 
presented for determining both a theoretically optimum solution and less-than- 
optimum solutions based on heuristic techniques. 

Shop control When orders are released to the shop, the information system 
should automatically furnish the following: 

1. Raw material and inventory requisitions 

2. The necessary engineering and manufacturing drawings, either on microfilm 

or accessible by video display units with options for hard copy 

3. Routing instructions 

4. Job identification card 
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Since jobs seldom flow smoothly through the shop and meet their expected 
completion dates without incident, control measures must be instituted. To 
accomplish this, the progress of the job through the shop must be moni¬ 
tored. Whenever the job is started or completed at a machine center, the job 
card and location information are entered into remote data units placed through¬ 
out the shop. Therefore the whereabouts of every part or subassembly is 
known at all times. If the completion of the job becomes jeopardized, the 
appropiriate action can be taken. This might consist of changing a part’s 
priority. 

A rather elaborate control system was presented in Chapter 15. The output 
of this control process included several reports which allowed for easier and 
more effective day-to-day scheduling, as well as more effective control over 
the system. 

In Fig. 17-4, we can see where this feedback via remote data entry devices 
updates the current shop load and status file. It, in turn, is fed into the short¬ 
term scheduling process to generate a new, up-to-date schedule. As in the ex¬ 
ample presented in Chapter 15. this iterative process can take place daily. The 
day’s manufacturing activities can therefore be ])lanned from reliable data. 
Without such a system, the foreman typically responds to pressures from 
expediters and has little information, if any, on the change in priority of jobs 
which he neglects or pushes back in the schedule. 

THE THREE STAGES COMBiNEO 

In Fig. 17-5 the three stages in the planning process have been combined into 
a comprehensive management information system. Added to this system is the 
inventory planning and control stage. It illustrates another valuable feature 
of an MIS. By utilizing remote order entry units, which could be located in 
sales oflfices throughout the country, salesmen could make instantaneous price 
and delivery inquiries. For example, a customer who is interested in a particular 
product tvonld like to know its probable delivery date. The salesman could 
gain access to the firm's central computer through his remote data entry de¬ 
vice. The central computer can then determine whether the product is in stock 
or, if it is not, wiieii the stock is scheduled to be replenished. If the customer 
is satisfied by this response and the sale is made, it can be entered into the 
remote unit and the product, either in stock or in-progress, can be assigned 
to that customer. 

SOME MANAGEMENT IMPLICATIONS 

Perhaps the role that the computer will play in management decision making 
will change the kind of leadership and management style that has been tradition¬ 
ally required. In the past, decision makers had to exhibit a skill for working 
with v^ague data. They then had to somehow reach a conclusion from these 
data, win approval of their plans, marshal the necessary resources, and initiate 
action. 
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Fig. 17-5 IMajor information flows. 
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Argyris" points out that an AIIS could change this managerial style quite 
drastically. First, the iiew-style manager could experience a reduction in his 
freedom of movement. Both the formal and the informal aspects of the environ¬ 
ment will tend to be much more explicit. Secondly, the manager could suffer 
from a feeling of psychological failure, since the 'MIS will be making many 
decisions for him. It sets his goals, it specifies the actions necessary to achieve 
these goals, and it evaluates his performance. Third, leadership in this new 
environment may no longer be as strongly related to the manager’s political 
power within the organization as it is related to his competence. Fourth, the 
decision maker will no longer feel as essential to the management team as he 
has felt in the past. Since everything will be done in a planned or rational 
way, he will not feel as powerful as he did before. 

Although Arg}Tis is warning us about the consequence of a full^^ integrated 
and automated IMIS, some of these caveats are still worth considering. Even 
in management information systems, which look at but a small subset of deci¬ 
sions, some of these behavioral problems are likely to emerge. It is important 
that management be sensitive to them. 

We can conclude, then, that the success of an MIS will depend upon decision 
makers in two ways. First, it depends on their ability to work effectively with 
the information systems people and with the management scientists. Secondly, 
it depends on their ability to adapt to a new management style quite unlike 
amnhing we have known in the past. 


QUESTIONS 

Q17-1. Ex]>erimeiital emergency health care centers have been established at locations 
where none have previously existed. One such center was located at a large international 
airport. 

In atteiidaiiee at this location was a nurse who was in constant contact with 
the central liospiial via a ciosed-circuit TV netw’ork. 

What informaiioii flow’s and decisions w’ould you consider in tlie design of this 
fairly sophisticated iMIS? 

Q17-2. How w’oiild you design an MIS for a supermarket chain? 

Q17-3. Prepare an iMIS proposal for a wholesale liquor dealer with three w’arehouses 

located in different cities. 

Q17-4. Hoit would you design, as part of a bank’s IMIS, an automated procedure for 
screening persoiial-loa.n applicants? 
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Linear Programming 
and Simulation 


INTRODUCTION 

In a course which is applications-oriented it is quite tempting to avoid the 
detail of the quantitative techniciues and to delve right into their applica¬ 
tion. But before ciuantitative techniques can be applied, the basic mathematical 
ideas which underlie them must be studied- Although it is unlikely that any 
practitioner will go through a solution process manually, there is no substitute 
for cranking out problems by hand in the initial learning stages to give the 
confidence and maturity necessary to become a skillful user of a tech¬ 
nique. Once this phase has been completed, the computer can be used and 
the solution of the model can be reduced to a routine procedure. 

Two techniques which will be used throughout the text include 

1. Linear programming, and 

2. Simulation 

Although they are not the only^ ones wLich we will use, they will serve as a 
foundation upon which other techniques wdll be built. It is necessary, then, 
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that the student who has never been exposed to these topics study them care- 
tully. Those who have may benefit from a quick review. 

MATHEMATICAL PROGRAMMING 

From an overall point of view, the problem faced by the finn is one of con¬ 
strained maximization. That is, given an objective such as the maximization 
of profits, the decision maker must decide which products to include in the 
product line and how many of each to manufacture. 

In specifying these levels of output over a planning horizon, the decision 
maker is constrained by many factors in the environment. In the absence of 
these constraints, output could be set infinitely large for each product in the 
line. However, there are usually several constraints operating to prevent 
this. First, there is a capital constraint—^the firm alw^ays has a limited budget 
■which can be allocated among several alternatives. Secondly, there are man¬ 
power constraints—there is a work force at the beginning of the planning period 
which constrains output: however, slight changes can normally be made in the 
work force levels. Third, there are capacity constraints; especially in the short¬ 
term and intermediaie-term planning periods, the physical facilities are relatively 
fix:ed. Finally, one could add social and legal constraints to these economic 
constraints: however, in many eases they might be difficult to quantify. 

The coiistrainis, then, create the environment within which decision makers 
strive to maximize their objectives. This is the essence of mathematical pro¬ 
gramming: constrained maximization. It becomes an intuitively appealing 
framework for the analysis of many types of business problems. The difficult 
task, however, is shouldered by the model builder, who must abstract from 
the enviroiimeiii those important elements that are to be incorporated in the 
model. 

A PROBLEIi IN CONSTRAINED MAXIMIZATION: GRAPHICAL LINEAR PROGRAMMING 

Let us look at a |)roblem faced by a manufacturer of snowmobiles and golf 
carts. Assuming that they can sell as many as they make, output quantities 
for both items must be set by management. First, the objective must be 
set. Usually profit maximization is selected. Second, the constraints that affect 
the output decisions must be specified. So that the introduction to mathematical 
programming can be kept at a manageable level, let us assume that there are 
but two constraints in the manufacturing process. Both constraints will be 
in the number of man-hours of capacity found in the fabricating and painting 
departments. Each product must go through both departments. Finally the 
time horizon over which the plan wall be developed must be determined. In 
this example the horizon will be one month. 

Objective The ]irofit contribution of snowmobiles is estimated to be $200 per 
unit, wdiile that of golfcarts is $300 per unit. Profit contribution is the difference 
between selling price and variable costs, and it is assumed to remain constant; 
that is, the first snowmobile sold generates $200 profit and the ten-thousandth 
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Table A-1 Substitution 

matrix 




Snoumiobiles (S) 

Golfcarts (G) 

Capacity (in 000'sj 

Fabricating (F) 
Painting (P) 

2 hours/unit 

1 

1 hour/unit 

3 

1 j 000 man-hours 
1,200 


unit sold generates $200 profit. Because of this property, the objective is called 
lineal' and can be written as 

Alaximize P = 200>S + 300G 

where P = profits 

S = snowmobiles 
G = golfcarts 

This equation, which we hope to maximize, is called the ohjective functwn. 

Constraints The cai)aeity next month in the fabricating shop is 1,0CM} man-hours, 
while that in painting is 1,200 man-hours. These figures are found in the last 
column of Table A-1. The remaining entries in the table represent substitution 
rates. For example, each snowmobile manufactured requires 2 man-hours of 
fabricating capacity and 1 man-hour of painting capacity. Each golfcan re¬ 
quires 1 man-hour of fabrication and 3 man-hours of painting. The figures 
in these columns, therefore, represent the inputs necessary for one unit of output. 
The limitation on the number of snowmobiles and golfcarts that can be 
produced in the fabricating department can be expressed mathematically as 

2S + IG < 1,000 

If no golfcarts were produced, up to 1,000/2 = 500 snowmobiles could be fabri¬ 
cated. On the other hand, if no snowmobiles were produced, up to 
1,000/1 = 1,000 golfcarts could be fabricated. It is also possible to fabricate 
any combination of these two products as long as the constraint is not violated. 

The mathematical expression cannot be called an equation, since the ^less 
than or equal to” sign ( < ) specifies that the left-hand side must be less than 
or equal to the right-hand side. Instead, the expression is called an inequality 
and is graphed in Fig. A-1. The intersection with the snowmobiles (S) axis 
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represents the 500 snowmobiles that could be made in the fabricating department 
if no golf carts were produced. The intersection with the golf cart axis (G) repre¬ 
sents the 1,000 golfcarts that could be produced in the fabrication shop if no 
snowmobiles w^ere produced. Plotting these tw’o extreme points and connecting 
them with a straight line is the w'ay to start the graphical analysis. Any point 
on the line represents a combination of golfcarts and snownnobiles wiiich will 
exactly use up the capacity in the fabrication department. The region w^hich 
is showni shaded in Fig. A-1 represents those combinations of snowmiobiles and 
golfcarts that will not violate the fabricating capacity. 

Xext w'e formuiate the constraint for the painting department as 

IS + 3G < 1,200 

It is plotted in Fig. A-2. The shaded area represents combinations of snow¬ 
mobiles and golfcarts wdiich will not violate the constraints in the painting 

department. 

Feasible region In Fig. A-3 both constraints are plotted. Now^ it can be seen 
that when both constrainis are taken into consideration, only the cross-hatched 
area, or that area wdiieh is common to both Figs. A-1 and A-2, is feasible. For 
example, point A, wdiich represents 100 snowmobiles and 600 golfcarts, can be 
accommodated in the fabrication department but exceeds the capacity of the 
painting department. Point on the other hand, wdth 200 snowmiobiles and 
2(K} golfcarts, can be accommodated in both departments. The shaded region 
is called the leasible region, and the optimum solution will occur at any point 
writhin or on the border of this region. 

Solution Just where the optimum will occur depends on financial variables. Up 
to this point only technical variables have been considered. Therefore, the next 
step is to examine the role of profit contribution in determining the best point 
ill the feasible region. 


s 
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Fig. A-3 


1,200 


1,400 


5 



To accomplish this, we make use of the objective function 
P = 200.S + 300G 

to establish a series of iso-profit lines. For example, take an}- arbitrary output 
of snowunobiles and no goifcarts. If we produce 100 snowmobiles, profit is 
200(100) = $20,000. Marking this point on the S axis in Fig. A-4 establishes 
one point on a $20,000 iso-profit line. The other point on the G axis can be 
determined by finding how many goifcarts must be sold to generate $20,000 
of profit. The answer is 20,000/300 = 66 goifcarts. The line connecting these 
t'wo points represents all combinations of snowmobiles and goifcarts that will 
generate $20,000 wmrth of profit. Profit lines can also be determined for $40,000, 
$80,000 $100,000, and so on. In fact all iso-profit lines will be parallel to the 
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first one drawn. Furthermore, iso-profit lines generating higher profits always 
lie to the right of lower ones. 

Does the 120^000 iso-profit line represent a feasible solution? Yes. All 
points on the $20,000 line lie inside the feasible region. Why not operate some¬ 
where on this line? Because we have the capacity to operate on a higher iso¬ 
profit line to the right. Problems occur, however, if we move as far to the 
right as the 1200,000 profit line. Yowhere on this line do we have enough 
capacity to turn out combinations of snowmobiles and golfcarts which would 
generate $200,000 profit. The solution, then, is to operate on that iso-profit 
line which is furthest out yet does not violate any of the constraints. A in 
Fig. A-4 is just this point. Reading from the graph, the number of snownnobiles 
that should be produced is about 360 and the number of golfcarts is about 
280. Notice that the solution occurs at a corner; in fact, the solution wdll 
ahvaijs occur at a corner. There is the special case, however, where the iso-profit 
line is parallel to one of the constraints. In this situation there will be an 
infinite number of solutions along this line, including, of course, the two corners. 

If there had been more departments, the only changes would have been 
the addition of constraints. A smaller feasible region would have resulted. If, 
however, there are more than tw’o products, we have troubles. Suppose that 
the manufacturer produces snowmobiles, golfcarts, outboard engines, and lawn 
mowers. Solving the problem would require us to work in four-dimensional 
space. Since this is an impossibility, another approach is required for these 
more complex situations. 

SIMPLEX METHOD 

The simplex method, unlike the graphical, can handle any number of products 
or activities. So that an intuitive understanding of the simplex method can 
be grasped, the problem just solved graphically will be solved using the simplex 
method. The problem is vTitten in its inequality form as 

^Maximize P — 2Q0S + 300ff 
S.T. 2S + IG < 1,000 

IS + SG < 1,200 

The '^S.T.’' specifies that the objective function is “subject to” the constraints 
wdiich foliow^ 

Augmented form In order to avoid w^orking with inequalities, it is necessary 
to make some changes in the constraint set. The changes, however, must still 
preserve the relationship between the left- and right-hand side of the inequality 
sign. This can be accomplished by introducing a slack variable. For example, 
the first inequality in the constraint set can be written as 

2S -jr l{j d” Ai = 1,000 
wdiere Li = slack in fabricating department 
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Slack is zero if the number of snowmobiles plus the number of golfcarts produced 
in the fabrication department uses up all the capacity. If they dc not, Lj 
will take on whatever value is necessary to absorb the excess. For example, 
if 200 snowmobiles and 200 golfcarts are produced, Li = 400. The second con¬ 
straint ecpiation can now be written as 

IS + 3(? + L. = 1,200 

Since two new variables have been introduced into the constraint set, it 
is necessary that they appear in the objective function. What will the coeffi¬ 
cients of these slacks be in the objective function? A slack contributes nothing 
to profit; therefore the objective function can be written as 

^Maximize P = 2005 + 300(? + Oh + OL. 

The new set of equations, including objective function and constraints, 
are now said to be in “augmented form.” Rewriting them, we have 

ilaximize P = 2005 + 300G + OPi + Oh 
S.T. 25 + K? + ILi = 1,000 

15 + 3G + h = 1/200 

Initial matrix For ease in manipulating the equations, a matrix is set up. Across 
the top row are placed all the variables as we have them in the objective fiinctioii 
of the augmented form. See Table A-2. Down the second column we place the 
initial set of variables that is produced. A characteristic of the simplex tech- 
niciue is that in this first step only the slack variables are produced. That 
is, w'e start at a point where the output of the non-slacks is zero. Into the 
last column goes the quantity of each slack produced, and in this first step 
the quantity is ecjual to the total supply of each resource. Next we enter the 
substitution rates in their appropriate locations within the matrix. Finallj^ the 
profit contributions are entered above the variables and alongside the slacks 
in the first column. 

Intuitive explanation of the simplex method Before presenting the mathematical 
solution process, a verbal description of this process wdll be given so that an 
intuitive feel can be obtained for the problem. 


Table A-2 




200 

soo 

0 

0 




S 

G 

Li 

u 


0 

Li 

2 

1 

1 

0 

1,000 

0 

h 

1 

3 

0 

1 

1,200 
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Looking at Fig. A-5, you can see that the solution process starts at the 
origin, where neither snowmobiles nor golfcarts are produced. At this point 
slack in the fabrication department Li is 1,000 and slack in the painting depart¬ 
ment L 2 is 1,200. The procedure then determines the most profitable direction 
in -which to head. If we start producing just snowmobiles, for every unit sold 
a profit of $200 is generated: whereas if golfcarts are produced, a profit per 
unit of $300 is added. Therefore the optimal strategt" would be to add as many 
golfcarts as possible. Golfcarts are then added until a constraint is violated. In 
this case we can see from Fig. A-5 that painting capacity runs out at point D. 

At point D the same kind of question will be asked: Would it be profitable 
to proceed in the direction of point A? Since we already know from our graphi¬ 
cal anah'sis that point A is the optimal solution, it seems reasonable for the 
simplex method to move us from D towmrd A. Ho-w far do we move? xAgain, 
until a constraint is hit—point A. We again ask if it will be profitable to 
move on the new constraint towmrd B, The answer we would expect is, 
no. That is, A is the best point. 

First iteration Getting back to Table A-2, w^e can see liow^ this procedure is 
executed mathematically. The first question that must be answ^ered is, Which 
variable comes into solution? In this case is it S or G? Each must be evaluated 
separately, and the net effect of the change must be considered. For example, 
the net effect of bringing in S on a per-unit basis can be evaluated from the 
S column in Table A-2. 

+200 

~2(0) 

- 1 ( 0 ) 

+200 

First, the addition of 1 unit of S will generate $200. Next, 2 units of 
slack in the fabricating department must be given up; and since it contributes 
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nothing to profit, we write its impact on profit contribution as —2 (0). Mechani¬ 
cally the 2 is found at the intersection of the Li row and the S column. The 
zero is found at the outside left-hand corner of the La row. Table A-2 also 
tells us that 1 unit of slack in the painting department will be given up; and 
since slack here contributes nothing to profit, we have —1(0). The net effect 
is the sum of these, or $200. 

Now the per-unit consequence of introducing G must be evaluated. It 
can be computed as 

+ 300 

-1(0) 

-3(0) 

+ 300 

The introduction of G adds $300 to profits. However, one unit of slack in 
the fabricating department, which contributes nothing to profits, must be givers 
upj^ In addition, 3 units of slack in the painting department, also contributing 
nothing to profits, must be given up. The net contribution is $300 per unit. It 
is not necessary to compute the consequence of introducing Li and L3, since 
they are already in the solution. 

The decision as to which variable enters the solution can now be made. It 
is that variable with the largest per-unit profit contribution. In this case it 
is G, with a per-unit net contribution of $300, just as we predicted in the intuitive 
development. The next problem is to determine just how much of G should 
be brought in. 

Every unit of G brought into the solution requires that 1 unit of slack 
in fabricating and 3 units of slack in painting be consumed. With only 1,000 
units of capacity in fabricating, the maximum number of G’s that can be brought 
into the fabricating department is 


With 1,200 units of capacity in the painting department, the maximum number 
of G’s that can be brought in is 


1,200 


400 


We now have two limits to consider. In the fabricating department the 
limit is 1,000 units of G and in the painting department the limit is 400 units 
of G. The smaller of the two limits our choice, since it would be senseless 
to send 1,000 units through fabrication if we could paint only 400 of them. The 
choices made up to this point are indicated by arrows in Table A-3. 

Relating the progress made to Fig. A-5, we started with a matrix describing 
the situation at point C. We then proceeded to move in the G direction and 
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Table A-3 


300 

300 

0 

0 

S 

G 

hi 

L. 


0 

II 

2 

1 

1 

0 

1,000 

1,000 

1 

1,000 

0 

1-2 

1 

3 

0 

1 

o 

o 

1,200 

3 

400 


Table A-4 




300 

sm 

0 

0 




S 

G 

Li 

u 


O' 

ii 

D 

0 

1 

1 

600 

300 

G 

1 

I? 

1 

0 

1 

IS 

400 


discovered that the first constraint met was at point D. The next step is to 
develop a new matrix describing the situation at point D. 

First, a new matrix outline is drawn. See Table A-4. Along the top row 
the variables are entered just as they were in the first matrix with their profit 
contributions above them. The produced variableSj however, are Li and 
G. Since L-. was reduced to zero iwe used up all the slack in painting), it 
no longer appears as a produced variable. In its place we have G. In fact, 
when one variable is entered, one leaves. Therefore, if there are two rows of 
numbers in the first matrix, there will always be two rows in the next and subse- 
c|uent matrices. Since we did not use up ail of the capacity in the fabrication 
shop, Li still appears as a produced variable. 

What are the produced amounts of Li and G? The value of G is 400 
units, as we just determined in Table A-3. The value of Li, however, has 
not been eoiiipiited as yet. From Table A-3 it can be seen that we started 
with 1,000 units of Lj. For every unit of G brought into the solution, our 
substitution matrix in Table A-3 tells us that 1 unit of Li was required. Since 
400 units of G were brought in, we have 

1,000 - 400 (1) = 600 

units of Li remaining. The 600 is then entered in the last column of Table 
A-4. It now remains to calculate the new substitution rates. 

Starting with the variable which has just been introduced, G, we write 

its column equation from Table A-3 as 

G = III + 31. 
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This is an equation with Li and Lo on the right-hand side, and our new matrix 
requires Li and G on this side. That is, the new produced variables must appear 
on the right-hand side. To accomplish this we solve this equation for Ln. 

3L, = G - Li 

L 2 = ~ ill 

We can now enter our new column equation for Ln in Table A-4. 

Next the column equation for S is wTitten from Table A-3: 

S = 2Li+ IL 2 

Again L 2 is on the right; and before the equation can be entered in Table 
A-4j it must have only G and Li on the right-hand side. Since w^e have already 
determined a new equation for L 2 in the previous step^ we can substitute this 
into the equation for S, 


5 = 2Li + IQG ~ iLi) 

S = 2Li -j- — \Li 

5 = fLi + iff 

Now we have an equation for S in only Lj and G, and it can be entered in 
Table A-4. The procedure of substituting the equation 

A 2 = ^G 

for the variable that has just left solution, L^, is continued until all the remaining 
column equations have G and Li on the right-hand side. 

This process, however, stops here in this example, for the only remaining 
columns that have not been completed are G and Li, and these are the produced 
variables in our new table. Wherever the column variables are the same as 
the produced variables, a “1” is entered in the matrix where they intersect. Zeros 
comprise the remaining entries in those columns. Therefore, w^e enter a 
where the column and row' G intersect, a zero above it, a "T” wdiere the column 
and row' Li intersect, and a zero below' it. Prove that these column entries are 
correct by substituting the new- equation for in these column equations of 
Table A-3. 

Now we are at point D in Fig. A-5, and the output levels can be read 
from Table A-4. 

Li = 600 

G = 400 

One iteration has now' been completed, and the remainder of the analysis 
is executed exactly like the first. To continue, we must ask if it is profitable 
to proceed tow^ard point A in Fig. A-5. If so, how far? This is the objective 
of the second iteration. 
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Second iteration As in the first iteration, the first step is to evaluate the conse¬ 
quence of bringing a new variable into the solution. Working from Table x4-4j 
we have 



L. 

+200 

+0 

-1(0) 

(0) 

-i(300) 

-i&m 

+ 100 

-100 


The net contribution of bringing in S is made up of adding one unit of 

S, which contributes $200 to profit^ and taking out | of a unit of G, wdiich 

reduces contribution by -|l300 )= $100, for a net coiitribution of $100. It can 
be seen from Fig. A-5 that if one goes from point D to A, the introduction 

of some snovTnobiles must be accompanied by the reduction in the number 

of golfcarts. The net contribution associated vith bringing in Lo is —$100; 
and since the activity with the highest net contribution is introduced, we 
choose jS. 

Exactly how much of #S is introduced is determined as before. From 
Table A-5 it can be seen that 600 units of Li remain; and for every unit of S 
introduced, f of a unit of Li must be given up. Then 600/(|) = 360 of S can 
be introduced. The same analysis holds for G. Since 400 units of G are pro¬ 
duced, and for every S introduced must be given up, 400 i = 1,200 units of 
S can be introduced. Again we choose the smallest of the two, or 360, since it 
makes no sense to introduce 1,200 units of S if only 360 can be processed through 
the fabrication shop. Since 360 units of iS vill be introduced, all the capacity 
in Li will be exhausted, and w^e will therefore have as new’ produced variables 
SandG. 

A new’ matrix is draw’ll in Table A-6 and the new’ produced variables 
jS and G can be entered in the second column. The produced amount of the vari¬ 
able S is 360, as was just determined. The produced amount of G can be 


Table A-5 


mo 

300 

0 

0 

s 

G 

Li 



0 

Li 

5 

0 

1 

_ 1 
¥ 

600 

600/1 = 

360 

10 

G 

1 

¥ 

1 

0 

1 

400 

400/1 = 1 

[,200 



APPENDIX A 


491 


Table A-6 




mo 

300 

0 

0 




s 

G 

Li 

L. 


200 

S 

1 

0 

A 

5 

_ 1 

5 

360 

300 

G 

0 

1 

— 1 

5 

J5_ 

1 5 

280 


caloulated from Table A-5, where the level of G was 400, and it is shown that 
for every S introduced | of a unit of G is given up. Since 360 units of *S will be 
introduced, the level of G in the new matrix will be 

G = 400 - i(360) = 280 

This is entered in the last column of the matrix in Table A-G. The substitution 
rates for the variable introduced, 8, can now be computed as; 

S = %Li + 

Since we now require an S and G on the right-hand side, we solve for Li: 

|Li = S - IG 
Li = 18 ~ iG 

The column equation for Lo can be written as 
To = —^Li + ^G 

It also must have S and G on the right-hand side. Therefore we substitute 
the new value for Li and get 

L, = - iG) + iG 

Li — —iS + tVT + iG 
To = —-18 + AT 

The new^ matrix represents conditions at point A, The output levels can 
be read from the matrix as 

8 = 360 
G = 280 


Third iteration The process repeats itself until it is no longer profitable to intro¬ 
duce new variables into the solution. First the consequence of bringing new 
variables into the solution must be considered. 
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Li 

L. 

+0 

+0 

-1(200) 

-(-i)(200) 

-(-i)(300) 

-t®5(300) 

-60 

-SO 


Since the net contributions come out negative, the introduction of either 
Li or X 2 reduce profits. Therefore we go no further and use the results 
of the second iteration as the optimal intensity of operation. To maximize 
profit, we produce: 

S = 360 
G = 280 

The profit generated viil be 

200(360) + 300(280) = S156,000 

Summary of simplex 

Step 1: Which variable enters? 

Step 2: The maximum that can be brought into the solution. 

Step 3: Draw^ new matrix outline. 

Step 4: Enter produced variables. 

Step 5: Enter amounts produced. 

Step 6: Determine new substitution rates. 

Step 7: Repeat process, starting at step 1. 

Shadow prices The net contributions in the solution basis, —60 and —80, have 
a special meaning. They represent the increase in profit that would result if 
an additional unit of scarce resource were obtained. In this example if an 
additional unit of fabrication were obtained, profit would increase by $60. If 
an additional unit of painting capacirt’ were obtained, profit would increase 
by $80. This tells the decision maker the maximum price he should be willing 
to pay if he had the opportunity to buy additional units of either scarce re¬ 
source. Therefore, if someone offered him additional fabricating capacity at 
150 per unit, lie should accept. At $60 he is indifferent, and above this point 
his costs are greater than his benefits. His point of indifference for painting 
capacity is $80. 

These special net contributions associated with slack variables are called 
shadoiv prices and impute a value to scarce resources. 

Now that you have gone through the process once, write out the example 
which follows and try to solve it. Immediately following the statement of the 
problem is its solution. Use it only if you get stuck or to check ^mur answer. 
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Example: 

Maximize P = Si? + 17x + 14?/ 

S-T. + 7.C + 4?/ < 70 

2x + 4cy < SO 

y? X, y > 0 

Solutioji: Written in the augmented form, we have 

Maximize P = Sr + 17a; 4- 14?/ + OLi + OL 2 
S,T. 3r + 7a: +• 4^ + LLi =70 

2a: +4?/ + IL 2 = SO 




8 

17 

H 

0 

0 




V 

X 

y 

Li 

u 


0 

Li 

3 

7 

4 

1 

0 

70 

0 

u 

0 

2 

4 

0 

1 

SO 


Which variable enters? 


V 

X 

y 

8 

17 

14 

-3(0) 

-7(0) 

-4(0) 

-0(0) 

-2(0) 

-4(0) 

8 

17 

14 


Alaximum that can be brought into the solution: 



SO 


= 40 
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Amounts produced: 

2 : = 10 

Ls - 80 - 2(10) = 60 
New substitution rates: 
X = iLi -j-' 2 Ij2 

Solving for Li: 

\ Li= j-x -^2 \ 

i _^_ 1 

IF = 3Li 

r = 3(1^ - 1 X 2 ) 

V = fx - IL2 
= 4Li +■ 4 L 2 
1 / = 4(y^ — "1 ” 4£-2 

^ = fi- + ^£2 




8 

17 


0 

0 




c 

j* 

y 

Li 

u 


17 

X 

3 

7 

1 

A 

X 

0 

10 

0 

L 2 

_ 6 

0 

2Q 


1 

* 60 


Wliicli variable enters? 


Li 


8 



o 


/ 


14 







- ^ (17) 

-(-I),., 

37 

7 
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Maximum that can be brought into the solution: 

10 70 350 

I- " 4 “ 20 
60 420 

Ap- 20 

Amounts produced: 

70 

y=- 

20 /70\ 

New substitution rates: 

y + 4?-L2 

X = — 0L2 

V = yX — yZ /2 

^ = yUv “ 0L2) — yZ/2 


t* = fi/ “ 3 L 2 
Li = fr - fZo 



Li — - y ~ Lo 

4 




8 

17 

u 

0 

0 




V 

X 

y 

Li 

L.> 


14 

y 

3 

4 

T 

1 

1 

T 

0 

7 0 

0 

L 2 

-3 

-5 

0 

-1 

1 

10 


V 


Li 

8 

17 

0 

-|(14) 

-1(14) 

-i(14) 

-(-3)(0) 

-(-5)(0) 

-(-1)(0) 

10 

30 

14 

4 

4 

” 4 


Which variable enters? 
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Optimal solution is: 

IJ V = 0 Li = 0 

j ^ 

L. = 10 a- = 0 
Profit == “P (0) “h 

Sensitivity anaiysis In many cases the most useful aspect of a programming 
model is more than just the optimum solution. In addition it is the way in 
which cliaiiges in the parameters can affect this solution. For example, it is 
useful to know how changes in profit contributions, capacities, constraint coeffi¬ 
cients, and so on, will affect the optimum solution. One approach would be 
to make the changes in the appropriate parameters and solve the problem all 
over again. If the optimum solution did not change or did not change by very 
much, it can be concluded that within the range investigated the solution is 
insensitive to changes. This type of analysis, which tests the sensitivity of 
the optimum solution to changes in parameters, is called sensitivity analysis. 

BASIC ASSUMPTIONS OF LINEAR PROGRAMMING 

Linear programming analysis assumes that the relationships in the model, both 
objective function and constraint set, are linear. In addition, the coefficients 
in all these equations are assumed to be known with certainty. There seems 
to be something artificial when the ec^uations are written with just one number 
as a coefficient. Does it always take exactly 2 man-hours per golfcart in the 
fabrication shop? Chances are that sometimes it takes more and sometimes 
less. The question, ihen, is whether we miss something in our analysis by avoid¬ 
ing this variability. 

Linearity and certainty, then, are two major assumptions which must be 
kept in mind when the linear model is considered. One should always ask, 
Is the relationship sufficiently linear within the range of interest? Is it reason¬ 
able to assume certainty? In situations where these are not reasonable assump¬ 
tions to make, other programming formulations must be considered. These other 
techniques can be classified as 

1 . Nonlinear programming 

2 . Integer programming 

3. Stochastic programming 

Although a full development for each of these techniques is beyond the scope 
of this book, a few paragraphs on each might prove helpful in understanding 
when these advanced methods would be employed. Before we take off on this 
tangent, it is important to recognize that linear programming is still the most 
popular. Ill many cases a linear approximation to a problem proves to be 
adequate. 
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INTEQEI?, NONLINEAR, AND STOCHASTIC PROGRAMMING 

integer programming In the linear programming example, the solution came 
out as integer values. However, we were lucky. There was nothing in. the 
specification of the problem that insisted on integer values. It is quite likely, 
given other values as coefficients, that the outcome could have been to produce 
274.5 snowmobiles and 363.7 golfcarts. Simply rounding these values off to 
the nearest integer might violate the constraints. In fact, going from the linear 
solution to an integer solution is usually not a trivial task. Many of the tech¬ 
niques that are used are beyond the scope of this book; however, in some cases 
where integer solutions are absolutely necessary a simple technique for finding 
integer solutions will be presented. In most other cases it will be sufficient 
to use linear approximations and round off. 

Nonlinear programming In the case wffiere either the objective function or the 
constraints are nonlinear, use is made of nonlinear programming teehniques. 
Noniinearities exist, for example, when a firm must lower prices to induce more 
people to buy, or when the firm is in a region of increasing or decreasing marginal 
costs. 

In many of these nonlinear situations, linear programs have been used 
as approximations and have proved to be adequate. However, with the increase 
in sophistication of the users, together with availability of nonlinear computer 
routines, there will be a marked increase in the use of this technique. 

Using intuition, it is possible to see the consequence of nonlinear program¬ 
ming techniques. First let us explore a special characteristic of a linear model 
and determine what we would expect to happen in the nonlinear case. In the 
linear formulation we saw from our example that the number of nonzero actm- 
ties, or products, in the final solution was equal to the number of constraints: 
two. In fact, this relationship is always true; the number of activities in the 
final solution will equal the number of constraints. Surprisingly, then, if a 
firm produces 2,000 products and the products must go through two manufactur¬ 
ing departments, the firm can maximize profits by producing but two products. 

If the profit were subject to diminishing marginal profitability, where the 
price must be lowered to induce higher sales, it would be reasonable to expect 
that there will be more than two products included in the solution set. Fewer 
of each product would be sold. Therefore in nonlinear programming with an 
objective function displaying diminishing returns, w^e would expect more nonzero 
activities in the final solution than the number of constraints. If, on the other 
hand, we w^ere in a region of increasing returns, we w^ould expect fewer nonzero 
activities in the solution set. Explain why. 

Stochastic programming In the linear programming example, we assumed that 
profit contributions, substitution rates, and capacities were all known with cer¬ 
tainty. It is very rare, however, that anything is known with certainty. Sup¬ 
pose that production costs varied within some range, thereby making the profit 
contribution of each product a variable. It is also likely that capacity may 
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not be known with certainty. In fact, variability is a characteristic of na¬ 
ture. In many cases these uncertainties significantly influence the way in which 
the model is built, the way in wfliich it is solved, and the solution itself. When 
■we wish to take explicit account of all the possible values of the variables, 
many Wpes of stochastic models are available. 

The programming exercises in this book, however, will use average values 
rather than the full range of possible outcomes. For example, it is implied 
that the average profitability of golfcarts is $300. In many cases this certainty 
approximation to the stochastic case is quite adequate. 


SIMULATION 

Simulation is the duplication of the essence of a system without actually obtain¬ 
ing reality. Usually the simulation is a more complex and more realistic repre¬ 
sentation of reality than is a linear programming model. In addition, a simula¬ 
tion model, unlike linear programming, takes uncertainty into account. There 
is a danger, however, in building models that are so complex that they begin 
to resemble reality itself. The danger is that the very insight w’hich the model 
was supposed to provide might be lost. Therefore the model builder must realize 
that there is a trade-off wlien making the model complex. He must ask himself 
whether he needs to deal with the full complexity of the situation to gain useful 
insight. 

OBTAINING INPUT DATA 

Consider a situation where customers queue up at a bank window^ for serv¬ 
ice. Tw’o main factors influence the way in wdiich a queue builds up. The 
first is the time pattern of arrivals at the window, while the second is the time 
for servicing an arrival. By obsermng these arrival and sermce rates, it will 
be possible to simulate the queue. 

To determine the behavior of arrivals, a sample of 100 customers is taken 
and the time betw'eeii arrivals is recorded in Table A-7. It can be seen that 
the time between arrivals for 10 of the observations wms 1 minute, for 15 of 
the observations 2 minutes, and so on. 


Table A-7 Time between arrivals 


Time between 
arrivals (min) 

Xumber of 
occurrences 

1 

10 

2 

15 

3 

40 

4 

20 

5 

15 
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Table A-8 Service time 


Service iime 

Xumber of 
obsermiions 

1 

10 

2 

25 

3 

40 

4 

15 

5 

10 


Observing the service times for 100 enstomerSj we record the results in Table 
A-8. On 10 occasions a service time of 1 minute was recorded^ 25 times a 
sendee time of 2 minutes was recorded, and so on. 

PROCESS OF SIMULATION 

Now’ an arrival pattern can be simulated at the teller’s cage such that it main¬ 
tains the same statistical characteristics as the observ’ed arrival pattern. To 
accomplish this w’e will generate arrival times so that they have the same prob¬ 
ability of occurring in our simulation experiment as they did in our sam¬ 
ple. That is, a time between arrival of 1 minute wdll have a 10 percent chance 
of occurring, a time between arrival of 2 minutes w’ill have a 15 percent chance, 
and so on. Using a i:>rute force aiiproach, this could be accomplished by tearing 
up 100 pieces of paper and on 10 of them wTiting “1 min,” on 15 of them 
writing “2 miiiA on 40 of them writing ''3 min,” and so on. Next, one wmuld 
place the bits of paper in a hat and randomly pick out pieces, thereby generating 
an arrival pattern. For example, the first piece of paper selected might be 
“3 min.” If the bank opens at 9:00 a.m., this implies that the first arrival 
is at 9:03. If the second draw from the hat yields ‘‘2 min,” this indicates 
that the next arrival occurs 2 minutes latere or at 9:05. This process could 
continue until the arrivals for an entire day are simulated. 

Use of random numbers Since picking numbers at random out of a hat is a 
bit cumbersome (especially for a computer), random numbers are usually used 
to sample from a distribution such as ours. To accomplish this, first a series 
of tw’o-digit numbers are assigned to each set of arrival times. The two-digit 
numbers are in sequential order, and the qiiantit}" of them assigned corresponds 
to the number of occurrences observed. The numbers are assigned in Table 
A-9. 

Now a series of random numbers is generated from a random number 
table (see Appendix B). Selection of the numbers can proceed from any place 
in the table. For example, one might start down the first column, reading the 
first tw’o digits of each number, since a tw’o-digit random number is required 
for this problem. A series of numbers is recorded in the first column of Table 
A-10. Using these numbers, the corresponding times between arrivals can be 
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Table A-9 


Time between 
arrivals 

Number of 
occurrences 

Two-digit 

numbers 

1 

10 

00-09 

2 

15 

10-24 

3 

40 

25-64 

4 

20 

65-84 

5 

15 

85-99 


Table A-10 


Random 

mnnber 

Corresponding 
tune between 
arrivals 

Clock time 
at 

arrival 

10 

2 

9:02 

37 

3 

9:05 

08 

1 

9:06 

99 

5 

9:11 

12 

2 

9:13 

66 

4 

9:17 

31 

3 

9:20 

85 

5 

9:25 

63 

3 

9:28 

73 

4 

9:32 


Table A-U 


Sendee 

time 

Number of Corresponding 
observaimns two-digit manber 

1 

10 

00-09 

2 

25 

10-34 

3 

40 

35-74 

4 

15 

75—89 

5 

10 

90-99 


read from Table A-9. Both the times between arrivals and the clock times 
are shown in Table A-10. To keep the calculations manageable, only a half-hour 
is simulated. 

The next step is to generate a series of sendee times. As was done for 
the arrival rates, a set of corresponding two-digit numbers is assigned to the 
obser^^ed serrdee times. See Table A-11. 

Again a series of random numbers is generated and the corresponding serv¬ 
ice times are identified. The results are shown in Table A-12. 
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Table A-12 

Random Corresponding 

number service time 


9S 5 

11 2 

83 4 

88 4 

99 5 

65 3 

80 4 

74 3 

69 3 

09 1 


Table A-13 


Clock time 

Can start 

Service 

Service 


at arrival 

service 

time 

complete 

time 

9:02 

9:02 

5 

9:07 

0 

9:05 

9:07 

2 

9:09 

2 

9:06 

9:09 

4 

9:13 

3 

9:11 

9:13 

4 

9:17 

2 

9:13 

9:17 

5 

9:22 

4 

9:17 

9:22 

3 

9:25 

5 

9:20 

9:25 

4 

9:29 

5 

9:25 

9:29 

3 

9:32 

4 

9:28 

9:32 

3 

9:35 

4 

9:32 

9:35 

1 

9:36 

3 


Now the simulated arrival rates and ser\dce times can be combined to 
simulate the behavior of the queue for a half-hour period. This final process 
can be seen in Table A-13. The columns headed “Clock time at arrival” and 
“Service time” can be completed from Tables A-10 and A-12. Starting at the 
first arrival, service can begin immediately, since there is no queue. It takes 
5 minutes to service this customer; therefore service is complete at 9:07. 

The last entry for this customer is the time spent waiting; in this case, 
it is zero. The next arrival occurs at 9:05. Service, however, cannot commence 
until 9:07, since service on the first arrival does not terminate until that 
time. With 2 minutes of service time, service is complete at 9:09, and 2 minutes 
were spent in line. Applying this same logic, the remainder of the table is 
filled out. If waiting time is accumulated up to 9:30, 27 minutes were spent 
in line by customers. If the bank is open 6 hours, one could estimate that 
12 X 27 or 324 minutes would be spent waiting in line. Rather than multiplying 
the results of the half-hour simulation by 12, perhaps a more realistic approach 
would be to continue the simulation for the 6-hour day. 
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INDEPENDENCE 

One of the basic assumptions in our model is the independence between arrival 
rates and ser^dce times. That iSj we have no reason to believe that a long 
time in between arrivals is associated with a short ser^dce time or that a short 
time between arrivals is associated with a long ser^dce time. In factj we assume 
that time between arrivals is totally independent of the time for sendee. Al¬ 
though this condition is a perfectly reasonable assumption in this simulation 
experimentj it may not always be the case. 

THE SAMPLE SIZE FOR EMPIRICALLY DERIVED DISTRIBUTIONS 

As data for the simulation, time between arrivals and service times was observed 
for ICK) events. It was these statistical patterns that w^ere used to simulate 
the process. As is the case whenever sampling takes place, the question that 
comes up is, Should a larger sample be taken? In this case, should more than 
100 arrivals and ser\dces have been obseiwed? Perhaps the sample of 100 obser¬ 
vations does not give a representative pattern of arrivals and services. The 
question of sample size is a troublesome one. However, other than bringing 
up the problem, we refer the reader to more advanced treatments of simulation. 

Another problem with our sampling procedure is that it is very likely 
that the nature of the arrival pattern may change over time—^perhaps every 
hour, or even every 15 minutes. Certainly it might be reasonable to expect 
that the time between arrivals is less at 11:30 than it is at 9:30. If this 
is the case, several distributions should be used, one for each period in the 
day. 

HOW MANY REPLICATIONS? 

Once the problem of specifying input distributions has been solved, the demands 
made on the output must be considered. For example, will a simulation of 
one 6-hour day pro'^ide the accuracy necessaiw^ for decision making? This is 
unlikely, since the random generation of arrival times will give an answer in 
one simulation run that will not be duplicated in the next. Therefore, several 
replications of the simulation for a 6-hour day must be considered. Exactly 
how man}" should there be? Well, if you recall your basic statistics, this problem 
is faced in any sampling experiment. The larger the sample, or in this case 
the more the runs, the greater the confidence we have in the results. Usually 
several simulation runs will be executed, and the mean of these runs is used 
as the figure of merit. The exact number of runs depends on the accuracy 
or confidence required. 

SIMULATION AS AN OPTIMIZING TECHNIQUE 

It is unlikely that the alternative of a single teller represents the optimal solution 
to the problem. Perhaps an additional teller might make an improvement in 
operating performance. To examine the consequence of an additional teller, 
another simulation could be run with the same arrival and service patterns. If 
a customer arrives when teller A is busy, he can proceed to teller B. Only 
if both are servicing a customer does a queue start to build. Incorporating 
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this modification, a simulation with two tellers can be carried out. Of course, 
the total waiting time will be lower, but this has been accomplished at the 
expense of an additional teller. If management can assess the cost per minute 
of waiting time, the additional cost of a teller can be compared with the savings 
in waiting time. 

If it pays to install another teller's cage, does this necessarily imply that 
the optimal solution has been discovered? No. All we have succeeded in doing 
is comparing two alternatives, the first being one teller and the second two 
tellers. There are many other simulations that could be run: three, four, five 
tellers, and so on. In fact, one could even conceptualize new approaches, such 
as separate tellers for commercial and personal transactions, or separate windows 
for short transactions perhaps involving less than three items. Each alternative 
could be simulated and a figure of merit such as net savings could be calculated. 

Simulation, then, determines the merit of a particular alternative, rather 
than determining the best alternative. To be reasonably sure that a near-opti¬ 
mal solution to a particular problem is achieved, many alternatives must be 
evaluated. 


QUESTIONS 

QA-1. Wliat is the difference in interpretation between an equality and an inequal¬ 
ity? How can an inequality be converted to an equality? 

QA-2. Can the firm’s objective be considered as one-dimensional (profit)? Is it multi- 
dimensioiial? What about educational institutions, public utilities, and hospitals? If 
their objectives are multidimensional, what factors beside profit should be considered? 
QA-3. Is pollution control a constraint which must be considered in management’s quest 
for constrained optimization? How can it be quantified? 

QA-4. What is an iterative procedure? 

QA-S. What is the economic interpretation of the shadow price? 

QA-6. Define: (a) stochastic programming, (6) sensitivity analysis, (c) integer program¬ 
ming, and (d) replication, 

QA-7. Describe the basic steps which are necessary in developing and executing a simula¬ 
tion model. 

QA-8. How would you design a simulation experiment for determining the adequacy 
of a new double-chair lift at Mt. Stowe, Vermont? What problems must be re¬ 
solved? What assumptions would have to be made? 

QA-9. Do you think it would be possible to build a model for simulating a football 
game between the New York Jets and the New England Patriots? If so, how would 
go about it? Ho'w long would it take you to complete the project? 


PROBLEMS 

“PA-1. Solve the following problem (a) graphically and (6) by the simplex method. 

Maximize p = I0a:i + 80:2 

-f Ixo. < 20 
2x1 + 3x2 < 10 

Xi, X 2 > 0 
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^ '‘**PA-2.. Solve by tbe simplex method. 


Maximize p = 5xi + Sx 2 + 

12^1 + 2x2 + Ix^ < 10 

3xi + 1x2 + 2X3 < 12 

IXi -T" 12^2 “T 1^3 7" 

Xi 3 X 2 , Xz. > 0 

PA-3., Solve the following problem graphically. 

Miiiiniize c = 3xi + 2x2 

4xi ~r 6 x 2 ^ 3 
7xi 4“ 5x2 > 4 

3^1, X 2 > 0 

PA-4. Solve by the simplex method. 

Maximize p = 10.4 4- oB 

31 -f IB < 10 
2d 4- 3B < 12 
d, B > 0 

-PA-5. Solve by the simplex method. 

Maximize p = lOxi -f 0 X 2 4- lars 

Ixi 4 - 13:2 4- 13:3 < 10 

2xi 4- 13*2 4- 4X3 < 12 

Xij X 2 ^ X 3 > 0 

PA-6. Solve, using a standard LP computer code. 

Maximize p = llxi 4" 14x2 4- lOxs 4- 14x4 4- 103*5 

Sxi 4- 9x2 4- 14x3 4- 8 x 4 4* lOxs < 30 
7xi 4- 14x2 4- 12x3 4- 16 x 4 4- 6 x 3 < 42 

Xi, X 2 , X 3 , X 4 , X 5 > 0 

'PA-T. A manufacturer of three products, A, B, and C, must decide on how much of 
each to produce. The marketing department has assured him that whatever he makes 
they can sell. Limiting Ms output are three production departments, including fabrica¬ 
tion (F) , assembly (d), and painting (P). In particular, each department has 1,000 
man-hours of capacity available. 

In the manufacture of product A, 2 units of F, 3 units of S, and 1 unit of 
P are consumed. For B, 3 units of F, 1 unit of S, and 1 unit of P. For C, 4 units 
of F, 3 units of S, and 4 units of P. Assume that products A and C generate $10 
profit each, wMle B generates $20. How much of each should be produced? 

PA-8. Bill Hold, production manager for the Allied Production Company, must schedule 
Ms production for the next two periods. Twenty-two units have been sold for delivery 
in period 1 and 40 have been sold for delivery in period 2. Eegular production capacity 
is 25 units per time period, wMle overtime capacity is 10 units per time period. Overtime 
costs are $2 per unit in excess of regular production costs. Units can also be produced 
in one period and sold in the next. The storage cost for tins strategy is $1 per unit 
per period. Set tMs up as a linear programming problem. 

Hint: Let Xij = amount produced in period i for sale in period j on regular time 
Let Xioj = amount produced in period i for sale in period j on overtime 
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PA- 9 . The manager of marketing for the World Wide Frisbee Company is once a-^ain 
prepanng his annual advertising strategy. His objective is to minimize the total adver 
rising expenditure ivliile achieving at least some minimum level of exposure in ea.h 
of four audiences. These audiences include teenage, college, singles between 95 and 35 
and newCweds. To reach these audiences, he can use media which include radio Ty’ 
newspapers, magazines, and billboards. ? 3 


Let Xj = expenditure on medium j 

Ei = minimum exposure desired for audience i 

ea = effectiveness of jth advertising medium on ith audience 


Write an L? model for this problem. Do the assumptions of LP raise any doubts 

about this models relevance? 

-PA-10. The G-AI Kcycle Company produces two tj-pes of bicycles. Each one requires 
four operations. With the recent emphasis on physical fitness, management feels that 
It can seU as many as are produced. If the profit from bicycle A is $20 per unit 
and That from B is S35, how many of each should the companv produce? The maximum 

number of bikes which can be processed through each department for either bike 4 
or bike B is <= 



Bike J. 

Bike B 

Stamping 

1,200 

1,400 

Assembly 

1,000 

900 

Paint 

800 

1,200 

Inspection 

1,000 

700 


Solve: (a) graphically; ( 5 ) by the simplex method. 
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Tablii B4 Random numbers 
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Table B4 Random numbers (Continued) 
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Table B~Z Present value of $1.00 
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TabI# B-3 Pretent valu© of annultloi: $l por yoar 
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Table B-4 Capital-recovery factors for interest rates from S% to 50% 



.-(1 + 0* 







RPi-w 

(xzxzx) 


(1 + - 1 

ft 

% 1 

m 

6% 

8% 

10% 

12% 

15% 

20% 

25% 

30% 

40% 

so% 

1 

1.06000 

1.08000 

1.10000 

1.12000 

1.15000 

1.20000 

1.25000 

1.30000 

1.40000 

1.50000 

I 

2 

0.64644 

0.66077 

0.57619 

0,59170 

0.61512 

0.65455 

0.69444 

0.73478 

0.81667 

0.90000 

2 

3 

0.37411 

0.38803 

0.40211 

0.41635 

0.43798 

0.47473 

0.51230 

0.55063 

0.62936 

0.71053 

3 

4 

0.28859 

0.30192 

0.31547 

0.32923 

0.35027 

0.38629 

0.42344 

0.46163 

0.54077 0.62308 

4 

S 

0.23740 

0.25046 

0.28380 

0.27741 

0.29832 

0.33438 

0.37184 

0.41058 

0.491360.57582 

S 

6 

0.20336 

0.21632 

0.22961 

0.24323 

0.26424 

0.30071 

0.33882 

0.37840 

0.46126!o.54812 

6 

7 

0.17914 

0.19207 

0.20541 

0.21912 

0.24038 

0.27742 

0.31634 

0.35687 

9.4419210.531(B 

7 

S 

0.16104 

0.17401 

0.18744 

0.20130 

0.22285 

0.26061 

0.30040 

0.34191 

0A2SIH 

0.52030 

8 

9 

0.14702 

0.16008 

0.17364 

0.18768 

0.20957 

0.24808 

0.28876 

0.33123 

0.41^)34 

0.51335 

9 

10 

0.13587 

0.14903 

0.16275 

0.17698 

0.19925 

0.23852 

0.28007 

0.32346 

0.41432 

0.50823 

10 

11 

0.12679 

0.14008 

0.15396 

0.16842 

0.19107 

0.23110 

0.27349 

0.31773 

0.41013 

0.50585 

11 

12 

0.11928 

0.13270 

0.14676 

0,16144 

0.18448 

0.22526 

0.26845 

0.31345 

0.40718 

0.50388 

12 

13 

0.11296 

0.12652 

0.14078 

0.15568 

0.17911 

0.22062 

0.26454 

0.31024 

0.40510 

0.50258 

13 

14 

0.10758 

0.12130 

0.13575 

0.15087 

0.17469 

0.21689 

0.26150 

0.30782 

0.40363 

0.50172 

14 

15 

0.10296 

0.11683 

0.13147 

0.14682 

0.17102 

0.21388 

0.25912 

0.30598 

0.40259 

0.50114 

15 

16 

0.09895 

0.11298 

0.12782 

0.14339 

0.16795 

0.21144 

0.25724 

0.30458 

0.40185 

0.50076 

16 

17 

0.09544 

0.10963 

0.12466 

0,14046 

0.16537 

0.20944 

0.25576 

0.30351 

0.40132 

0.50051 

17 

18 

0.09236 

0.10670 

0.12193 

0.13794 

0.16319 

0.20781 

0.25459 

0.30269 

0.40094 

0.50034 

18 

19 

0.08962 

0.10413 

0.11955 

0.13576 

0.16134 

0.20646 

0.25366 

0.30206 

0.40067 

0.50023 

19 

20 

0.08718 

0.10185 

0.11746 

0.13388 

0.15976 

0.20536 

0.25292 

0.30159 

0.40048 

0.50016 

20 

25 

0.07823 

0.09368 

0.11017 

0.12750 

0.15470 

0.20212 

0.25095 

0.30043 

0.40009 

0.50002 

25 

30 

0.07265 

0.08883 

0.10608 

0.12414 

0.15230 

0.20085 

0.25031 

0.30011 

0.40002 

0.50000 

30 

40 

0.06646 

0.08386 

0.10226 

0.12130 

0.15056 0.20014 

0.25003 

0.30008 

0.40001 

0.50000 

40 

50 

0.06344 

0.08174 

0.10086 

0.12042 

0.15014 0.20002 

0.25000 

0.30001 

0.40000 

0.50000 

SO 

100 

0.06018 

0.08004 

0.10001 

0.12000 

0.15000 0.20000 

0.25000 

0.30000 

0.40000 

0.50000 

100 

« 

0.06000 

0.08000 

0.10000 

0.12000 

0.15000;0.20000 

0.25000 

0.30000 

0.40000 

0.50000 

CD 


H. G. Thuesen, Engineering Econoniyj 2d ed., (c) 1957; p. 569- Reprinted b}’ perniis- 
sion of Prentice-Hall, Inc., Englewood Cliffs, N.J. 
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Table B-5 Hormai curve areas 


Area under the standard normal curve from 0 to a, shown shaded, is A(z). 

Examples. E is the standard normal random variable and 2 - 1.54, then 


Aiz) = P(0 < ^ < 2 ) = .4382 

PiZ > 2 ) = .0618 

P(Z < 2 ) = .9382 

P(\Z\ < 2 ) = .8764 



z 

.00 

.01 

.02 

.03 

.04 

.05 

.06 

.07 

.08 

.09 

0.0 

.0000 

.0040 

.0080 

.0120 

.0160 

.0199 

.0239 

.0279 

.0319 

.0359 

0.1 

.0398 

.0438 

.0478 

.0517 

.0557 

.0596 

.0636 

.0675 

.0714 

.0753 

0.2 

.0793 

.0832 

.0871 

.0910 

.0948 

.0987 

.1026 

.1064 

.1103 

.1141 

0.3 

.1179 

.1217 

.1255 

.1293 

.1331 

.1368 

.1406 

.1443 

.1480 

.1517 

0.4 

.1554 

.1591 

.1628 

.1664 

.1700 

.1736 

.1772 

.1808 

.1844 

.1879 

0,5 

.1915 

.1950 

.1985 

.2019 

.2054 

.2088 

.2123 

.2157 

.2190 

.2224 

0.6 

.2257 

.2291 

.2324 

-2357 

.2389 

.2422 

.2454 

.2486 

.2517 

.2549 

0.7 

.2580 

.2611 

.2642 

.2673 

.2704 

.2734 

.2764 

.2794 

.2823 

.2852 

0.8 

,2881 

.2910 

.2939 

.2967 

.2995 

.3023 

.3051 

.3078 

.3106 

.3133 

0.9 

.3159 

.3186 

.3212 

.3238 

.3264 

.3289 

.3315 

.3340 

.3365 

.3389 

1.0 

.3413 

.3438 

.3461 

.3485 

.3508 

.3531 

.3554 

.3577 

.3599 

.3621 

1.1 

.3643 

.3665 

.3686 

.3708 

.3729 

.3749 

.3770 

.3790 

-3810 

.3830 

1.2 

.3849 

.3869 

-3888 

-3907 

.3925 

,3944 

.3962 

.3980 

.3997 

.4015 

1.3 

.4032 

.4049 

-4066 

.4082 

.4099 

.4115 

.4131 

.4147,. 

^.4162 

.4177 

1.4 

.4192 

.4207 

.4222 

.4236 

.4251 

.4265 

.4279 

.429^“ 

.4^06 

.4319 

1.5 

.4332 1 

.4345 

.4357 

.4370 

-4382 

.4394 

.4406 

.4418 

.4429 

.4441 

1.6 

.4452 

.4463 

.4474 

.4484 

.4495 

.4505 

.4515 

.4525 

.4535 

.4545 

1.7 

.4554 

.4564 

.4573 

.4582 

.4591 

.4599 

.4608 

.4616 

.4625 

.4633 

1.8 

.4641 

.4649 

.4656 

.4664 

.4671 

.4678 

.4686 

.4693 

.4699 

.4706 

1.9 

.4713 

.4719 

.4726 

.4732 

.4738 

.4744 

: .4750 

1 .4756 

.4761 

.4767 

2.0 

.4772 

' .4778 

.4783 

-4788 

.4793 

.4798 

.4803 

.4808 

-4812 

.4817 

2.1 

.4821 

.4826 

.4830 

.4834 

.4838 

.4842 

.4846 

.4850 

.4854 

.4857 

2.2 

.4861 

.4864 

.4868 

.4871 

.4875 

.4878 

.4881 

.4884 

.4887 

.4890 

2.3 

.4893 

.4896 

.4898 

.4901 

.4904 

.4906 

.4909 

.4911 

.4913 

.4916 

2.4 

.4918 

.4920 

.4922 

.4925 

.4927 

.4929 

.4931 

.4932 

.4934 

.4936 

2.5 

.4938 

.4940 

.4941 

-4943 

.4945 

.4946 

.4948 

.4949 

.4951 

.4952 

2.6 

.4953 

.4955 

.4956 

.4957 

.4959 

.4960 

.4961 

.4962 

.4963 

.4964 

2.7 

.4965 

.4966 

.4967 

-4968 

.4969 

.4970 

.4971 

.4972 

.4973 

.4974 

2.8 

.4974 

. 4975 

.4976 

.4977 

.4977 

.4978 

.4979 

.4979 

.4980 

.4981 

2.9 

.4981 

.4982 

.4982 

.4983 

.4984 

.4984 

.4985 

.4985 

.4986 

.4985 

3.0 

.4987 

.4987 

.4987 

-4988 

.4988 

.4989 

.4989 

.4989 

.4990 

.4990 


From Frederick Mosteiier, Robert E. K. Rourke, and George B. Thomas, Jr., Prob¬ 
ability and Statistics, Addison-Wesley Publishing Co., Reading, Mass,, 1961, p. 368. 
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Table B-6 Sumitiation of terms of the Poisson formula 

r^c 

1,000 X P(r < c;m) - 1,000 

1,000 X probability of c or less occurrences of event that has average num¬ 
ber of occurrences equal to c' or np' 




From Statistical Quality Control by E. L. Grant. Copyright, 1964, fegr 
McGraw-HilJ, Inc. Used by permission of McGraw-Hill Book Co., pp. 
567-569. 
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Table B-€ Summation of terms of the Poisson formula (Continued) 


c 

c‘ or 

0 

1 

! 

2 

3 

i 

4 

5 

6 

7 

8 

9 

2.2 

lU 

355 

623 

819 

92S 

975 

993 

998 

1,000| 

2.4 

091 

308 

570 

779 

904 

964 

9SS 

997 

999| 1,000 

2-0 

074 

267 

51S 

736 

877 

951 

983 

995 

999:1,000 

2.S 

06! 

23! 

469 

692 

84S 

935 

976 

992 

998 

999 

3.0 

050 

199 

423 

647 

815 

916 

966 

988 

996 

999 

3.2 

04! 

171 

3S0 

603 

7SI 

895 

955 

983 

994 

998 

3.4 

033 

147 

340 

55S 

744 

871 

942 

977 

992 

997 

3.0 

027 

126 

303 

515 

706 

844 

927 

969 

988 

996 

3.8 

022 

107 

269 

473 

66S 

816 

909 

960 

984 

994 

4.0 

OIS 

092 

238 

433 

629 

7S5 

SS9 

949 

979 

992 

4.2 1 

1 

015] 

! 078^ 


395 

1 590 

( 753 

867 

936; 

972 

989 

4.4 i 

012] 

; 066 

185 

359 

1 

720 

844; 

92l| 

964 

985 

4.6 

oio| 

056 

163 

* 326 

513 

686 

818 

905 

955 

980 

4.8 

00S| 

04S 

: 143 

^ 294 

476 

: 651 

791 

8S7 

944 

975 

5.0 

007; 

040 

' 125 

1 

i 265| 

440 

616 

762 

S67| 

932 

968 

5.2 

oooj 

034; 

1 109 

238^ 

40G 

' 581 

732 

845 

918 

960 

5-4 1 

005' 

029| 

095| 

213! 

373! 

546 

702 

822 

003 

951 

5.6 

004 

.024* 

■ 082; 

191: 

342j 

512 

670j 

' 797! 

886 

941 

5.8 

003 

02r 

072: 

170; 

313; 

47s: 

638; 


! 867 

929 

6.0 

002 

M7\ 

0(>2 

I51| 

2S5| 

440' 

606 

- 

; 744 

; 847 

916 


iO 

11 1 

< 

! 12 ' 

i 

13 i 

14 i 

15 : 

16 


1 

i 

i 


2.8 

1,000 







3.0 

1,000' 





3.2 

1,000! 





3.4 

9994,000 






3.6 

999 

1,000 






3.8 

998 

999 1,000 





4.0 

997 

999 

1,000 





4.2 

996 

999 

1,000 





4.4 

994 

99S 

99911,000 




4.6 

992 

997 

999:1,000 



1 

4.8 

990 

996 

999 

1,000 




5.0 

9S6 

995 

99S 

990 

1,000 



5.2 

9S2| 

993 

997 

999|l,000 



5.4 

977 

990 

996 

999;i ,000 



5.6 

972 

988 

995 

99S 

999 

1,000 


5.8 

965 

984 

993 

997 

999 

jl,000 


6.0 

957 

980 

991 

996 

999 

1 999 

1,000 
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Table B-6 Summation of terms of the Poisson formula (Continued) 


c 

0 

1 

2 

3 

4 

5 

6 

7 

i 

8 

9 

€f or 











6.2 

OOi 

1 oi; 

j 05-^ 

1 13-^ 

t 25^ 

» 41^ 

t 574 

1 71E 

> 82( 

> 902 

6.4 

OOi 

^ ou 

i 04( 

) IK 

) 235 

E 38^ 

1 545 

5 687 

' 80c 

J 886 

6.6 

001 

OK 

) 04C 

) 105 

► 213 

355 

i 511 

655 

E 78C 

) 869 

6.8 

001 

00 £ 

) 03^ 

t 093 

E 192 

327 

^ 48C 

I 623 

755 

E 850 

7.0 

001 

007 

' 03C 

» 082 

E 173 

301 

450 

1 599 

' 72S 

E 830 

7.2 

001 

OOG 

• 025 

1 072 

: 156 

> 276 

^ 420 

' 569 

' 703 

E 810 

7.4 

001 

005 

' 022 

: 063 

140 

253 

392 

539 

676 

' 788 

7.6 

001 

004 

019 

' 055 

125 

231 

365 

510 

648 

765 

7.8 

000 

004 

016 

048 

112 

210 

338 

481 

620 

741 

8.0 

000 

003 

014 

042 

100 

191 

313 

453 

593 

717 

8.5 

000 

002 

009 

030 

074 

.150 

256 

386 

523 

653 

9.0 

000 

001 

006 

021 

055 

116 

207 

324 

456 

587 

9.5 

000 

001 

004 

015 

040 

089 

165 

269 

392 

522 

10.0 

000 

000 

003 

010 

029 

1 

067 

. 130 

220 

333 

458 


10 

11 

12 i 

13 

1 

14 

15 

16 

17 

18 

19 

6.2 

949 

975 

989 

995 

998 

999 

1,000 




6.4 

939 

969 

986 

994 

997 

999 

1,000 




6.6 

927 

963 

982 

992 

997 

999 

999 

1,000 



6.8 

915 

955 

978 

990 

996 

998 

999 

1,000 



7.0 

901 

947 

973 

987 

994 

998 

999 

1,000 



7.2 

887 

937 

967 

984 

993 

997 

999 

999 

1,000 


7.4 

871 

926 

961 

980 

991 

996 

998 

999 

1,000 


7.6 

854 

915 

954 

976 

989 

995 

998 

999 

1,000 


7.8 

835 

902 

945 

971 

986 

993 

997 

999 

1,000 


8.0 

816 

888 

936 

966 

983 

992 

996 

998 

999: 

1,000 

8.5 

763 

849 

909 

949 

973 

986 

993 

997 

999 

999 

9.0 

706 

803 

876 

926 

959 

978 

989 

995 

998 

999 

9.5 

645 

752 

836 

898 

940 

967 

982 

991 

996 

998 

10.0 

583 

697 

792 

864 

917 

951 

973 

986 

99-y 

997 


20 

21 

22 








8,5 ] 

1,000 










9.0 ] 

1,000 










9.5 

9991 

.,000 









10.0 

998 

9991 

.,000 










Table B«7 Percentage points of the F distribution 
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Table B-7 Percentage points of the F distribution (Continued) 
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Table B-8 Binomial disfribution 

Pb{f > r\n,Tpi) 


N = 1 


R 

P .01 

.02 

. 03 

.04 

.35 

.06 

.07 

.08 

.09 

.10 


0 

.990 0 

.9800 

.9700 

.9600 

.9500 

.3400 

.9300 

.9200 

.9100 

-9000 

i 

1 

.0100 

. 020 0 

.030 0 

.0400 

.05 03 

. 0600 

.070 0 

• 0800 

.0900 

.100 0 

3 


.99 

.98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 

P R 


R 

P .11 

.12 

.13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 


0 

.890 0 

.8800 

.8700 

. 8600 

. 8503 

.8400 

.8300 

.8200 

.8100 

. 800 3 

1 

1 

.1100 

.1200 

. 1300 

.1400 

.1500 

.1600 

.1700 

.1800 

.1900 

.2000 

a 


.89 

.88 

.87 

.86 

.55 

.84 

.83 

.82 

.81 

.80 

P R 


R 

P .21 

.22 

.23 

.24 

.25 

.26 

.27 

*28 

.29 

.30 


0 

.7900 

. 78Q0 

.7700 

.7600 

.7503 

.7400 

.7300 

.7200 

.7100 

. 7000 

1 

1 

.2100 

.2200 

.2300 

.2400 

.2500 

.2600 

.2700 

.2800 

.2900 

.3000 

3 ' 


.79 

.78 

.77 

.76 

.75 

.74 

.73 

.72 

.71 

-70 

P R 


R 

P .31 

.32 

.33 

.34 

.35 

. 36 

.37 

.38 

.39 

.40 


0 

.6900 

• 6800 

.6700 

.660 0 

• 5500 

.6400 

.6300 

.6200 

.6100 

.6000 

1 

1 

.3100 

.3200 

.3300 

.3400 

.3500 

.3600 

.370 0 

.3800 

.3900 

.4000 

a 


.69 

.68 

.67 

.66 

.55 

.64 

.63 

.62 

.61 

.60 

? R 


R 

P .41 

.42 

.43 

.44 

.45 

.46 

.47 

• 48 

.49 

.50 


0 

.5900 

. 5800 

.5700 

. 5600 

.5500 

.5400 

.5300 

.5200 

.5100 

.5003 

1 

1 

• 4100 

.4200 

.4300 

. 4400 

.4530 

.4600 

.4700 

. 4800 

.4900 

.5003 

3 


.59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

.50 

1 


R 

P . 01 

.02 

. 03 

. 04 

.05 

.06 

.07 

.08 

.09 

. 10 

0 

.9501 

.9604 

.9409 

.9216 

. 9325 

.8836 

*8649 

. 8464 

.8281 

.sioa 

1 

.0198 

. 0392 

.0582 

. 0768 

.0950 

.1128 

.1302 

.1472 

.1638 

.1300 

2 

.0001 

• 0004 

. 0009 

. 0016 

.0325 

. 0036 

. 0049 

.0064 

.0081 

.0100 


.99 

.98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 


R 

P 

.11 

.12 

.13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 

0 


.7921 

.7744 

.7569 

.7396 

.7225 

. 7056 

.6589 

. 6724 

.6561 

.6400 

1 


.1958 

.2112 

.2262 

.2408 

.2550 

.2688 

• 2822 

.2952 

.3078 

.3200 

2 


. 0121 

.0144 

.0169 

.0196 

.0225 

. 0256 

. 0239 

.0324 

.0361 

. 3400 



.89 

.88 

.87 

. 86 

.55 

.84 

.83 

.82 

.81 

.30 


R 

P .21 

.22 

.23 

.24 

. 25 

.26 

.27 

.28 

.29 

.30 

0 

.6241 

.6084 

.5929 

.5776 

.5525 

.5476 

.5329 

.5184 

.5041 

. h 900 

1 

.3318 

.3432 

.3542 

.3648 

.3850 

.3848 

.3942 

.4032 

.4118 

.4200 

2 

.0441 

. 0484 

.0 529 

- 0576 

.0 525 

.0676 

.0729 

.0784 

.08 41 

. J9Q0 


.79 

.78 

. 77 

. 76 

.75 

.74 

.73 

.72 

.71 

.70 


R 

P 

.31 

.32 

.33 

.34 

.35 

.36 

.37 

.38 

.39 

.*+0 

0 


.4761 

. 4624 

.4489 

.4356 

.4225 

.4096 

.3969 

.3844 

.3721 

.ioOO 

t 


.4278 

. 4352 

.4422 

.4488 

.4550 

.4608 

.4662 

.4712 

.4758 

.^500 

2 


. 0961 

.1024 

.1089 

.1156 

.1225 

.1296 

.1369 

.1444 

.1521 

.1600 



.69 

.68 

.67 

.66 

• 55 

,64 

• 6 3 

.62 

.61 

.60 


R 

P .41 

.42 

.43 

.44 

. +5 

• 46 

.47 

.48 

.49 

.50 

0 

.3481 

.3364 

.3249 

.3136 

. 5025 

.2916 

.2809 

.2704 

.2601 

.2500 

1 

.4838 

.4872 

.4902 

.492 8 

.4950 

.4968 

.4982 

.4992 

.4998 

.5000 

z 

.1681 

.59 

.1764 

.58 

.1849 

.57 

. 1936 
.56 

.2025 

.2116 

.54 

.2209 

.2304 

.2401 

.2500 


1 

a 




1 

3 


From Robert A. Parsons, Statistical Analysis: A Decision Making Approach, Harper & Row, 
Publishers, Incorporated, New York, forthcoming 1974. 
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TABLES 


Table 

B-8 Binomial distribution 

(Continued) 







R P 

.01 

• 02 

• G3 

.04 

.35 

.06 

.07 

.03 

.09 

. 10 


Q 

.9703 

.9412 

.9127 

. 8847 

• 3574 

. 8306 

.8344 

.7787 

.7536 

.7290 

3 

i 

.0294 

. 0576 

.0847 

.1106 

.1354 

.1590 

.1316 

.2031 

.2236 

.2430 

2 

2 

.0003 

.0012 

. GC 26 

.0046 

.0371 

.0102 

.0137 

.0177 

.0221 

. 0270 

1 

3 

.0.GQQ 

.QBQQ 

.OQCO 

. QOOl 

.0301 

.0002 

. 0033 

. 0005 

.00 07 

.0010 

a 


.99 

.98 

.97 

.96 

.35 

.94 

.93 

.92 

.91 

.90 

P R 


R 

P .11 

.12 

.13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 


0 

.7050 

.6815 

.6585 

.6361 

.5141 

.5927 

.5718 

.5514 

.5314 

.5120 

3 

1 

.2614 

.2788 

.2952 

.3106 

.3251 

.33 87 

.3513 

.3631 

.3740 

.3840 

2 

2 

.0323 

.0330 

.0441 

.0506 

.0574 

.0645 

.0720 

.0797 

.0877 

. 0960 

1 

3 

.0013 

.0017 

. GG 22 

.0027 

.0 334 

.0041 

. 0049 

.0058 

.0069 

. 0080 

0 


.89 

.85 

.87 

. 86 

.35 

.54 

.83 

.82 

.81 

. 80 

P R 


R 

P .21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 


0 

.4930 

.4746 

.4565 

.4390 

.4219 

.4052 

,3890 

.3732 

.3579 

.3430 

3 

1 

.3932 

.4015 

.4091 

.4159 

.4213 

.4271 

, 4316 

.4355 

.4386 

. 4410 

2 

2 

.10 45 

.1133 

.1222 

.1313 

.1406 

.1501 

.1597 

.1693 

• 1791 

.1890 

1 

3 

,0093 

. 0106 

.0122 

.0138 

.3156 

.0176 

.0197 

.0220 

.0244 

.0270 

0 


.79 

• 78 

.77 

.76 

.75 

.74 

.73 

.72 

.71 

.70 

P R 


R 

P .31 

.32 

.33 

.34 

. 35 

.36 

.37 

.38 

.39 

.40 


n 

.3285 

.3144 

.3008 

.2375 

. 2^46 

.2621 

.2500 

.2333 

.2270 

.2160 

5 

1 

.4428 

.4439 

. 44**'4 

.4443 

, 4^36 

.4424 

.4405 

.4382 

.4354 

.4320 

2 

2 

.1989 

.2089 

.2189 

.2289 

.2389 

.2458 

.2587 

.2686 

.2763 

.2880 

1 

3 

.1298 

.032 8 

*0359 

.0393 

.3429 

.0467 

• 0507 

.0549 

.0593 

.0640 

3 


.69 

.63 

.67 

• 66 

.55 

.64 

.63 

.62 

.61 

.60 

p R 


R 

? .41 

.42 

.43 

.44 

• +5 

• 46 

.47 

.48 

.49 

• 50 


0 

,2054 

.1951 

.1852 

.1755 

.1654 

.1575 

.1489 

.1406 

.1327 

.1250 

3 

1 

.4282 

.4239 

.4191 

.4140 

.4334 

.4324 

.3961 

.3894 

.3823 

.3750 

2 

2 

.2975 

.3069 

.3162 

.3252 

.3341 

.3428 

.3512 

.3594 

.3674 

.3750 

1 

3 

.0689 

.0741 

.0795 

.0852 

.0911 

. 0973 

. 1038 

.1106 

.1176 

.1250 

0 


.59 

.58 

.57 

.56 

• 5 5 

.54 

.53 

.52 

.51 

.50 

P R 


R 

P .01 

.02 

.03 

. 04 

.35 

.06 

.07 

.08 

.09 

.10 


U 

.9606 

.9224 

.8853 

. 8493 

.3145 

. 78 Q 7 

.7481 

. 7164 

.6857 

.6561 

4 

1 

.0388 

• 0753 

.1095 

.1416 

.1715 

.1993 

• 2252 

.2492 

.2713 

.2916 

3 

2 

. oeoB 

. 0023 

.0 051 

. 0083 

.0135 

.0191 

.0254 

.0325 

.0402 

. 0486 

2 

3 

. 0000 

. 0000 

.0001 

. 0002 

.03 05 

. 0308 

.0013 

.0019 

.0027 

• 0036 

i 

4 

. OGoa 

, 0000 

.0000 

.0000 

.03 00 

. 0000 

.0000 

.0000 

.0001 

.0001 

0 


,99 

,98 

.°7 

.96 

. 95 

.94 

.93 

.92 

.91 

.90 

P R 


R 

P .11 

.12 

.13 

. 14 

.15 

,16 

.17 

.18 

.19 

.20 


0 

.6274 

. 5997 

.5729 

• 5470 

.5220 

.4979 

.4746 

.4521 

.4305 

.4096 

4 

1 

.3102 

.3271 

.3424 

.3562 

.3635 

.3793 

.3888 

.3970 

.4039 

.4096 

3 

2 

. 0575 

.0669 

.0767 

.0370 

.0975 

.1084 

.1195 

.1307 

.1421 

.1536 

2 

3 

.0047 

.0061 

.0076 

.0 094 

.0115 

.0138 

.0163 

.0191 

. 0222 

,0 256 

1 

4 

. 0001 

. 0002 

.0003 

. 0004 

.03 05 

.0007 

.0008 

,0010 

.0013 

,0016 

3 


.89 

.88 

. 87 

.36 

.35 

.84 

.83 

.82 

.81 

.80 

? R 


R 

? .21 

.22 

.23 

.24 

.25 

.26 

• 27 

.28 

.29 

.30 


0 

.3895 

.3702 

.3515 

. 3336 

.3154 

.2399 

.2340 

.2637 

.2541 

.2401 

4 

1 

.4142 

.4176 

.4200 

.4214 

.4213 

.4214 

.4201 

.4130 

.4152 

.4116 

3 

2 

.1651 

.1767 

.1882 

.1996 

.2103 

.2221 

.2331 

• 2439 

.2544 

.2646 

2 

3 

.0293 

.0332 

.0375 

. 0420 

.0 469 

.0520 

.0575 

.0632 

.0693 

• 0756 

1 

4 

.0019 

.0023 

. cr ?8 

. 0033 

. 33 39 

.0046 

.0053 

.0061 

. 0071 

,0081 

a 


.79 

.78 

.77 

.76 

.75 

.74 

.73 

.72 

.71 

.70 

P R 
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Table B-8 Binomial distribution (Continued) 


R 

P .31 

.32 

.33 

. 34 

. 55 

.36 

.37 

.38 

.39 

.40 


a 

.2267 

.2138 

.2015 

.1897 

.1785 

.1678 

.1575 

.1478 

.1385 

.1296 

4 

1 


.4025 

.3970 

.3910 

• 3 845 

.3775 

.3701 

.3623 

.3541 

.3456 

3 

2 

.2745 

.2841 

.2933 

.3021 

.3105 

.3185 

.3260 

.3330 

.3396 

.3456 

2 

3 

.0 822 

. 0891 

.0963 

.1038 

.1115 

.1194 

.1276 

.1361 

.1447 

.1536 

1 

4 

.0092 

. 0105 

.0119 

.0134 

.0150 

.0168 

.0137 

.0209 

.0231 

.0256 

a 


.69 

.68 

.67 

.66 

.55 

• 64 

.63 

.62 

.61 

.60 

=» R 


R 

P .41 

.42 

• 43 

.44 

• 45 

.46 

.47 

.48 

.49 

.50 


Q 

.1212 

. 1132 

.1056 

. 0 983 

.0915 

.0850 

.0789 

.0 731 

.0677 

.0625 

4 

1 

.3368 

.327 8 

.3165 

.3091 

.2995 

.2 39 ? 

.2799 

.2700 

.2600 

.2500 

3 

2 

.3511 

. 3560 

.3604 

.3643 

. 3575 

.3702 

.3723 

.3738 

.3747 

.3750 

7 

3 

.1627 

.1719 

.1813 

.1906 

.2305 

.2102 

.2201 

.2300 

.2400 

.2500 

1 

4 

.0283 

.0311 

.0342 

.0375 

.0 410 

.0 448 

. 0435 

.0531 

.0576 

.0 625 

a 


.59 

.58 

.57 

.56 

• 5 5 

.54 

.53 

.52 

.51 

.50 



R 

P .01 

.02 

.03 

.04 

.35 

.06 

.07 

.03 

.09 

. 10 


0 

.9510 

.9039 

.8587 

.8154 

.7738 

.7339 

.6957 

.6591 

.6240 

. 5905 

5 

1 

.0480 

.0922 

.1328 

.1699 

.2335 

.2342 

.2618 

.2866 

.3086 

.3281 

4 

2 

. 0010 

. 0038 

.0082 

.0142 

. U 214 

.0299 

.0394 

.0 498 

.0610 

.0729 

i 

3 

. 0000 

. 0001 

. 0003 

.0006 

.0311 

.0019 

. 0030 

. 0043 

.0060 

.0081 

2 

4 

. 0000 

• 0000 

. 0000 

. 0000 

.0 303 

• 0001 

.0001 

. 0032 

.00 03 

.3005 

1 


.99 

.98 

.97 

.96 

. 95 

.94 

.93 

.92 

.91 

.90 



R 

P .11 

.12 

.13 

. 14 

.15 

.16 

.17 

-18 

.19 

.20 


Q 

.5584 

.5277 

.4984 

.4704 

. 4 V 37 

.4182 

.3939 

.3707 

.3487 

.3277 

5 

1 

.3451 

.3598 

.3724 

.3829 

.3915 

.3983 

.4334 

.4069 

.4089 

• 4096 


2 

. 0853 

. 0981 

.1113 

.1247 

.1552 

.1517 

.1652 

.1786 

.1919 

.2048 

5 

3 

.0105 

.0134 

.0166 

.0203 

.0 2 44 

• 0289 

.0338 

.0392 

.0450 

.0512 

2 

4 

. 0007 

. 0009 

.0012 

.0017 

.0322 

.0028 

.00 35 

.0043 

.0053 

.3 064 

1 

5 

.0000 

. 0000 

.0000 

.0001 

.0 301 

. 0001 

.0031 

.0002 

. 00 02 

. 3003 

3 


.89 

. 88 

.87 

.86 

.85 

.84 

.83 

.82 

.81 

.30 



R 

p 

.21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 


0 


.3077 

.2887 

.2707 

.2536 

.2573 

.2219 

.2073 

.1935 

.1804 

.1681 

5 

1 


• 4090 

.4072 

.4043 

.4003 

.3355 

.3898 

.3834 

.3762 

.3685 

.3602 

'4 

2 


.2174 

.2297 

.2415 

.2529 

.2537 

.2 739 

.2836 

.2926 

.3010 

.3087 

3 

3 


.0578 

.0648 

.0721 

. 0798 

.0379 

. 0962 

.1049 

.1138 

.1229 

.1323 

> 

4 


.0077 

. 0091 

.0108 

. 0126 

.0145 

.0169 

.0194 

.0221 

.0251 

.0284 

1 

5 


. 0004 

. 0005 

. 00 06 

. 000 8 

.3010 

.0 012 

.0314 

.0017 

.0021 

.0024 

a 



.79 

.78 

.77 

.76 

• 7 5 

.74 

.73 

.72 

.71 

. 70 



R 

P .31 

.32 

.33 

.34 

.55 

.36 

.37 

.38 

.39 

. 40 


0 

.1564 

. 1454 

.1350 

. 1252 

.iLsa 

.1074 

.0992 

.0 916 

.0845 

,0778 

5 

1 

• 3513 

.3421 

.3325 

.3226 

.3124 

.3020 

.2914 

.2808 

.2700 

.2592 

4 

2 

.3157 

.322 0 

.3275 

.3323 

.3554 

.3397 

.3423 

.3441 

.3452 

.3456 

3 

3 

.1418 

. 1515 

.1613 

.1712 

.1511 

.1911 

• 2010 

.2109 

.2207 

.2304 

2 

4 

.0319 

. 0357 

.0397 

. 0441 

. 0^88 

.0537 

.0 590 

.0646 

.0706 

.0768 

1 

5 

.0029 

. 0034 

.0039 

. 0045 

.0355 

.0060 

.0069 

.0079 

.0090 

.0102 

0 


.69 

.68 

.67 

• 66 

.55 

.64 

.63 

.62 

.61 

. 60 

^ R 


R 

P 

.41 

.42 

.43 

.44 

• + 5 

.46 

.47 

.46 

.49 

. 50 


0 


. 0715 

.0656 

.0602 

. 0551 

.0503 

. 0459 

.0418 

.0380 

.0345 

.0 313 

5 

1 


. 2484 

.2376 

.2270 

.2164 

.2059 

.1956 

.1854 

.1755 

.1657 

.1563 

4 

2 


.3452 

.3442 

.3424 

.3400 

.3359 

.3332 

.3289 

.3240 

.3165 

.5125 

3 

3 


.2399 

. 2492 

.2583 

.2671 

.2757 

.2338 

.2916 

.2990 

.3060 

.3125 

•> 

4 


. 0634 

. 0902 

.0974 

.1049 

.1128 

.12 09 

.1293 

.1380 

.1470 

. 1563 

1 

5 


. D 116 

. 0131 

.0147 

.0165 

.0135 

. 0206 

. 0229 

.0255 

.0282 

.3 313 

3 



.59 

.58 

.57 

.56 

• 55 

.54 

.53 

.52 

.51 

.50 
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Table B -8 Biriomial distribution 

( Contirtlied ) 







R P -01 

• 02 

.03 

.04 

.35 

.06 

.or 

.08 

.09 

.10 


0 •9415 

. 8858 

.8330 

. 7 S 28 

.7351 

.6899 

.6470 

.6064 

.56 79 

.5314 

5 

1 •0571 

. 10 85 

.1546 

• 1957 

.2321 

.2642 

.2922 

.3164 

.3370 

.3543 

5 

.0014 

. 0055 

.0120 

. 0204 

.3305 

.0 422 

. 0550 

.0688 

. 0 P 33 

. 0984 

4 

3 .0000 

. 0 QQ 2 

.0005 

. QQll 

.0321 

.00 36 

.00 55 

.0080 

.0110 

.0146 

3 

4 .0000 

. oooa 

.0000 

. OQQQ 

.3331 

.0002 

. 0003 

.0005 

.000 8 

.0012 


5 .0000 

. QOQO 

.0000 

.0000 

.0303 

.0000 

. 0000 

.0000 

.0000 

. 0001 

1 

.99 

.98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 

? R 


R 

P .11 

.12 

.13 

.14 

. 15 

.16 

.17 

.18 

.19 

.20 


0 

.4970 

. 4644 

• 4336 

.4046 

.3771 

.3513 

.3269 

.3040 

.2824 

.2621 

6 

1 

.3685 

. 380 0 

• 3888 

.3952 

.3393 

.4015 

.4018 

.4004 

.3975 

.3932 

5 

2 

.1139 

. 1295 

.1452 

• 1608 

• 17 52 

.1912 

.2057 

-2197 

.2331 

.2458 

4 

3 

.0188 

. 0236 

.0289 

.0349 

.0 415 

.0486 

. 0562 

.0643 

.0729 

.0819 

3 

4 

.0017 

. 0024 

• 0 032 

.0043 

.0 355 

.0069 

.0086 

.0106 

.0128 

.0154 

2 

5 

.0001 

. 0001 

.0002 

.0003 

.3304 

. 0005 

. 0007 

.0009 

.0012 

.0015 

1 

6 

. 0000 

. QDOO 

• COCO 

.0000 

.3 300 

.00 00 

• OQQQ 

.0000 

.00 00 

. 0001 

0 


.89 

• 86 

.67 

. 86 

.35 

.84 

.83 

.82 

.81 

. 80 

P R 


R 

P .21 

.22 

.23 

. 24 

. 25 

.26 

.27 

.28 

.29 

.30 


0 

.2431 

. 2252 

.2084 

.1927 

.1730 

.1642 

.1513 

.1393 

.1281 

.1176 

5 

1 

.3877 

.3811 

.3735 

.3651 

• 3 5 50 

.3462 

.3358 

.3251 

.3139 

.3025 

5 

2 

.2577 

. 2687 

.2789 

.2882 

.2955 

.3041 

.3105 

.3160 

.3206 

.3241 

4 

3 

.0913 

. 1011 

.1111 

.1214 

.1318 

.1424 

.1531 

.1639 

.1746 

.1352 

3 

4 

.0182 

. 0214 

.0249 

.0287 

.0330 

.0375 

.0425 

.0478 

.0535 

.0595 

2 

5 

. C 019 

. 0024 

.0070 

. 0 036 

.0 3 44 

.0053 

.0063 

.0074 

. 00 87 

.3102 

1 

6 

. 0001 

. 0001 

.COGl 

. 0002 

.03 02 

.0 003 

.0004 

.0005 

.0006 

. 0007 

0 


.79 

.78 

.77 

.76 

• 75 

.74 

.73 

.72 

.71 

.70 

P R 


R 

? .31 

.32 

• 23 

.34 

• 5 3 

.36 

.37 

.38 

.39 

.40 


0 

.10 79 

. 098 9 

.0 905 

. 0327 

.3754 

. 0687 

.0625 

.0568 

.0515 

.3467 

6 

1 

.29 09 

.2792 

.2673 

.2555 

• 2437 

.2319 

.2203 

.2089 

.1976 

.1866 

5 

2 

.22 67 

.3284 

.3292 

.3290 

.3233 

.3261 

.3235 

.3201 

.3159 

.3110 

4 

3 

.1957 

.2061 

.2162 

.2260 

.2355 

.2445 

.2533 

.2616 

.26 93 

.2765 

3 

4 

. 0660 

.0727 

.0799 

.0 573 

.0951 

.1032 

.1116 

.1202 

.1291 

.1382 

2 

5 

. 0119 

.0137 

.0157 

.0180 

.3 205 

.0232 

.0262 

.0295 

.0330 

.0369 

1 

6 

. 0009 

.0011 

.0013 

.0015 

.3318 

. 0 022 

.0026 

.0030 

.0035 

.0041 

Q 


.69 

.68 

.67 

.66 

.55 

.64 

.63 

.62 

.61 

.60 

? R 


R 

P .41 

.42 

.43 

.44 

• 45 

.46 

.47 

.48 

.49 

.50 


Q 

. 0422 

. 0381 

.0343 

.0308 

.3277 

.0248 

.0222 

.0198 

.0176 

.0156 

6 

1 

.1759 

. 1654 

.1552 

.1454 

.13 59 

. 1267 

.1179 

.10 95 

.1014 

.0 938 

5 

2 

.2055 

. 2994 

.2028 

.2856 

.2733 

• 2599 

.2615 

.2527 

.2436 

.2344 

4 

3 

. 2831 

.2891 

.2945 

.2992 

.3332 

.3065 

.3091 

.3110 

.3121 

.3125 

3 

4 

.1475 

. 157 0 

.1666 

.1763 

.1561 

.1958 

.2056 

.2153 

.22 49 

.2344 

2 

5 

.0410 

. 0455 

.0503 

.0554 

. aSQ 9 

. 0667 

.0 729 

.0 795 

.0864 

.0938 

1 

6 

. U 048 

. 0055 

.0063 

.0 073 

.3333 

.00 95 

.010 8 

.0122 

.0138 

.0156 

0 


.59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

.50 

D R 


R 

P .01 

.02 

.03 

. 04 

.35 

.06 

.07 

.08 

.09 

. 10 


0 

.9321 

. 86 81 

. 6080 

.7514 

.5983 

.6485 

.6017 

.5576 

.5168 

.4783 

7 

1 

.0659 

. 1240 

.1749 

.2192 

.2573 

.2897 

.3170 

.3396 

.3578 

.3720 

Q 

2 

. 0020 

. 0076 

.0162 

.0274 

.3405 

. 0555 

.0716 

.0886 

.1061 

.1240 

5 

3 

. 00 00 

. 0003 

.0008 

.0019 

.3335 

. 0 059 

• 0090 

.0128 

.0175 

.0230 

4 

4 

. 0000 

. QOQO 

.COOO 

,0001 

.3332 

. 0004 

. 000 7 

.0011 

.0017 

.3026 

3 

5 

. cooo 

• QOQO 

• OCCO 

.0000 

.3303 

. 0300 

• QOOQ 

• 0001 

.0001 

.0002 

2 


.99 

,98 

. 97 

.95 

.95 

.94 

.93 

.92 

.91 

.90 

P R 
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Table B-8 Binomial distribytion (Continued) 


R P .11 .12 .13 .14 -15 .16 .17 .18 .19 .20 

5 .4423 .4087 .3773 .3479 .3205 .2951 .2714 .2493 .2288 .2097 7 

.3627 .3901 .3946 .3965 .3950 .3935 .3891 .3830 .3756 .3670 6 

.1419 .1596 .1769 .1936 .2397 ,2248 .2391 .2523 .2643 .2753 5 

.0292 .0363 .0441 .0525 .0517 ,0714 .0816 .0923 -1033 . 1147 

.0036 .0049 .0066 .0086 ,0109 .0136 .0167 .0203 .0242 .0287 3 

.0003 .0004 .0006 .0008 .9312 .0016 .0021 .0027 .0034 -0043 

.0000 .0000 .0000 .0000 .0301 .0001 .0001 .0002 .0003 .0004 

-89 .88 .87 .86 .35 -84 -83 .82 .81 .30 P 


R F .21 .22 .23 ,24 .25 .26 .27 ,28 .29 .30 

Q .1920 .1757 .1605 .1465 .1535 .1215 .1195 .1003 .0910 .0824 7 

1 ,3573 .3468 .3356 .3237 .3115 .2989 .2860 .2731 .2600 -2471 5 

2 .2850 .2935 .3007 .3067 -5115 -3150 .3174 .3186 .3186 -3177 5 

3 .1263 .1379 .1497 .1614 .1730 .1845 .1956 .2065 .2169 .2269 4 

4 .0336 .0389 .0447 .0510 .0577 .0648 .0724 .0803 .0886 .0972 5 

5 -0054 .0066 ,0080 .0097 .0115 -0137 .0161 .0187 ,0217 .0250 2 

6 .0005 .0006 .0008 .0010 ,0313 .0016 .0020 .0024 .0030 .0036 1 

7 .0000 .0000 .0000 .0000 .0301 .0001 .0001 .QOQl ,0002 .0002 3 

.79 .78 .77 .76 .75 .74 .73 .72 .71 .70 P R 


R 

P .31 

.32 

.33 

.34 

. 35 

.36 

.37 

.38 

.39 

.40 



0 

.0745 

. 0672 

. 0806 

. 0546 

.0499 

.0440 

.0394 

.0352 

.0314 

. 0280 


7 

1 

.2342 

.2215 

.2090 

• 1967 

.1348 

.1732 

.1519 

.1511 

.1407 

.1306 


6 

Z 

.3156 

.3127 

.3088 

.3040 

.2985 

.2922 

.2853 

.2776 

.2698 

.2613 


5 

3 

.2363 

.2452 

.2535 

.2610 

.2579 

.2740 

.2793 

.2838 

.2875 

.2903 


4 

4 

.1062 

. 1154 

.1248 

.1345 

.1442 

.1541 

. 1840 

.1739 

.1838 

,1935 


3 

5 

.0286 

. 0326 

.0369 

.0416 

.0465 

.0520 

.0576 

.0640 

.0705 

,3774 


2 

6 

. 0043 

. 0051 

.0061 

. 0071 

.0384 

.0099 

.0113 

.0131 

.0150 

.0172 


1 

7 

« 0003 

. OOU3 

. 0004 

. 0005 

.0336 

.00 08 

. 0009 

.0011 

.0014 

.0016 


3 


.69 

.68 

.67 

.66 

* 55 

.64 

.63 

.62 

.61 

.60 

P 

R 


R 

P 

• 41 

.42 

. 43 

.44 

. *5 

.46 

.47 

.48 

,49 

.50 


0 


.0249 

, 0221 

.0195 

.0173 

.0152 

.0134 

.0117 

.0103 

.0090 

.0078 

7 

1 


.1211 

. 1119 

.1032 

. 0950 

. 057 > 

. 0793 

.0729 

.0 664 

.0504 

.0547 

6 

2 


.2524 

.2431 

.2336 

. 2239 

.2143 

.2040 

. 1940 

.1841 

.1740 

• 1641 

5 

3 


. 2923 

. 2934 

.2937 

.2932 

,2913 

.2897 

.2867 

.2830 

.2786 

.2734 

4 

4 


.2031 

.2125 

.2216 

. 2304 

.25 83 

.2468 

. 2543 

.2612 

.2676 

.2734 

3 

5 


. 0847 

. 0923 

.1003 

. 1086 

.1172 

. 1261 

.1353 

. 1447 

. 1543 

.1641 

> 

6 


. 0196 

. 0223 

.0252 

. 0284 

.0323 

. 0356 

. 0400 

. 0445 

. 0494 

.0547 

i 

7 


. 0019 

. 0023 

.0027 

. 0032 

.33 3r 

• 0044 

.0351 

. 0059 

. 0068 

.0 07 8 

a 



.59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

. 50 



R 

P 

.01 

.02 

. 03 

.04 

.35 

.06 

.07 

.08 

.09 

. 10 


0 


.9227 

. 8508 

.7837 

.7214 

* 5 5 34 

.6095 

. 5596 

.5132 

, 4703 

. 430 5 

3 

1 


.0746 

. 1389 

.1939 

.2405 

.2793 

.3113 

.3370 

, 3570 

.3721 

. i326 

7 

2 


.0026 

. 0099 

,0210 

.0351 

.3515 

.0695 

.0358 

.1087 

.1288 

. 1488 

6 

3 


. 0001 

. 0004 

.0013 

.0029 

.0 354 

.0389 

,0134 

.0189 

. 0255 

, J33i 

5 

4 


. 0000 

. 0000 

. 0001 

. 0002 

. 0334 

. 0007 

,0013 

.0021 

.0031 

. JQ46 

4 

5 


.0000 

. 000 0 

. 0000 

.0000 

.0303 

• OQQO 

.0101 

.0001 

.0002 

, 0 004 

3 



.99 

.98 

.97 

.96 

.35 

,94 

.93 

-92 

.91 

. 90 

? R 


R 

P .11 

.12 

.13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 


0 

.3937 

. 3596 

.3282 

. 2992 

. 2/25 

.2479 

.2252 

.20 44 

.1853 

.1678 

3 

1 

.3892 

. 3923 

.3923 

. 3397 

.3347 

,3777 

.3591 

. 359C 

.3477 

.3355 

7 

2 

.1684 

. 1872 

.2052 

.2220 

.2376 

.2518 

, 2646 

.2756 

.2655 

.2936 

6 

3 

.0416 

. 0511 

.0613 

. 0723 

.0539 

.0959 

. 1Q34 

.1211 

,1339 

.1466 

5 

4 

. 0064 

. 008 7 

.0115 

.0147 

,0165 

• 0228 

. 0277 

.03 32 

.0383 

.3459 

4 

5 

. 0006 

. 0009 

.0014 

.0019 

.0326 

. 0035 

. 0045 

.0058 

.0074 

.0092 

3 

6 

. 0000 

. 0001 

.0001 

. 0002 

.03 32 

. 3003 

.0035 

. 0006 

.0009 

.0 011 

2 

7 

. 0000 

. 000 0 

.OCCO 

. 0000 

-0300 

.0000 

, 0000 

.QOOC 

. 00 01 

.0001 

1 


.89 

, 88 

.87 

. 86 

.35 

.84 

. S3 

.82 

.81 

-SO 
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Table B-8 Binomial distrifeution (Continued) 


R 

P *21 

,22 

. 2 ? 

.24 

.25 

.26 

.27 

.28 

.29 

.30 


u 

.1517 

. 1370 

.1236 

.1113 

.1001 

.0899 

.0806 

.0722 

.0646 

.0576 

3 

1 

.3226 

,3092 

.2953 

.2812 

.2570 

.2527 

.2336 

.2247 

.2110 

.1977 

7 

2 

.3002 

,3052 

.3087 

.3108 

.3115 

.3108 

.3089 

.3058 

.3017 

.2965 

6 

3 

.1596 

, 1722 

.1844 

.1963 

.23 76 

.2134 

.2285 

.2379 

,2464 

.2541 

5 

% 

. C 53 Q , 

.0607 

.0 689 

.0775 

.03 65 

.0959 

.1056 

.1156 

.1258 

.1361 

4 

5 

.0113 

.0137 

.0165 

.0196 

.0231 

.0270 

.0313 

.0360 

. 0411 

.0467 

3 

6 

.0015 

.0019 

.0025 

.0031 

.0 3 33 

.00 47 

.0058 

.0070 

.00 84 

.0100 

2 

7 

.0001 

.0002 

.0002 

• 0003 

.0304 

. 0005 

. 0006 

.0008 

.0010 

.0012 

1 

3 

. 0000 

.0000 

.0000 

.0000 

.0300 

.0000 

• 0030 

• 0000 

.0001 

. 0001 

0 


.79 

.78 

.77 

.76 

.75 

.74 

.73 

.72 

.71 

. 70 

P R 


R 

P .31 

.32 

,33 

.34 

.35 

.36 

.37 

.38 

.3 9 

.40 


0 

. 0514 

.0457 

.0406 

.0360 

.0319 

.0281 

.0248 

.0218 

.0192 

.0168 

3 

1 - 

.1847 

. 1721 

.1600 

.1484 

.1373 

.1267 

.1166 

.1071 

.0981 

.0896 

7 

2 

.2904 

,2835 

.2758 

.2675 

.2587 

.2494 

.2397 

• 2297 

.2194 

.2090 

6 

3 

.2609 

. 265 8 

.2717 

.2756 

.27 86 

.2305 

.2815 

.2815 

.2806 

• 2787 

5 

4 

1465 

. 156 9 

.1673 

• 1775 

.1375 

. 1973 

.2067 

.2157 

.2242 

.2322 

4 

5 

.0527 

. 0591 

.0659 

.0732 

.0808 

.0888 

.0971 

.1058 

.1147 

.1239 

3 

6 

.0113 

.0139 

.0162 

.0188 

.0217 

.0250 

.0255 

.0 324 

.0367 

.0413 

2 

7 

.0015 

.0019 

.0 023 

.0028 

.0333 

.0040 

.0048 

.0057 

.00 67 

• 0079 

1 

a 

.0001 

. 0001 

.0001 

. 0002 

.03 02 

. 0003 

• 0004 

.0 004 

.0005 

.0007 

3 


.69 

.63 

.67 

• 66 

.55 

.64 

.63 

.62 

.61 

.60 

3 R 


R 

P .41 

.42 

. 43 

.44 

.45 

.46 

.47 

.48 

.49 

.50 


0 

.0147 

. 0128 

,0111 

.0 097 

.0334 

.0072 

.0062 

.0053 

.00 46 

.0039 

3 

1 

.0816 

.0742 

.0 672 

. 0608 

.0543 

.0493 

.0442 

.0395 

.0352 

.0313 

7 

2 

.1985 

.1880 

.1776 

.1672 

.1569 

.1469 

.1371 

.1275 

.1183 

.1094 

5 

3 

.2759 

.2723 

.2679 

.2627 

.2563 

.2503 

.2431 

,2355 

.2273 

.2188 

5 

4 

.2397 

.2455 

.2526 

.2580 

,2527 

. 2 665 

.2595 

.2717 

.2730 

.2734 

4 

5 

. 1332 

-1428 

.1525 

.1622 

.1719 

.1816 

.1912 

.2006 

.2098 

.2188 

3 

6 

. 0463 

.0517 

.0575 

.0537 

.0733 

.0774 

.0848 

,0926 

.1008 

.1094 

2 

7 

. 0092 

.0107 

.0124 

.0143 

.0154 

.0188 

.0215 

.0244 

. 0277 

.0313 

1 

5 

.000 8 

.0010 

.0012 

. 0014 

.0317 

.0020 

.0024 

.0026 

.0033 

.0039 

0 


.59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

.50 

P R 


R 

a 

1 

2 

3 

4 

5 

6 
7 


R 

0 

1 

2 

3 


.01 

.02 

.03 

.04 

.35 

.06 

.07 

.08 

.09 

.10 

9135 

.8337 

.7602 

.6925 

.6302 

.5730 

.5204 

.4722 

.4279 

.3874 

0830 

.1531 

.2116 

.2597 

.2385 

.3292 

%3525 

.3695 

.3609 

.3874 

0034 

. 0125 

.0262 

. 0433 

.0629 

. a 340 

.1061 

.1285 

.1507 

.1722 

0001 

.000 6 

. CC 19 

. 0042 

.0 077 

. 0125 

.0136 

.0261 

.0348 

.0 446 

00 00 

• QOOQ 

.0 001 

. 000 3 

• 0 0 3 6 

. 0012 

.0021 

.0034 

.0052 

.0074 

0000 

. 0000 

.0000 

.0000 

.0300 

. 0001 

.0032 

.0003 

.0005 

.0003 

0000 

. 0000 

.CCCO 

. 0300 

.03 03 

.0000 

.0000 

.0000 

.0000 

.0001 

.99 

.93 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 


.11 

.12 

.13 

, 14 

• 15 

.16 

.17 

.18 

.19 

.20 

3504 

.3165 

.2855 

.2573 

.2316 

.2032 

.1869 

.1676 

.1501 

.1342 

3897 

.383 4 

.3840 

.3770 

,3579 

.3569 

.3446 

.3312 

.3169 

.3020 

1927 

.2119 

.2295 

,2455 

,2597 

.2720 

.2823 

.2908 

.2973 

.3020 

0556 

.0674 

. C 8 C 0 

.0933 

.1369 

.1209 

.1349 

.1489 

.1627 

,1762 

0103 

.0138 

.0179 

.0228 

.0233 

.0345 

.0415 

.0490 

• 0573 

.0661 

0013 

.0019 

,0 027 

. 0037 

.3050 

,0368 

.00 85 

.0108 

.0134 

.0165 

00 01 

. 0002 

.0 003 

. 0004 

.0006 

. 0008 

.0012 

.0016 

.0021 

.0028 

00 0 0 

.0000 

.COCO 

. 0000 

.0000 

.0001 

.0001 

.0001 

.0002 

.0003 

.89 

.83 

. 87 

.86 

.35 

. 84 

.33 

.82 

.81 

.80 


.21 

.22 

• 23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 

1199 

.1069 

, C 952 

.0846 

.0751 

.0665 

.0539 

.0520 

.0458 

. 0404 

286 7 

.2713 

,2558 

.2404 

,2253 

.2104 

.1950 

.1820 

.1685 

.1556 

3049 

.3061 

. 3 G 56 

.3037 

.3003 

.2957 

.2899 

.2831 

.2754 

.2668 

1891 

.2014 

.2130 

.2238 

.2336 

.2424 

.2502 

.2569 

.2624 

.2668 


p 


P 


9 

3 
7 
b 
5 

4 
3 
R 


9 

3 

? 

5 
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Table B-8 Binomial distribution (Continued) 


4 .C754 

5 .0200 

6 .0036 

7 .0004 

8 .0000 

.79 


R P -31 
0 .0355 

1 .1433 

2 .2576 

3 .2701 

4 .1820 

5 .0818 

6 .0245 

7 .0047 

8 .0005 

9 .0000 

.69 


R P .41 

a . 008 ;^ 

1 .0542 

2 .1506 

3 .2442 

4 .2545 

5 .1769 

6 .0819 

r .0244 

3 .0042 

9 .0003 

.59 


R P .01 
0 .9044 

1 .0914 

2 .0042 

3 .0001 

4 .0000 

5 .0000 

6 .0000 

.99 


R .11 

3 .3113 

1 .2854 

2 .2143 

3 .0706 

4 .0153 

5 .0023 

6 .0002 

7 .0000 

3 . li 0 0 0 

.89 


R P - 21 
0 .0947 

1 .2517 

2 .3011 

3 .2134 

4 .0993 

5 .0317 


. 0852 

.0954 

. 0240 

.0285 

, 0045 

.CC57 

.0005 

. C0C7 

. 000 0 

.ecci 

. 78 

.77 


.32 

.33 

. 0311 

.0272 

. 1317 

.1206 

.2478 

.2376 

.2721 

.2731 

. 1921 

.2017 

. 0904 

.0 994 

. 0234 

.0326 

. 0057 

.0069 

, 0007 

.0008 

. 000 0 

. 0000 

.68 

.67 


.42 

.43 

. 0074 

. 0064 

. 0464 

.0431 

. 1402 

.1301 

. 236 9 

.2291 

. 2573 

.2502 

.186 3 

.1955 

. 0900 

.0983 

. 0279 

.0318 

. 0051 

. 0060 

. 00 04 

. C C 0 5 

.58 

.57 


.02 

. C3 

. 8171 

,7374 

. 1667 

.2281 

.0153 

.0317 

. 0008 

. 0 026 

. 000 0 

.CCOl 

. 0000 

. 0000 

. 0000 

. 0 000 

.98 

.97 


. 12 

.13 

.2785 

.2484 

.3798 

.3712 

.2330 

.2496 

. 0847 

, C9P5 

. 0202 

. 0260 

. 0033 

.00^47 

. 0004 

.0006 

. 000 0 

.0000 

. 000 0 

.0000 

.88 

. 87 


.22 

.23 

. 0334 

.0 733 

.2351 

.2188 

. 2984 

.2942 

. 2244 

.2343 

. 110 8 

.1225 

. 0375 

,0439 


.1060 .1165 

.0335 .0389 

.0070 .0387 

.0010 .0312 

.0031 .0331 

.76 .75 


.34 .35 

.0238 .0237 

.1102 .1304 

.2270 .2152 

.2729 .2715 

.2109 .2194 

.1086 .1181 
.0373 .3424 

.0082 .0393 

.0011 .3013 

.0001 .0001 

.66 .55 


.44 .45 

.0054 .0345 

.0363 .3339 

.1204 .1110 

.2207 .2119 

.2601 .2500 

.2044 .2123 

.1070 .1150 


. 0360 

.0437 

. 0071 

.00 33 

. 0006 

.00 Q8 

.56 

.55 


. 04 

.35 

. 6648 

.5957 

.2770 

.3151 

. 0519 

• 0 7 46 

. 0058 

.0105 

. 0004 

.0310 

. 0000 

. 0301 

. 0000 

. 03 33 

.96 

.95 


. 14 

.15 

.2213 

.1969 

.3603 

.3474 

.2639 

.2759 

. 1146 

,1293 

. 0326 

.3401 

. 0064 

• 0085 

. 0009 

,0312 

.0001 

.0001 

• OQQO 

.0000 

. 86 

. 35 


.24 

.25 

. 0643 

.0553 

. 2030 

.1377 

. 2385 

.2315 

. 2429 

.2503 

. 1343 

.1460 

. 0509 

.05 34 


.1278 .1388 

.0449 .0513 

.0105 .0127 

.0016 .0020 
.0001 .0002 
.74 .73 


,36 .37 

.0180 .0156 

.0912 .0826 

.2052 .1941 

.2693 .2660 

.2272 .2344 

.1278 .1376 

.0479 .0539 

.0116 .0136 

.0015 .0020 

•0001 .COQl 
.54 .63 


.46 .47 

.0039 .0033 

.0299 .0263 

.1020 .0934 

.2027 .1933 

.2590 .2571 

.2207 .2280 

.1253 .1348 

.0458 .0512 

.0097 .0114 

.0009 .0011 

.54 .53 


10 

,06 .07 

.5386 .4840 

.3438 .3643 

.0983 .1234 

.0163 .0248 

.0019 .0033 

.0001 .0033 

.0000 .0000 

.94 .93 


.16 .17 

.1749 .1552 

.3331 .3173 

.2855 .2929 

.1450 .1630 

.0483 .0573 

.0111 .0141 

.0018 .0024 

.0002 .0033 

.0300 .0000 

.84 .83 


.26 .27 

,0492 .0430 

.1730 .1590 

.2735 .2646 

.2563 .2609 

.1576 ,1639 

.0664 .0750 


.1499 .1608 

•0583 .0657 

.0151 .0179 

,0025 .0031 

.0002 .0003 

.72 .71 


.38 .39 

.0135 .0117 

.0747 .0673 

.1831 .1721 

.2618 .2567 

.2407 .2462 

.1475 .1574 

.0603 .0671 

.0156 .0184 

.0024 .0029 

.0002 .0002 

.62 .61 


*48 .49 

.0028 .0023 

.0231 .0202 

,0853 .0776 

,1837 .1739 

.2543 *2506 

.2347 .2408 

.1445 .1542 

.0571 .0635 

.0132 .0153 

.0014 .0016 

.52 .51 


.08 .09 

.4344 .3894 

.3777 .3851 

.1478 ,1714 

.0343 .0452 

.0052 .0078 

.0005 .0009 

.oooD .oroi 
.92 .91 


.18 .19 

.1374 .1216 

.3017 .2852 

.2980 .3010 

.1745 .1883 

.0670 .0773 

.0177 .0218 

.0032 .0043 

.0004 .0006 

.0000 .0001 

.82 .61 


.28 .29 

.0374 ,0326 

.1456 .1330 

.2548 .2444 

.2642 .2662 

.1796 .1903 

.0839 ,0933 


.1715 5 

.0/35 4 

.0210 3 

.0039 2 

.0004 1 

.70 P R 


.40 

.0101 9 

.0605 8 

.1612 7 

.2508 6 

.2508 5 

.1672 4 

.0743 3 

.0212 2 

.0035 1 

.0003 a 

. 60 P R 


.50 

.0020 9 

.0176 a 

.Q703 7 

.1641 6 

.2461 5 

.2461 4 

.1641 3 

.0703 2 

.0176 1 

.0020 0 

.50 P R 


. 10 

.3487 13 

.3374 9 

.1937 8 

.0574 7 

.0112 6 

.0015 5 

.0001 4 

.90 ? t 


.20 

.1074 13 

.2684 9 

.3020 a 

.2013 7 

.0381 6 

.0264 5 

.0355 4 

.0008 3 

.0001 2 

.80 P R 


.30 

.0282 13 
.1211 9 
.2335 a 
.2668 7 
.2001 6 
.1029 5 
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TABLES 


Table B-8 Binomial distribution (Continued) 


. 00 70 
• 0011 
.0001 
.0000 
.79 


P .31 
. 0245 
.1099 
.2222 
.2662 
.20 93 
.1128 
.0422 
.0108 
.0018 
.00 02 
.0000 
.69 


P .41 
.00 51 
.03 55 
.1111 
.2056 
.2503 
.2087 
.1209 
.0480 
.0125 
.0019 
• 0001 
.59 


P .01 
.8953 
.0995 
.0050 
.0002 
. 0000 
. 000 0 
• OOQO 
.99 


P .11 
.2775 
.3773 
.2332 
.0665 
.0214 
.0037 
.0005 
• 0000 
• 0000 
.89 


P .21 
. 0743 

1 .2187 

2 .2907 

3 .2318 

4 .1232 


. 0088 

.0109 

. QQ 14 

.0019 

. 0002 

.0002 

.0000 

. 0000 

.78 

.77 


.32 

.33 

.0211 

-0182 

. 0995 

.0 898 

.2107 

.1990 

. 2644 

.2614 

.2177 

.2253 

. 1229 

.1332 

.0482 

.0547 

.013 0 

.0154 

.0 023 

.0028 

. 0002 

.0003 

• QQOQ 

.0000 

.68 

.67 


.42 

.43 

. 0 043 

.0 036 

. 0312 

.0 273 

. 1017 

.0 927 

.1963 

.1865 

. 2486 

.2462 

.2162 

.2229 

. 1304 

.1401 

. 054 0 

,0604 

. 0147 

.0171 

. 0024 

.0029 

. 0002 

.0002 

.58 

.57 


.02 

.03 

• 8007 

.7153 

.1798 

.2434 

.0183 

.0376 

. DQll 

.0035 

. 0000 

.0 002 

* 000 0 

.0000 

. 0000 

.0000 

.98 

. 97 


.12 

.13 

.2451 

.2161 

.3676 

.3552 

.2507 

.2654 

.1025 

.1190 

.0250 

.0356 

. 0053 

.0074 

. 000 7 

.0011 

. 000 1 

.0001 

. QOOQ 

,0000 

.88 

.87 


.22 

.23 

.0650 

.0 564 

.2017 

.1654 

.2845 

.2768 

.2407 

.2481 

.1358 

.1482 


.0134 

.0153 

.0 024 

.0031 

• 0003 

.0304 

• QOOO 

.0030 

.76 

, 75 


.34 

.35 

.0157 

.0135 

,0808 

.0725 

.1873 

*1757 

.2 573 

.2522 

.2320 

.2377 

.1434 

.1536 

.0616 

.0589 

.0181 

.0212 

.0035 

.0343 

.0004 

.0305 

.0 000 

.OQflO 

.66 

.55 


.44 

.+5 

. 0 Q 3 Q 

.00 25 

,0238 

.0207 

. 0 343 

.07 63 

.1765 

• 1565 

.2427 

.2354 

• 2289 

.2 340 

.1499 

.1596 

,0673 

.0746 

.0198 

.0223 

. 0035 

.03 42 

,0003 

.0003 

,56 

• 5 5 



.04 

.35 

.6382 

.5583 

.2925 

.3293 

. 0 60 9 

.0367 

.0076 

.3137 

. 0006 

.0314 

. 0000 

.33 01 

.0000 

.0330 

.96 

.95 


.14 

.15 

.1903 

.1673 

.340 8 

.3245 

.2774 

.2866 

.1355 

.1517 

. 0 441 

• Q > 3 o 

• 0101 

.0132 

.0016 

.0023 

. 0002 

.0003 

. 0000 

.00 33 

. 85 

.55 


.24 

.25 

.0439 

. 0422 

.1697 

.1549 

.2630 

.2531 

.2539 

.2531 

.1603 

.1721 


.0195 

.0231 

.0039 

. 0 049 

.0005 

.0007 

.00 00 

. 0031 

• 74 

,73 


,36 

.37 

. 0115 

.0098 

. 0649 

• 057 8 

.1642 

.1529 

,2462 

*2394 

.2424 

.2461 

.1636 

.1734 

. 0 767 

.0349 

,0 247 

• 0235 

.0052 

.0063 

.0007 

. 003 8 

.0000 

. GQ 3.0 

.64 

.63 


.46 

.47 

. 0021 

. 0017 

.0180 

.0155 

.0 688 

.0619 

.1564 

.1464 

.2331 

.2271 

.2383 

.2417 

.1692 

.1786 

.0824 

.0905 

.0263 

.0301 

. 0050 

.0059 

.0 004 

.0005 

.54 

.53 


11 


.06 

.07 

.5363 

.4501 

.3555 

.3727 

.1135 

.1403 

. 0217 

.0317 

.0028 

.0048 

. QQ 02 

.0005 

. 3000 

.0000 

.94 

.93 


.16 

.17 

. 1469 

*1288 

.3078 

.2902 

.2932 

.2971 

, 1675 

.1826 

. 0633 

.0748 

.0170 

.0214 

.0032 

.0044 

.0 004 

.0006 

.0000 

. 0001 

. 34 

.53 


-26 

.27 

.0 364 

.0314 

.1403 

.1276 

.2474 

.2360 

.2603 

.2619 

.1332 

.1937 


.0272 

. 0317 

.0 060 

. 00 74 

.0009 

. 0011 

.0001 

. 0 0 01 

.72 

.71 


.38 

.39 

.00 84 

. QG 71 

.0514 

.0456 

.1419 

. 1312 

.2319 

.2237 

.2487 

.2503 

.1829 

.1920 

.0934 

.1023 

.0327 

.0374 

. 0075 

.00 90 

.0010 

.0013 

. 0.0 01 

. OCOl 

.62 

.61 


.48 

.49 

.0014 

.0012 

.0133 

.0114 

.0554 

. 0495 

.1364 

.1267 

.2204 

.2130 

• 2441 

.2456 

.1878 

.1966 

.0991 

.1080 

.0343 

. 0389 

. QQ 7 C 

. 0083 

.0006 

.0008 

.52 

.51 


.08 

.09 

.3996 

.3544 

.3823 

.3855 

.1662 

.1906 

.0434 

.0566 

.00 75 

.0112 

.0009 

.0015 

.0001 

.0002 

.92 

.91 


.18 

.19 

.1127 

.0965 

.2721 

.2541 

.2987 

.2980 

.1967 

.2097 

.0864 

.0984 

.0265 

.0323 

.0058 

.00 76 

.0039 

. 0013 

.0001 

,0001 

.32 

.81 


.23 

.29 

.0270 

.0231 

.1153 

.10 38 

.2242 

.2121 

.2616 

.2599 

.2035 

.2123 


.0353 + 

.3090 3 

.0014 2 

.0001 1 

.70 P ^ 

.40 

.0060 10 

.0403 9 

.1209 9 

.2150 7 

.2508 6 

.2007 5 

.1115 ■+ 

.0425 3 

.0106 2 

.0016 1 

.3001 0 

.60 ^ ^ 

. 50 

.QQIO 10 

.0098 3 

.0439 8 

-1172 7 

.2051 6 

.2461 5 

.2051 4 

.1172 3 

.0439 2 

.0098 1 

.0 010 0 

.50 =» 


. 10 

.3138 It 

.3835 10 

.2131 9 

.0710 3 

.0158 T 

.0025 o 

.0003 5 

.90 ? •? 

.20 

.0859 11 

.2362 10 

,2953 9 

.2215 5 

.1107 7 

.0388 6 

.0097 5 

.0017 4 

.3002 S 

.80 ? R 

.30 

.0193 11 

.0932 10 

.1998 9 

.2558 9 

.2201 7 
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Tal)Ie B-B Binomial distribution (Continued) 


5 

.0459 

. 053 6 

.0 620 

. 0709 

.03 03 

.0901 

.1003 

.110 8 

.1214 

.1321 

6 

6 

.0122 

. 0151 

.0185 

.0224 

.0263 

.0317 

. 0371 

.0431 

.0496 

.0 566 

5 

7 

. 0023 

. 0030 

.0039 

. 0050 

.0364 

.00 79 

.00 98 

.0120 

.0145 

. 017 3 

4 

5 

. 0003 

. 0004 

. 0 006 

. 0008 

.0311 

. 0014 

.0018 

.0023 

.0030 

.0 0:37 

3 

9 

. OOQO 

. 000 0 

. 0 001 

.0001 

.0301 

. 00 02 

. 0002 

. 0003 

. 0004 

.0005 

2 


.79 

.78 

.77 

.76 

.75 

.74 

.73 

.72 

.71 

.70 

P R 


R 

P .31 

.32 

.33 

.34 

.35 

.36 

.37 

.38 

.3 9 

.40 


Q 

.0169 

• 0144 

.0122 

.0104 

.aaas 

. 0074 

.0062 

.0052 

.0044 

• 0 036 

It 

1 

. 0834 

. 0744 

.0662 

.05 87 

.3513 

. 0457 

.0401 

.0351 

. 0306 

.0266 

10 

2 

.1874 

.1751 

.1630 

• 1511 

.1395 

.12 84 

.1177 

.10 75 

.09 78 

. 0 88 7 

9 

3 

.2526 

.2472 

. 24 C 8 

.2335 

.22 54 

.2167 

.2074 

.1977 

.1876 

.1774 

8 

4 

• 2269 

.2326 

.2372 

.2406 

.2428 

.2438 

.2436 

.2423 

.2399 

.2365 

7 

5 

.1427 

.1533 

.1636 

.1735 

.1330 

.1920 

.2003 

.2079 

.2148 

.2207 

o 

6 

.0641 

. 0721 

.0806 

.0894 

.0935 

.1080 

.1176 

.1274 

.1373 

. 14/1 

5 

7 

.0206 

.0242 

.0283 

. 0329 

.0379 

.0434 

.0494 

.0558 

.0627 

.0701 

4 

B 

• 0046 

.0057 

.0070 

. 0085 

.0102 

.0122 

.0145 

.0171 

.0200 

.0234 

3 

9 

.00 07 

. 0009 

.0011 

.0015 

.0318 

.0023 

.0023 

.0035 

.00 43 

.0 052 

2 

10 

. 00 01 

. 0001 

.0001 

• 0001 

.0002 

.0003 

.0003 

.00 04 

.0005 

.0007 

1 


.69 

.68 

.67 

.66 

.65 

.54 

.63 

.62 

.61 

.60 

P R 


R 

P .41 

.42 

.47 

.44 

.45 

.46 

.47 

.48 

.49 

.50 


0 

.0030 

. 0025 

.0021 

.0017 

. QQ 14 

.0011 

.0009 

. 0006 

.0006 

.0005 

li 

1 

. 0231 

.0199 

.0171 

. 0147 

.0125 

.0107 

.0090 

.0076 

.0064 

.0054 

13 

2 

• 0801 

. 0721 

.0646 

.0577 

.0513 

.0454 

.0401 

.0352 

.0308 

.0269 

9 

3 

.1670 

.1566 

.1462 

. 1359 

,1259 

.1161 

-1067 

.0976 

.0688 

.0806 

i 

4 

.2321 

.2267 

.2206 

.2136 

.2060 

.1978 

.1392 

.1801 

.1707 

.1611 

7 

5 

.2258 

.2299 

.2329 

.2350 

.2360 

.2359 

.2348 

.2327 

.2296 

.2256 

6 

6 

.1569 

.1664 

.1757 

• 1846 

.1931 

.2 010 

.2083 

.2148 

.2206 

.2256 

5 

7 

. 0779 

.0861 

.0947 

• 1036 

.1128 

.1223 

.1319 

.1416 

.1514 

.1611 


8 

.0271 

.0312 

.0357 

.0407 

.0462 

.0521 

-0585 

.0654 

.0727 

.0806 

3 

9 

. 0063 

. 0075 

.0 090 

. 0107 

.0126 

.0143 

.0173 

.0201 

.0233 

.3269 

Z 

10 

. 0009 

. 0011 

.0014 

. 0017 

.0921 

. 0025 

. 0031 

.0037 

.0045 

.0054 

1 

11 

. 0001 

. 0001 

.0001 

. 0001 

.0902 

• 0002 

. 0002 

.0003 

.0004 

• 0005 

3 


.59 

.58 

.57 

.56 

.55 

.54 

.53 

• 52 

.51 

.50 

P R 


N = 12 


R 

P .01 

. 02 

.03 

.04 

• 3 5 

.06 

.07 

.08 

.09 

.10 


a 

. 8864 

.7847 

.6 938 

.6127 

.54 04 

.47 59 

. 4186 

.3677 

.3225 

. 2824 

12 

1 

. 1074 

.1922 

.2575 

.3064 

.3413 

.3645 

.3731 

.3837 

.3827 

. 3766 

11 

2 

. QQ 60 

. 0216 

.0438 

.0702 

,0983 

.1280 

.1565 

.1835 

.20 82 

.2301 

10 

3 

. 0002 

.0015 

.0 045 

. 0098 

.0173 

. 0272 

. 0393 

.05 32 

.0686 

. 0 852 

9 

4 

. 0000 

. 00 01 

. 0003 

. 0009 

.3021 

. 00 39 

. 0057 

.0104 

.0153 

. 3213 

3 

5 

. 0000 

. 0000 

. 0000 

. 0001 

. 0302 

. 00 04 

. 0008 

.0014 

. 0024 

.3033 

7 

6 

. GOOD 

. 0000 

. 000 0 

• OQQQ 

. 0303 

. 0000 

. 0001 

. 0001 

.0003 

. 0005 

S 


.99 

.98 

.97 

.96 

.35 

.94 

.93 

.92 

.91 

.90 

P R 


R 

? .11 

.12 

. 13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 


0 

,2470 

-2157 

.1860 

.1637 

.1422 

.1234 

.1369 

.0924 

.0798 

. 3687 

12 

1 

.3663 

.3529 

.3372 

.3197 

.3012 

.28 21 

.2627 

.2434 

.2245 

.2062 

li 

2 

.2490 

.2647 

.2771 

.2363 

.2924 

.2955 

.2960 

.2939 

.26 9.7 

.2835 

la 

3 

.1026 

.1203 

.1360 

.1553 

.1720 

.1376 

.2021 

.2151 

.2265 

.2362 

9 

4 

. 0285 

. 0369 

.0464 

.0569 

.0583 

.0804 

.0931 

.1062 

.1195 

.1329 

8 

5 

.0056 

. 0081 

.0111 

.0148 

.0193 

.0245 

.0305 

.0373 

.0449 

.0532 

7 

6 

• 0008 

.0013 

.0019 

. 0028 

• 0040 

.0054 

. 0073 

.0096 

.0123 

.0155 

6 

7 

. 0001 

. 0001 

. 0002 

. 0 0 0 4 

.0305 

. 0009 

,0013 

.0018 

.00 25 

.3033 

5 

8 

• OQQQ 

• 0000 

. 0000 

• QQQO 

.0001 

.QQQl 

• 0002 

.0002 

.0004 

.0005 

4 

9 

.0000 

. 0000 

. 0000 

• oooo 

.0000 

.0090 

.0000 

.0000 

.0000 

, 0001 

3 


.89 

.88 

.87 

.86 

.35 

.84 

.83 

.82 

.81 

.30 

P R 


R 

P .21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 


0 

,0591 

. 0507 

.0434 

. 0 371 

.0317 

.0270 

.0229 

.0194 

.0164 

.0138 

12 

1 

.1885 

. 1717 

.1557 

. 1407 

.1257 

.1137 

.1016 

.0906 

.0804 

.0712 

It 
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Table B-8 Binomial distribution (Continued) 


2 

.2756 

.2663 

.2558 

.2444 

.2323 

.2197 

.2068 

.1937 

.1807 

. 1678 

IQ 

3 ' 

. 24%2 

.2503 

.2547 

.2573 

.25 31 

.2573 

.2549 

.2511 

.2460 

.2397 

9 

4 , 

.1460 

.1589 

.1712 

.1828 

.1955 

.2034 

.2122 

.2197 

.2261 

.2311 

8 

5 

.0821 

.0717 

. C 518 

. 0,924 

.1332 

.1143 

.1255 

.1367 

.14 77 

.1585 

7 

b 

.0193 

.0236 

.0285 

.0340 

.0401 

.0469 

.0542 

.0620 

.0704 

. 0792 

6 

I 

.0044 

.0 0,57 

.0073 

.0092 

.0115 

.0141 

.0172 

. 0207 

.0246 

. 3291 

5 

8 

.0007 

.0010 

.0014 

.0018 

.0324 

.0031 

,0040 

.0050 

.0063 

. 0078 

4 

9 

.0001 

.0001 

.0002 

. 0003 

• 0004 

. 0005 

.0007 

. 0009 

.0011 

.0015 

3 

13 

.0000 

.0000 

. 0000 

.QQQQ 

.0000 

. 0001 

.0001 

.0001 

.0001 

. 0002 

2 


.79 

.78 

.77 

.76 

.75 

.74 

.75 

.72 

.71 

.70 




P .31 

.32 

.33 

.34 

.35 

.36 

-37 

.38 

.39 

.40 


a 

.0116 

.0098 

. 0082 

.0068 

.0057 

.0047 

. 0 039 

.0032 

.0027 

.0022 

12 

1 

.0628 

.0552 

.0484 

.0422 

.0363 

.0319 

.0276 

.0237 

.0204 

.0174 

11 

2 

.1552 

.1429 

.1310 

.1197 

.1063 

.0986 

.0890 

.0800 

.0716 

.0639 

13 

3 

.2324 

.2241 

.2151 

.2055 

.1954 

.1549 

.1742 

.1634 

.1526 

.1419 

9 

4 

.2349 

.2373 

.2384 

.2382 

.2367 

.2340 

.2302 

.2254 

.2195 

.2128 

3 

5 

.1683 

.1757 

.1879 

.1963 

.2339 

.2106 

.2163 

.2210 

.22 46 

.2270 

7 

6 

.0885 

. 0981 

,1079 

.1180 

.1281 

.1382 

.1482 

.1580 

.1675 

.1766 

6 

7 

.0341 

.0396 

.0456 

.0521 

.0591 

.0666 

.0 746 

.0830 

.0918 

.1009 

5 

8 

.0096 

.0116 

.0140 

.0168 

.0199 

.0234 

. 0274 

.0318 

.0367 

.0 420 

4 

9 

.0019 

. 0024 

.0031 

.0038 

.0345 

.0059 

. 0071 

. 0087 

.0104 

.0125 

3 

10 

. 00 03 

. 0003 

. C 0 C 5 

. 0006 

.3033 

.0313 

. 0013 

.0016 

.0020 

. 0025 

2 

11 

.OOOQ 

.0000 

.coro 

.0001 

.03 31 

.0001 

. OOQl 

.0002 

. 0002 

. 0003 

1 


.69 

.65 

.67 

.66 

.55 

.64 

.63 

.62 

.61 

.60 

P ^ 


R 

p .41 

.42 

.47 

.44 

.45 

.45 

.47 

.48 

.49 

.50 


0 

. 00^13 

.0014 

.0012 

.0310 

.0303 

.0006 

• 0005 

. 3004 

. 0003 

. 0002 

12 

1 

. G 14 S 

• 0126 

.0106 

.0 090 

.33 75 

.03 63 

. 0052 

.0047 

.0036 

.0029 

11 

2 

. G 567 

. 0502 

.0442 

.0388 

.0333 

.0294 

.0255 

.0220 

.0189 

.0161 

10 

3 

.1314 

. 1211 

.1111 

.1015 

.3923 

.0336 

.0754 

.0676 

.0604 

.0537 

9 

4 

• 2054 

.1973 

.1886 

.1794 

.1700 

.1502 

.1504 

.1405 

.1306 

.1208 

8 

5 

.2284 

.2285 

.2276 

.2256 

.2225 

.2184 

.2134 

.2075 

.20 08 

.1934 

7 

6 

.1851 

.1931 

.2003 

.2068 

.2124 

.2171 

.2208 

.2234 

.2250 

.2256 

6 

7 

.1103 

.1198 

. 12<=5 

.1393 

.1433 

.1585 

.167 8 

.1768 

.1853 

.1934 

5 

3 

.0479 

.0542 

.0611 

.0634 

.0752 

.0344 

.0950 

.1020 

.1113 

.1208 

4 

9 

.0143 

. 01/5 

. G 2 C 5 

.0239 

.0277 

.0319 

.0367 

.0418 

.0475 

.0537 

3 

le 

.0031 

. 0058 

.Of 46 

.0356 

.0053 

. 0082 

.0098 

.0116 

,0137 

.0161 

2 

11 

.0004 

.0005 

. 0 CC 6 

. 0008 

.3010 

.0013 

.0016 

.0019 

. 0024 

. 0029 

1 

12 

.0000 

. 0000 

.0000 

. 0301 

.0301 

. 0001 

.0031 

.0001 

. 0002 

. 0002 

0 


.59 

.58 

.57 

.56 

• 5 5 

.54 

.53 

.52 

.51 

.50 

P R 


M = 13 


R 

P .01 

.02 

.03 

.04 

.35 

.06 

• 07 

.08 

.09 

.10 


Q 

.3775 

• 7690 

.6 730 

.5332 

.5133 

. 4474 

.3593 

.33 83 

.2935 

.2542 

13 

1 

.1152 

.2040 

.2706 

.3186 

.3512 

,3712 

.3809 

.3824 

.3773 

.3672 

12 

2 

.0073 

.0250 

.0502 

. 0797 

.1109 

.1422 

• 1720 

.1995 

.2239 

.2448 

11 

3 

. 000,3 

.0019 

. CC 57 

. 0122 

.0214 

.0 333 

• 0475 

.0636 

.0812 

.0997 

10 

4 

.000 0 

. 0001 

. OCC 4 

.0013 

.0023 

. 0053 

.0039 

.0138 

. 0201 

.0277 

9 

5 

• OS 0 0 

.0000 

.0000 

.0001 

.0035 

.0006 

• 0012 

.0022 

.0036 

.0055 

8 

b 

• QCOO 

. 0000 

.coco 

. 0000 

.0300 

. 0001 

• nooi 

.0003 

. 0005 

. 0008 

7 

7 

.0000 

. 0000 

.QOGQ 

• 0300 

.0030 

. 0000 

• oooo 

. 0000 

.0000 

. 0001 

6 


.99 

.98 

• 97 

.96 

.35 

.94 

.93 

.92 

.91 

.90 

P R 


R 

P .11 

.12 

.13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 


0 

.2198 

.1898 

.1636 

. 14 Q 8 

.1209 

.1037 

• 0837 

.0758 

.0646 

.0550 

13 

1 

.3532 

.3364 

.3178 

.2979 

.27 74 

.2567 

.2562 

.2163 

.1970 

.1787 

12 

2 

.2619 

.2753 

,2849 

.2910 

.2937 

• 2934 

.2903 

.2848 

.2773 

.2680 

11 

3 

.1187 

. 13/6 

.1561 

.1737 

.1903 

.2049 

.2130 

.2293 

.2385 

.2457 

10 

4 

.0367 

. 0469 

.0583 

. 0707 

.0338 

.0 976 

.1116 

.1258 

.1399 

.1535 

9 

5 

.0082 

.0115 

.0157 

.0207 

.0266 

.0335 

.0412 

.0497 

.0591 

.0691 

8 

6 

.0013 

. QQ 21 

.0031 

.0045 

• 0063 

.0085 

.0112 

.0145 

.0185 

. 0230 

7 

7 

• 0002 

. 0003 


. 0007 

.0311 


.0023 

.0032 

.0043 

. 0058 

S 
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Table B-8 Binomial distribution (Continued) 


3 

. 0000 

. 0000 

.0001 

. 0001 

.0001 

.0002 

. 00 04 

.0005 

.0008 

. 3011 


5 

9 

.0000 

• 0 0 0 0 

.coco 

• 000 0 

.0000 

. 00 QQ 

. 0000 

• QOQl 

. 00 01 

. 0 00 2 


4 


.69 

.86 

.87 

.86 

.85 

.64 

.63 

-82 

.81 

. 80 

P 



R 

P .21 

.22 

.23 

.24 

.25 

.26 

.27 

.2 3 

.29 

.30 


Q 

.0467 

. 0396 

.0334 

. 0 282 

.0236 

.0200 

.0167 

. 014 C 

.0117 

.0097 

13 

1 

.1613 

.1450 

.1299 

.1159 

.1029 

. 0911 

. 0804 

. 0706 

.0619 

.'3 540 

12 

2 

.2573 

.2455 

.232 8 

.2195 

.2359 

.1921 

.1784 

.1648 

.1516 

.1388 

11 

S 

.2508 

.2539 

.2550 

. 2542 

.2517 

.2475 

.2419 

.2351 

.2271 

.2181 

10 

4 

.1667 

.1790 

,1904 

.2007 

.2397 

.2174 

.2237 

.2285 

.2319 

.2337 

9 

5 

.0797 

. 0909 

.1024 

. 1141 

.1258 

.1375 

.1459 

. 1600 

.1705 

. 1303 

6 

6 

.0283 

. 0342 

.0408 

. 0 480 

.0559 

.0644 

.0734 

.0829 

.0928 

.1030 

7 

7 

.0075 

. 0096 

.0122 

.0152 

.0183 

.0226 

.0272 

.0 323 

.0379 

. Q 442 

6 

e 

. 0015 

. 0020 

.0027 

, 0036 

.0347 

. 0060 

.00 75 

. 0094 

.0116 

. 3142 

5 

9 

. 00 02 

. 0003 

.0005 

.0006 

.3009 

.0012 

.0015 

.0020 

.0026 

.3 034 

4 

10 

.0000 

. OQOO 

.0001 

. 0001 

.0301 

. 0002 

.0002 

.0003 

-00 04 

. 0006 

3 

11 

.0000 

. QOOO 

.0000 

• 0 00 0 

.0030 

. 0000 

.0000 

.0000 

.0000 

. aoQi 

? 


.79 

.78 

.77 

.76 

.75 

.74 

.73 

.72 

.71 

.70 

P \ 


R 

P .31 

.32 

.33 

.34 

.35 

. 36 

.37 

.38 

.39 

.40 


0 

. 0080 

. 0066 

.0055 

. 0045 

.0337 

. 0030 

. 0025 

.0020 

.0016 

.0013 

13 

1 

• 0469 

. 0407 

.0351 

. 0302 

.0259 

.0 221 

.0158 

.0159 

.0135 

.0113 

12 

2 

.1265 

.1148 

.1037 

. 0933 

.0836 

.0 746 

.0663 

.0586 

.0516 

.0453 

11 

3 

.2084 

.1931 

.1874 

.1763 

.1651 

.1538 

.1427 

.1317 

.1210 

.1107 

10 

4 

.2341 

.2331 

.2307 

.2270 

.2222 

.2163 

-2095 

.2018 

.1934 

.1845 

9 

5 

.1893 

. 1974 

.2045 

.2105 

.2154 

.2190 

.2215 

.2227 

.2226 

.2214 

8 

6 

.1134 

.1239 

.1343 

.1446 

.1545 

.1643 

.1734 

.1820 

.1698 

.1968 

7 

7 

. 0510 

. 0583 

.0662 

,0745 

.03 33 

.0924 

. 1019 

.1115 

.1213 

. 1312 

5 

8 

. 0172 

. 0206 

.0244 

.0288 

.0335 

.0390 

. 0449 

.0513 

.0582 

.0 656 

5 

9 

. 0043 

. 0054 

.0067 

. 0 082 

.0101 

. 0122 

. 0146 

. 0175 

.020 7 

.0243 

4 

lU 

. 0006 

. 0010 

.0013 

.0017 

.03 22 

.0 027 

. 00 34 

. 0043 

.0053 

.0065 

3 

11 

. 0001 

. 000 1 

. 0002 

. 0002 

. 03 03 

. 0004 

. oooc 

. 0007 

. 00 0 9 

.0012 

2 

12 

. 000 0 

. 0000 

. 000 0 

.0000 

. 03 00 

.0000 

. 0001 

.QOOl 

.0001 

. 0001 

1 


.69 

.68 

.67 

.66 

.55 

.64 

.63 

.62 

.61 

. 60 

? R 


R 

P .41 

.42 

.43 

.44 

.45 

.46 

.47 

.48 

.49 

.50 


0 

. 0010 

. 0008 

.0007 

.0005 

.0004 

. 0 0 03 

. 0003 

.0002 

.0002 

. 0001 

13 

1 

. 0095 

. 0079 

.0066 

.0054 

.0045 

. 0037 

.0030 

.0024 

.0020 

.0016 

12 

2 

.6395 

. 0344 

.0298 

.0256 

.0 220 

.0188 

.0160 

.0135 

.0114 

. 0095 

11 

3 

.1007 

. 0913 

.0823 

.0739 

. 0 560 

.0587 

.0519 

.0457 

.0401 

.0 349 

10 

4 

.1750 

.1653 

.1553 

.1451 

.1350 

.1250 

.1151 

.1055 

.0962 

.0 873 

9 

5 

,2189 

. 2154 

.2108 

.2053 

.1989 

.1917 

.1838 

.1753 

.1664 

.1571 

3 

6 

,2029 

. 2080 

.2121 

.2151 

.2169 

.2177 

.2173 

.2158 

.2131 

.2095 

7 

7 

.1410 

.1506 

.1600 

.1690 

.17 75 

.1854 

.1927 

.1992 

.2048 

.2095 

6 

8 

.0735 

. 0818 

.0905 

.0996 

.1089 

.1185 

.1282 

.1379 

.1476 

.1571 

5 

9 

• 0284 

. 0329 

.0379 

.0435 

.0495 

.0561 

. 0631 

.0707 

.0788 

. 0373 

••+ 

10 

. 0079 

. 0095 

.0114 

.0137 

.0162 

.0191 

.0224 

.0261 

,0303 

.0349 

3 

11 

.0015 

. 0019 

. 0024 

. 0029 

.0335 

.0044 

.0054 

.0066 

.0079 

. 0 095 

2 

12 

.0002 

. 0002 

.0003 

• 0004 

.0005 

.0006 

.0008 

.0010 

.0013 

.0016 

1 

13 

. 0000 

. 000 0 

. 0000 

. 0000 

.0300 

.0000 

. 0001 

. 0001 

. 00 01 

. 0 001 

0 


-59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

.50 

p ^ 


R 

P .01 

.02 

. 03 

.04 

H = 

.35 

14 

.06 

.07 

.08 

.09 

. 10 


0 

. 8687 

. 7536 

.6528 

. 5647 

.4877 

.4205 

.3620 

.3112 

.2670 

.2288 


1 

.1229 

.215 3 

.2827 

.3294 

.3593 

.3758 

.3815 

,3788 

.36 98 

.3559 

13 

2 

.0061 

. 0286 

.0568 

.0 892 

.1229 

.1559 

.1867 

.2141 

.2377 

.2570 

12 

3 

. 0003 

. 0023 

.0070 

. 0149 

.0259 

.0393 

.0552 

.0745 

.0940 

.1142 

11 

4 

.0000 

. 0001 

.0006 

.0017 

. 03 37 

.0070 

.0116 

-0178 

.0256 

.0349 

10 

5 

. 0000 

. 0000 

.0000 

.0001 

.0004 

. 0009 

.0018 

.0031 

.0051 

.0078 

9 

6 

• OQOO 

. QOOO 

.0000 

. 0000 

. 00 00 

. 0001 

.0002 

.0004 

.0006 

.0 013 

3 

7 

. QOOO 

. 000 0 

.0000 

. 0000 

. 00 00 

. 0000 

.0000 

.QOOO 

.0001 

. 0 002 

7 


.99 

.98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 

P R 
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Table B-8 Binomial distribution (Contifiued) 


R 

P .11 

.12 

.13 

.14 

• 15 

.16 

.17 

.18 

.19 

. 20 


0 : 

.1956 

. 16/0 

.1423 

.1211 

.1323 

.0371 

.0736 

.0621 

.0523 

.3440 

14 

1 

.3385 

. 3188 

.2977 

.2759 

.2539 

.2322 

.2112 

.1910 

.1719 

.1539 

13 

2 

.2720 

. 2826 

.2892 

.2919 

.2912 

.2875 

.2811 

.2725 

.2620 

.2501 

12 

3 

.1345 

. 1542 

.1728 

.1901 

.2356 

.2190 

.2303 

.2393 

.2459 

.2501 

11 

L 

1-45 7 

.0578 

.0710 

.0351 

.0993 

.1147 

.1297 

*1444 

.1586 

.1720 

10 

5 

. G 113 

. 0158 

.0212 

.0277 

.0352 

. Q 437 

.0531 

.0634 

.0744 

,0860 

9 

6 

.0021 

. 0032 

.0048 

.0068 

.3093 

, 0125 

.0163 

.0209 

.0262 

. 0322 

3 

7 

.0003 

. 0005 

.0008 

.0013 

.0319 

.0327 

.0038 

.0052 

.0070 

. 3092 

7 

a 

.GQOQ 

. 00.01 

.0001 

. 0 002 

.03 33 

. 03 05 

.0007 

.0010 

.0014 

.0 020 

6 

9 

.00 0,0 

. 0000 

. 0000 

.0300 

-0330 

. 0301 

.0001 

.0001 

.0002 

. 0 003 

5 


.89 

. 88 

.87 

. 36 

.35 

.34 

.83 

.82 

.81 

. 80 

? 


R 

P .21 

.22 

.23 

-24 

.25 

.26 

,27 

.28 

.29 

.30 


0 

.0369 

.0309 

.0258 

.0214 

.3178 

.0148 

.0122 

.0101 

.00 83 

.0 068 

14 

1 

.1372 

. 1218 

.1077 

.0948 

.0932 

.0 726 

.0632 

.0548 

.0473 

.0407 

13 

2 

.2371 

.2234 

.2091 

.1946 

.1902 

.1659 

.1519 

.1385 

.1256 

.1134 

12 

3 

.2521 

.252 0 

.2499 

.2459 

.2402 

.2331 

.2248 

.2154 

.2052 

.1943 

ii 

4 

.1843 

. 1955 

.2052 

.2135 

.2202 

.2252 

.2236 

.2304 

.2305 

.2290 

10 

5 

.0980 

. 1103 

.1226 

.1348 

.1463 

.1583 

.1691 

.1792 

.18 83 

.1963 

9 

6 

.0391 

. 0466 

.0549 

.0639 

.0734 

.0 834 

.0938 

.1045 

.1153 

.1262 

8 

7 

.0119 

. 0150 

.0188 

.0231 

.0290 

.0335 

.0397 

.0464 

.0538 

.3618 

7 

8 

.0028 

. 0037 

.0049 

.0 064 

. 3392 

. 0103 

.0128 

.0158 

.0192 

.0232 

o 

9 

.00 05 

. 0007 

.0010 

.0013 

.0319 

. 0024 

. 0032 

. 0041 

.0052 

.0066 

5 

10 

.0001 

. 0001 

.0001 

.0002 

,33 33 

. 0004 

.0006 

. .0008 

.0011 

.0014 

4 

ii 

.0000 

. OOQQ 

.000 0 

.0000 

.0300 

. 0001 

.0001 

.0001 

.0002 

. 0002 

3 


.79 

,73 

.77 

.76 

.75 

. 74 

.73 

.72 

.71 

.70 

P R 


R 

P .31 

.32 

« 33 

.34 

.35 

. 36 

.37 

.33 

.39 

.40 


0 

. 0,0 55 

.0045 

.0037 

.0030 

.03 34 

.0019 

.0016 

.0012 

,0010 

• 0008 

14 

1 

. G 349 

.0298 

.0 253 

.0215 

.0131 

.0152 

.0128 

.0106 

.0088 

.0073 

13 

2 

.1015 

. 0911 

.0811 

.0 719 

.05 34 

.0557 

.0487 

.0424 

,0367 

.0317 

12 

i 

*1830 

.1715 

-1595 

. 1481 

.1555 

.1253 

.1144 

.1039 

.0940 

.0345 

ii 

4 

.2261 

.2219 

.2184 

. 2098 

.23 22 

. 1938 

.1348 

.1752 

.1652 

.1549 

iO 

5 

.2032 

.2988 

.2132 

.2161 

.2178 

. 2131 

• 2170 

.2147 

,2112 

.2066 

9 

6 

.1369 

. 14/4 

,1575 

.1670 

.1759 

.1840 

.1912 

.1974 

.2026 

,2066 

8 

7 

.0703 

. 0793 

.0 886 

. 0963 

.1332 

.1183 

.1233 

.1383 

.1480 

.1574 

7 

a 

.0276 

,0326 

.0382 

,0443 

.0513 

.0582 

.0559 

.0742 

,0828 

.0918 

6 

9 

. 0083 

. 0102 

.0125 

.0152 

.0133 

. 0218 

.0258 

.0303 

.0353 

.0408 

5 

10 

.0019 

. 0024 

.0031 

.0039 

.3 349 

.0061 

.0076 

.0093 

.0113 

.0136 

4 

11 

. 00,0 3 

. 0004 

.0006 

.0007 

.0310 

. 0013 

. 0016 

.0021 

.0026 

.0033 

3 

12 

. C 0 Q 3 

. aooG 

.con 

.0301 

.0331 

. 0002 

. 0002 

.0003 

. 0004 

.0005 

2 

13 

.0003 

. 000 0 

,GCCQ 

.0000 

• 0300 

• OQQO 

. 0000 

.000 0 

.0000 

.0001 

1 


.69 

.68 

.67 

.66 

.55 

.64 

,53 

.62 

.61 

.60 

P R 


R 

P .41 

.42 

.43 

.44 

• 45 

.46 

.47 

.48 

,49 

.50 


0 

. 0006 

. 0005 

,0004 

, 0003 

. 03 02 

. 0002 

.0091 

.0001 

. 0001 

.0001 

14 

1 

.0060 

. 0049 

. CC 4 C 

. 0033 

.0327 

.0021 

.0017 

.0014 

.0011 

.0009 

13 

2 

. C 272 

. 0233 

.0198 

.0158 

.0141 

. 0118 

.0099 

.0082 

.0068 

.0056 

12 

3 

.0757 

.0674 

.0 597 

.0 527 

.0452 

.0403 

.0350 

.0303 

.0260 

.0 222 

11 

4 

.1446 

. 1342 

.1279 

.1138 

.1343 

.0945 

.0854 

.0758 

.0687 

.0611 

10 

5 

.20 09 

.1943 

.1869 

,1788 

.1701 

.1610 

.1515 

.1416 

.1320 

.1222 

9 

6 

.20 94 

.2111 

.2115 

.2108 

.2038 

.2057 

.2015 

.1963 

.1902 

.1833 

8 

7 

.1663 

.1747 

.1824 

.1892 

.1952 

.2003 

.2043 

.2071 

.20 89 

.2095 

7 

8 

. 1011 

. 1107 

.1204 

.1301 

.1398 

.1493 

.1585 

.1673 

.1756 

.1833 

6 

9 

.0469 

. 0 53 4 

.0 605 

.0682 

.9752 

. 0848 

.0937 

.1030 

.1125 

.1222 

5 

10 

.0163 

,0193 

.0 228 

. 0,268 

.0512 

.0361 

.0415 

.0475 

.0540 

.0611 

4 

11 

. 00:41 

. 0051 

.0063 

.0076 

.9393 

. 0112 

.0134 

.0160 

.0189 

.0222 

3 

12 

. 0007 

. 0009 

.0012 

. 0015 

.9319 

.0024 

.0030 

.0037 

.0045 

.0056 

2 

13 

. 0001 

- 000 1 

.0001 

. 00 Q 2 

.0002 

• 0003 

.0004 

. 9005 

. 0007 

. 0009 

1 

14 

. 0000 

. 0000 

.0000 

. 00:00 

.0300 

.0009 

. 0000 

.0000 

, 0000 

.0001 

0 


.59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

.50 

P R 
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Table B-8 Binomial distribution (Continued) 

N = 15 


R 

P ,01 

.02 

. 03 

.04 

.35 

.06 

.07 

• 08 

.09 

.10 


Q 

. 8601 

.7386 

.6333 

.5421 

.4333 

.3953 

.3367 

.2863 

.2430 

.2059 

15 

1 

.1303 

.2261 

.2938 

.3388 

.3353 

.37 85 

.3801 

.3734 

.3605 

. 3432 

14 

2 

.0092 

.0323 

.0636 

.0986 

.1343 

.1691 

.2003 

.2272 

.2496 

.2669 

li 

3 

. 000 4 

.0029 

.0085 

.0178 

. 030 r 

.0465 

.0653 

.0857 

.1070 

.1285 

li 

% 

• 0000 

. 0002 

• 0008 

.0022 

.0049 

• 0090 

.0148 

• 0223 

.0317 

.0 428 

li 

5 

.0000 

• 0000 

.0001 

. 0002 

.0303 

.0013 

. 0024 

.0043 

.0069 

.0105 

10 

6 

.0000 

.0000 

.0000 

. 0300 

.0300 

. 0001 

.0003 

.0006 

.0011 

.0 019 

9 

7 

.0000 

. 0000 

.0000 

• 0000 

.0000 

• 0000 

. 0006 

.0001 

.0001 

.0003 

3 


.99 

.98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 

P ^ 


R 

P .11 

.12 

.13 

. 14 

.15 

.16 

.17 

.18 

.19 

.20 


0 

.1741 

.1470 

.1238 

.1041 

.0374 

.0731 

.0511 

. 0510 

.0424 

.0 352 

15 

1 

.3228 

^3006 

.2775 

.2542 

.2312 

.2090 

.1878 

.1676 

.1492 

.1319 

1 ^ 

2 

.2793 

.2870 

.2903 

.2897 

.2356 

.2787 

.2692 

.2578 

.2449 

.2309 

13 

3 

.1496 

.1696 

.1880 

. 2044 

.2134 

.2 300 

.2389 

.2452 

.2489 

.2501 

12 

4 

.0555 

. 0694 

.0843 

. 0998 

.1155 

. 1314 

.1468 

.1615 

.1752 

.1376 

11 

5 

.0151 

. 020 8 

.0277 

.0357 

.0449 

.0 551 

.0662 

. 0780 

.0904 

.1032 

10 

6 

. 0031 

. 0047 

.0069 

. 0097 

.0132 

.0175 

.0226 

.0285 

,0353 

.0430 

9 

7 

. 0005 

. 000 8 

.0013 

. 0020 

.0030 

.0 043 

.0059 

.0081 

.0107 

.0138 

3 

5 

• 0001 

. 000 1 

. 0002 

. 0003 

. 0305 

. 0008 

• 0012 

.0018 

.0025 

.0 035 

7 

9 

. 0000 

. QOOQ 

.0000 

. 000 0 

.0301 

• 0001 

. 0032 

.0003 

,0005 

.0007 

5 

.0 

. 0000 

. 0000 

.GOOD 

. 0000 

. 0003 

.0000 

.0000 

.0 000 

.0001 

.0001 

5 


.89 

.88 

. 87 

. 86 

.55 

. 84 

.33 

.82 

.81 

• 80 

P R 


R 

P .21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 


0 

. 0291 

. 0241 

.0198 

. 0163 

• 0134 

.0109 

. 0089 

. 0072 

.0059 

.0047 

15 

1 

. 1162 

. 1018 

.0869 

.0772 

.0563 

.0576 

.0494 

.0423 

.0360 

.0305 

14 

2 

. 2162 

. 2010 

.1858 

.1707 

.1559 

.1416 

.1250 

.1150 

.1029 

.0916 

13 

3 

. 2490 

. 2457 

.2405 

.2336 

.2252 

.2156 

.2051 

.1939 

.1621 

.1700 

12 

4 

.1986 

. 20/9 

.2155 

.2213 

.2252 

.2273 

.2276 

.2262 

.2231 

.2186 

11 

5 

.1161 

. 1290 

.1416 

.1537 

.1551 

.1757 

.1552 

.1935 

.2005 

.2061 

13 

6 

. 0514 

• 0606 

.0705 

.0309 

.0917 

.1029 

.1142 

. 1254 

.1365 

.1472 

9 

7 

. 0176 

. 0220 

.0271 

. 0329 

.0393 

.0 465 

.0543 

.0627 

.0717 

.0811 

3 

3 

. 0047 

. 0062 

.0 081 

.0104 

.0131 

.0163 

.0201 

.0244 

.0293 

.3343 

7 

9 

. 0010 

.0014 

.0019 

. 0025 

.0034 

.0045 

.0058 

.0074 

.00 93 

.0116 

6 

10 

. 0002 

. 0002 

. 0003 

. 0005 

.0307 

. 0009 

.0013 

.0017 

.0023 

.0 030 

5 

ii 

. 0000 

. QOUO 

.0000 

. 0001 

.0 3 01 

.0002 

.0002 

. 0003 

.00 04 

.0006 

4 

12 

. 0000 

.000 0 

.0000 

.0000 

.0300 

.0003 

.0000 

.0000 

.0001 

. 0001 

3 


.79 

. 78 

.77 

. 76 

.75 

.74 

.73 

.72 

.71 

.70 

P R 


R 

P -31 

,32 

.33 

.34 

,35 

.35 

.37 

.38 

.39 

.40 


g 

.0038 

. 0031 

.0 025 

.0020 

.0316 

.0012 

.0010 

.0008 

. 0006 

.0 005 

15 

1 

,0258 

.0217 

.0182 

.0152 

.0126 

.0104 

.0096 

.0071 

.0058 

.0047 

14 

2 

. 0811 

. 0715 

.0627 

.0547 

• 0 476 

.0411 

,0354 

.0303 

.0259 

.0219 

13 

3 

.1579 

. 1457 

.1338 

.1222 

.1110 

.1002 

.0901 

.0805 

.0716 

.0634 

12 

4 

.2128 

.2057 

.1977 

.1888 

.1792 

.1692 

.1537 

.1481 

.1374 

.1268 

It 

5 

.2103 

.2130 

.2142 

.2140 

.2123 

.2093 

,2051 

.1997 

.1933 

.1359 

13 

6 

.1575 

. 16/1 

,1759 

.1537 

.1906 

.1963 

.2008 

.2040 

.2059 

.2066 

9 

7 

.0910 

. 1011 

.1114 

.1217 

.1319 

.1419 

• 1515 

.1606 

,16 93 

.1771 

8 

8 

.0409 

. 0476 

.0549 

.0627 

.0710 

.0793 

.0890 

.0 985 

.1082 

.1181 

7 

9 

.0143 

.0174 

.0210 

. 0251 

.0293 

.0349 

.0407 

.0470 

• 0538 

.0612 

5 

10 

. 0038 

. 0049 

.0062 

. 0078 

.0396 

.0118 

.0143 

.0173 

.0206 

.0245 

5 

11 

.0008 

. OOll 

.0014 

. 0018 

.0324 

.0033 

.0038 

.0048 

.0060 

. a 074 

4 

12 

.0001 

. 0002 

. 0002 

.0003 

.0904 

.0006 

.0007 

.OQIC 

.0013 

-0016 

3 

13 

.0000 

. OOUQ 

.0000 

. 0000 

.0001 

• 0001 

.0001 

• 0001 

.3002 

. 0003 

2 

.69 

.68 

.67 

.66 

• 65 

.64 

.63 

.62 

.61 

.60 

P R 


532 


TABLES 


Table B-% Binomial distribution (Continued) 


R 

P .41 

.42 

.43 

.44 

.45 

.46 

,47 

.48 

.49 

.50 


a 

• €004 

.@003 

. CC 02 

,000 2 

.0301 

.0001 

.0001 

.0001 

.0000 

. 0000 

15 

1 

.0038 

. 0031 

.0025 

.0020 

.0015 

.0012 

.0010 

.0008 

.0006 

, 0005 

14 

2 

.0185 

.0156 

, C 130 

, Q 108 

.0090 

.0074 

,0080 

• 0049 

.0040 

.0032 

13 

3 

.0558 

.0489 

. G 426 

.0369 

.0318 

.0272 

.0232 

.0197 

.0166 

.0139 

12 


.1163 

.1061 

.0963 

.0869 

.0780 

.0696 

.0617 

.0545 

• 0478 

.0417 

11 

5 

.1778 

.1691 

,1598 

.1502 

.1404 

.1304 

.1204 

.1106 

.1010 

.0916 

10 

b 

,2060 

.2041 

.2010 

.1967 

.1914 

.1851 

.1780 

.1702 

.1617 

.1527 

9 

I 

,1840 

.1900 

,1949 

.1987 

.2013 

.20 28 

.2030 

.2020 

.1997 

.1964 

3 

8 

.1279 

.1376 

.1470 

,1561 

.1547 

.1727 

.1800 

.1864 

• 1919 

.1964 

7 

9 

.0691 

.0775 

.€863 

.0954 

.1048 

.1144 

.1241 

.1338 

.1434 

.1527 

6 

10 

,0288 

. 033 7 

.0790 

.0450 

.0515 

.0585 

.0661 

.0741 

.0827 

.0 916 

5 

ii 

.0091 

.0111 

.0134 

.0161 

.0191 

.0226 

.0266 

. 0311 

.0361 

.0417 

4 

12 

.0021 

.0027 

.0034 

.0042 

.0052 

.0064 

,0079 

.0096 

.0116 

.0139 

3 

13 

.’0003 

.00 0 4 

, CCC 6 

.000 6 

.0310 

.0013 

.0016 

.0020 

.0026 

.0032 

2 

14 

.0000 

.0000 

.COCl 

, 0001 

.0001 

.0002 

,0002 

. 0003 

.0004 

. 0305 

1 


.59 

.58 

.57 

.55 

.55 

.54 

,53 

.52 

.51 

.50 

P ^ 


M = 15 


R 

P .01 

• 02 

.03 

.34 

.35 

.06 

.07 

.03 

.09 

.10 


U 

.6515 

.7238 

.6143 

.520 4 

.4431 

.3 716 

.3131 

.2634 

.2211 

.1353 

16 

1 

.1376 

.2363 

.3040 

.3469 

.3705 

.3795 

.3771 

.3665 

.3499 

.3294 

15 

2 

.0104 

.0362 

. 0705 

.1084 

.1463 

.1317 

.2129 

.2390 

.2596 

.2745 

14 

3 

.0005 

,0034 

.0102 

.0211 

.0359 

.0541 

.0748 

.0970 

.1198 

.1423 

13 

4 

• 0000 

.0002 

.0010 

.0029 

.0361 

.0112 

.0133 

.0274 

.0385 

. 0514 

12 

5 

.0000 

. 0000 

.CCOl 

.0003 

,3303 

.0017 

.00 33 

.0057 

.0091 

.3137 

11 

6 

.0000 

. 0000 

.CQGQ 

.0000 

.0301 

.00 02 

, 0335 

. 0009 

.0017 

.0028 

10 

7 

,0000 

.QGOC 

. 0000 

.0000 

• 0330 

.QOQQ 

. 0030 

. 0001 

.0002 

.0004 

9 

a 

.0000 

.0000 

.0000 

.000 0 

.3303 

• 0000 

. 0300 

. 0000 

, 0000 

. 0001 

3 


.99 

.93 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 



R 

? .11 

.12 

.13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 


i 

.1550 

.1293 

.1077 

.0 395 

-3743 

.0614 

.0507 

.0418 

.0343 

.0281 

IS 

1 

.3065 

.2822 

.2575 

.2332 

.2397 

.1373 

.1862 

.1468 

.1289 

.1126 

15 

2 

.2841 

.2886 

.2886 

.2547 

.2775 

.2675 

.2554 

-2416 

.2267 

.2111 

14 

3 

.1638 

.1837 

.2013 

.2163 

.2235 

.2378 

.2441 

.2475 

.2482 

.2463 

13 

4 

.0658 

.0814 

.0977 

.1144 

.1311 

.1472 

,1525 

.1766 

.1892 

.2001 

12 

5 

.0195 

.0256 

,0751 

. 0447 

• a 555 

.0673 

.0799 

.0930 

.1065 

.1201 

11 

6 

.0044 

. 0067 

. CC 96 

.0133 

.0180 

.0235 

.0300 

.0374 

.0458 

.3550 

13 

7 

.0008 

.0013 

, CO?C 

. 0 031 

.0345 

.0064 

. 0038 

.0117 

.0153 

.0197 

9 

a 

.0001 

.00 02 

,0003 

.0306 

.0309 

.0014 

.0020 

.0029 

.0041 

.3055 

3 

9 

.OGOQ 

.0000 

. 0000 

. 0001 

.0301 

.0002 

. 0004 

. 0006 

.QCOS 

. 3012 

7 

10 

. 00:00 

. 0000 

.0000 

.0000 

.0303 

.0000 

.ooai 

. 0001 

.0001 

. 3002 

6 


.89 

.88 

.87 

.86 

. 55 

.34 

.33 

.82 

.81 

. 80 

^ R 


R 

P .21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 


a 

.0230 

.0188 

.0153 

.0124 

.0103 

.0081 

.0065 

. 305 ? 

.0042 

.0033 

16 

1 

.£979 

.0847 

,0730 

. 0626 

.0 535 

,0455 

,0335 

.0325 

.0273 

.3228 

15 

2 

.1952 

.1792 

,1636 

.1482 

.1335 

.1198 

.1068 

.0947 

.0635 

.0732 

14 

3 

.2421 

.2359 

.2279 

.2185 

.2373 

.1964 

.1843 

.1718 

.1591 

.1465 

13 

4 

.2092 

.2162 

.2212 

.2242 

.2252 

.2243 

.2215 

.2171 

.2112 

.2040 

12 

5 

.1334 

.1454 

.1566 

.1699 

.1332 

.1391 

.1956 

.2026 

.2071 

.2099 

11 

6 

.0650 

.0757 

.0869 

.0984 

.1101 

.1219 

.1333 

.1445 

,1551 

. 1649 

13 

7 

.0247 

.0305 

.0371 

.0444 

.0524 

.0611 

.0704 

. 0803 

.0905 

.1010 

9 

3 

.0074 

. 0097 

.0125 

.0158 

.3197 

.0242 

,0293 

. 0351 

,0416 

. 3487 

3 

9 

.0017 

. 0024 

.0033 

.0044 

. 3353 

.0075 

.0096 

.0121 

.0151 

.0185 

7 

10 

.0003 

.0005 

.0007 

• 0010 

.3314 

.0019 

.0025 

. 0033 

. QC 43 

. 0056 

6 

11 

. OOO'Q 

. 0001 

.0001 

. 0002 

.0302 

.0004 

. 00 05 

. 0007 

.0010 

.0013 

5 

12 

• CCOO 

. 0000 

.0000 

.0000 

. 030-3 

.0301 

. 0001 

. 0001 

, QG 02 

. 3002 



.79 

.78 

.77 

.75 

.75 

.74 

,73 

.72 

. 71 

. 70 

P R 
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Table B-8 Binomial distribution (Continued) 


R 

P .31 

.32 

.33 

.34 

.35 

• 36 

.37 

.38 

-39 

.40 


a 

.0026 

. 0021 

• CQ 16 

.0 013 

.QQta 

.0008 

.0006 

.0005 

.0004 

. 3003 

16 

t 

. 0190 

. 0157 

.0130 

.010 7 

.0 3 57 

.0071 

.0058 

.0047 

.0038 

.0030 

15 


.0639 

. 0555 

.0480 

.0413 

.0353 

.0301 

.0255 

.0215 

.0180 

.0150 

14 

3 

.1341 

. 1220 

.1103 

, 0992 

.0833 

.0 790 

.0699 

.0615 

.0538 

.0468 

13 

% 

.1958 

. 1865 

.1766 

. 1662 

.1555 

.1444 

.1333 

.1224 

.1118 

.1014 

12 

5 

.2111 

. 2107 

.2088 

. 2054 

.2003 

.1949 

.1879 

.1801 

.1715 

.1623 

11 

6 

.1739 

. 1818 

.1885 

. 1940 

.1332 

.2010 

.2024 

.2024 

.2010 

.1983 

10 

7 

.1116 

. 1222 

.1326 

. 1428 

.1524 

.1615 

.1698 

.1772 

.1636 

.1389 

9 

8 

.0564 

. 0647 

.0735 

.0 827 

.3923 

.1022 

.1122 

.1222 

.1320 

.1417 

d 

9 

.0225 

. 0271 

.0322 

, 0 379 

.0442 

.0511 

.0536 

.0666 

.0750 

.0840 

7 

IQ 

. 0071 

. 0089 

.0111 

.0137 

.0167 

.0201 

.0241 

.02 86 

.0336 

.0392 

6 

11 

.0017 

. 0023 

.0030 

. 0 038 

.03 49 

.0 062 

.0077 

.0095 

.0117 

.0142 

5 

12 

. 0003 

. 0004 

.0006 

. 0 008 

.0011 

.0014 

.0019 

.0 024 

.0031 

.0 040 

4 

13 

• 00 00 

. 0001 

.0001 

. 0001 

.0002 

. QQQ 3 

.0003 

.0005 

*0006 

.0003 

3 

14 

. OOQO 

. 000 0 

.GGQO 

. 0000 

. 0303 

. 0000 

.0000 

.0001 

.0001 

.0001 

2 


.69 

.63 

.67 

.66 

.65 

.64 

.63 

.62 

.61 

.60 

? R 


R 

P .41 

.42 

.43 

.44 

• 45 

.46 

.47 

.48 

.49 

.50 


a 

. 0002 

. 0002 

.0001 

.0001 

.03 01 

.0 001 

• 0000 

.0000 

.00 0 0 

.0000 

IS 

1 

. 0024 

. 0019 

.0015 

.0012 

. 03 09 

.0007 

.0006 

.0004 

.0003 

.0002 

15 

2 

.0125 

.0103 

.00 65 

.0069 

.03 56 

.0 046 

.0037 

.0 029 

.0023 

.0018 

14 

3 

. 0405 

. 0349 

.0299 

.0254 

.0215 

.0181 

.0151 

.0126 

.0104 

.0085 

13 

4 

. 0915 

- 0821 

,0732 

.0649 

.0572 

.0501 

.0436 

.0378 

-0325 

.0278 

12 

5 

.1526 

. 1426 

.1325 

.1224 

.1123 

.1024 

.0929 

.0837 

.0749 

.0667 

11 

6 

. 1944 

. 1894 

.1833 

.1762 

. 1684 

.16 00 

. 1510 

.1416 

.1319 

.1222 

10 

7 

.1930 

. 1959 

.1975 

. 1978 

,1969 

.1947 

.1912 

.1867 

.1811 

.1745 

9 

8 

.1509 

.1596 

.1676 

.1749 

,1312 

.1865 

.1908 

.1939 

.1958 

.1964 

3 

9 

. 0932 

. 1027 

.1124 

.1221 

.1318 

.1413 

.1504 

.1591 

.1672 

.1746 

7 

10 

. 0453 

. 0521 

.0594 

.0672 

.0755 

.0842 

.0934 

.1028 

.1124 

.1222 

6 

11 

. 0172 

. 0206 

.0244 

.0288 

.0337 

.0391 

.0452 

.0518 

.0589 

. 0667 

5 

12 

.0050 

. 0062 

.0077 

.0 094 

.3115 

.0139 

.0167 

.0199 

.0236 

.0278 

4 

13 

.0011 

.0014 

.0018 

. 0023 

.0329 

. 00 36 

.0046 

.0057 

.0070 

, 0065 

3 

14 

. 0002 

. 0002 

.0003 

. 0004 

.0305 

. 0007 

. 0009 

.0011 

.0014 

.0018 

2 

15 

. QQOQ 

. OQUQ 

. 0000 

.QQOQ 

.QOUl 

. 0001 

. 0001 

.0001 

.0002 

. 0002 

1 


.59 

.58 

.57 

. 56 

.55 

.54 

.53 

.52 

.51 

,50 

P R 


N = ir 


R 

P .01 

.02 

.03 

. 04 

.35 

• 06 

.07 

.08 

.09 

.10 


0 

.8429 

. 7093 

.5958 

.4996 

.4181 

.3493 

.2912 

.2423 

.2012 

.1668 

IT 

1 

.1447 

. 2461 

.3133 

.3539 

.3741 

.3790 

.3726 

.35 82 

.3383 

.3150 

16 

2 

.0117 

. 04 U 2 

.0775 

.1180 

.1575 

.1935 

.2244 

.2492 

.2677 

.2300 

15 

3 

. 0006 

. 0041 

.0120 

. 0246 

.0415 

.0613 

.0844 

.1083 

.1324 

.1556 

14 

4 

• 0000 

. 0003 

.0013 

. 0 036 

.0375 

.0138 

,0222 

.03 30 

.0458 

.0605 

13 

5 

.0000 

. 0 000 

.OCOl 

. 0004 

.0013 

.0023 

.0044 

.0075 

,0116 

.0175 

12 

6 

. 0000 

. 000 0 

. 0000 

. 0 000 

.0301 

.0003 

.0007 

.0013 

. 0023 

• 0339 

11 

7 

.0000 

. 000 0 

. 0000 

• 0000 

.0000 

• 0000 

.0001 

. 0002 

.00 04 

.000 7 

10 

8 

.0000 

. 000 0 

. 0000 

. 0 000 

.3000 

4 00 00 

.0000 

.0000 

. 0000 

• a 001 

9 


.99 

. 98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 

P R 


R 

P .11 

.12 

.13 

.14 

.15 

.16 

.17 

.13 

.19 

.20 


0 

.1379 

. 1138 

. 0937 

. 0770 

.0531 

.0516 

.0421 

.0 343 

.0278 

. 3225 

17 

1 

.2898 

. 2638 

.2381 

. 2131 

.13 93 

.1671 

.1466 

.1279 

.1109 

.0957 

16 

2 

.2865 

.2878 

.2846 

. 2775 

.2573 

.2547 

.2402 

.2245 

.2081 

.1914 

15 

3 

.1771 

. 1963 

.2126 

.2259 

.2359 

.2425 

.2460 

.2464 

.2441 

,2393 

14 

4 

. 0766 

. 0937 

.1112 

. 1287 

.1457 

.1617 

.1764 

.1893 

.2004 

.2393 

13 

5 

. 0246 

. 0332 

.0432 

. 0545 

.0563 

.0301 

.0 939 

.10 31 

.1222 

.1361 

12 

6 

. 0061 

. 0091 

.0129 

. 0177 

.0236 

.0305 

.038 5 

.0474 

.0573 

.3680 

11 

7 

. 0012 

. 0019 

.0030 

. 0045 

.00 65 

. 0 091 

.0124 

.0164 

.0211 

.0 267 

10 

8 

. 0002 

, 0003 

.0006 

. 0009 

.0314 

.0022 

.0032 

.0045 

.0 062 

. 3 084 

9 

9 

. 0000 

. 0000 

.0001 

. 0 002 

.00 03 

. 0 0 04 

.0006 

.0010 

.0015 

. 3 021 

3 

.0 

. 0000 

. 0000 

.0000 

. 0300 

.0000 

. 0 0 01 

. 0001 

.0002 

.0003 

.030 4 

7 

1 

• OOQO 

.QQOQ 

.0000 

, 0000 

.03 00 

.0000 

. 0000 

.0000 

.0000 

• 0 001 

6 

.89 

.88 

.87 

.86 

.35 

.84 

.83 

.82 

.81 

. 80 

P i 
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Table B-8 Binomial distribution (Continued) 


R 

P 

.21 

.22 

.23 

.24 

.25 

a 


.Cl 82 

.0146 

.0118 

.0094 

.0 375 

1 


.0822 

.0702 

.0597 

.0505 

• 0 426 

z 


• 1747 

.1584 

.1427 

.1277 

.1136 

3 


• 2322 

.2234 

.2131 

.2016 

. 15 93 

4 


.2161 

.2205 

.2228 

.222 8 

.2209 

5 


.14 93 

.1617 

.1730 

.1830 

.1914 

6 


.0794 

.0912 

.1034 

.1156 

.1276 

7 


.0332 

.0404 

.0485 

.0573 

.0668 

8 


. Clio 

.0143 

.0181 

.0226 

.0279 

9 


.00 29 

.0040 

.0054 

.0 071 

.0393 

IQ 


.00 06 

.0009 

.0013 

.0018 

.0 3 25 

11 


• QQOl 

.0002 

.0002 

.0004 

.0305 

12 


• 00 00 

• QQQO 

.0000 

.0001 

.0301 

13 


. 0000 
.79 

.0600 

.78 

.8000 

.77 

• 0000 
.76 

.0300 

.75 

R 

P 

.31 

.32 

.33 

.34 

.35 

0 


• 0018 

.0014 

.0011 

. 0009 

.03 07 

1 


• 0139 

.0114 

.0 093 

.0075 

.3360 

2 


• C 5 QQ 

. 0428 

.0364 

.0309 

.0260 

3 


• 1123 

.1007 

.0898 

.0795 

.0701 

4 


.1766 

. 1659 

.1547 

.1434 

.1323 

5 


.2063 

.2030 

.1982 

.1921 

.1849 

6 


.1854 

.1910 

.1952 

.1979 

.1991 

7 


.1309 

.1413 

.1511 

.1602 

.1635 

d 


.0735 

.0831 

.0930 

.1032 

.1134 

9 


*0330 

.0391 

.0458 

.0531 

.0511 

10 


.0119 

.0147 

.0181 

.0219 

.0263 

11 


• 0034 

• 0044 

.0057 

.0072 

.03 93 

12 


.0008 

. 0010 

.0014 

.0018 

.0324 

13 


.0001 

.0002 

.0003 

.0004 

.3335 

14 


.0000 

. 0000 

.0000 

.0001 

.3001 

15 


.0000 

.69 

. 0 00 Q 
.68 

• 0000 
.67 

.0000 
. 66 

.3300 

.65 

R 

P 

.41 

.42 

.43 

.44 

.45 

0 


.0801 

.0001 

.0001 

.0001 

.3303 

1 


.0815 

. 0012 

.0009 

.0007 

.0335 

2 


.0884 

. 0068 

.0055 

.0044 

. 3335 

3 


.0290 

.0246 

.0207 

.0173 

.0144 

4 


.0706 

• 0622 

.0546 

.0475 

.0411 

5 


.1276 

.1172 

.1070 

.0971 

.0375 

6 


.1773 

.1697 

.1614 

.1525 

.1432 

7 


.1936 

.1932 

.1914 

.1883 

.1341 

8 


.1682 

.1748 

.1805 

.1850 

.1333 

9 


.1169 

.1266 

.1361 

. 1453 

.1543 

IQ. 


.0650 

.0733 

.0822 

.0914 

.1303 

11 


.0287 

.0338 

.0394 

.0457 

.0525 

12 


.0100 

.0122 

.0149 

.0179 

.0215 

13 


.0027 

• 003 4 

.0043 

.0054 

.0368 

14 


.0005 

.0007 

.0 009 

.0012 

.0316 

15 


.0001 

• 0001 

.0001 

.0002 

.0303 

16 


• OQOO 

.59 

. 000 0 
.58 

.0000 
. 57 

• 0000 
.56 

. 0300 
• 5 5 

R 

P 

.01 

.02 

.03 

.04 

.35 

0 


.8345 

.6951 

.5780 

. 4796 

.3972 


.26 

.27 

.2 8 

.29 

.30 


.0060 

.0047 

.00 38 

.0030 

.0023 

17 

.0357 

.0299 

.0246 

.0206 

. a 16 9 

16 

.1005 

.0 383 

.0772 

.0672 

.3 581 

15 

.1765 

.1534 

.1502 

.1372 

.1245 

14 

.2170 

.2115 

.2044 

.1961 

.1863 

13 

.1982 

.2033 

.2067 

.20 83 

.2381 

12 

. 1393 

.1504 

.1608 

. 1701 

.1784 

11 

.0769 

.0874 

.0982 

.1092 

. 1201 

10 

.0333 

.0404 

.0478 

.0558 

.0644 

9 

.0119 

.0150 

.0186 

.0228 

. 0276 

3 

.0033 

.0044 

.0058 

.0074 

.0395 

7 

.0007 

.0010 

.0014 

.0019 

.0026 

6 

.0001 

.0002 

. 0003 

. 0004 

. 0306 

5 

• OQQQ 

.0000 

. 0000 

.0001 

.3001 

4 

.74 

.73 

.72 

.71 

.70 

P R 


.36 

• 37 

.33 

.39 

.40 


,0005 

.0004 

.0003 

.0002 

.0002 

17 

• 0048 

.0039 

.0031 

.0024 

.0019 

16 

.0218 

.0182 

.0151 

.0125 

.0102 

15 

.0614 

.0534 

.0463 

.0398 

.0341 

14 

.1208 

.1099 

.0993 

.0692 

.0796 

13 

.1767 

.1677 

.1582 

.14 82 

.1379 

12 

.1988 

.1970 

.1939 

.1895 

.1839 

11 

.1757 

.1818 

.1868 

.1904 

.1927 

19 

.1235 

.1335 

.1431 

.1521 

.1606 

9 

.0695 

.0734 

.0877 

.0973 

.1070 

3 

.0313 

.0368 

.0430 

.0498 

.0571 

7 

.0112 

.0133 

.0168 

.0202 

.3242 

6 

.0031 

• 0040 

.0051 

.00 65 

. 0081 

5 

.0007 

• 0009 

.0012 

.0016 

.0021 

4 

.0001 

.0002 

.0002 

.0003 

. 0 004 

J 

.0000 

.0000 

.0000 

.0000 

.0001 

2 

.64 

.63 

.62 

.61 

.50 

^ R 


.45 

.47 

.48 

.49 

.50 


.0000 

.0000 

.0000 

• 00 00 

. 0000 

17 

.0004 

.0003 

.0002 

.0002 

. 0001 

16 

.0023 

.0022 

.0017 

.0013 

.0010 

15 

.0119 

.0097 

.0079 

.0064 

.0052 

14 

.0354 

.0302 

.0257 

.0217 

.0182 

13 

.0734 

.0697 

.0616 

.0541 

. 0472 

12 

.1335 

.1237 

.1138 

.1040 

.0944 

11 

.1737 

.1723 

.1650 

.1570 

.1484 

10 

.1903 

.1910 

.1904 

.1886 

. 1355 

9 

.1621 

.1594 

.1758 

.1812 

.1855 

5 

.1105 

.1202 

.1296 

.1393 

. 1484 

7 

.0599 

.0678 

.0763 

.0651 

.0944 

S 

.0255 

.0 301 

.0352 

.0409 

. 0472 

5 

.0034 

.0103 

.0125 

.0151 

. 0182 

4 

.0020 

. 0026 

.0033 

.0041 

.0052 

5 

.0003 

. 0095 

.0006 

.0008 

.0010 

2 

• OOQQ 

.0001 

.0001 

.30 01 

. 0001 

1 

.54 

.53 

.52 

.51 

.50 



18 



.06 .07 .08 .09 

3283 .2793 .2229 .1831 

.10 

.1501 
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Talsle B-8 Binomial distribution CContlnued) 


1 

.1517 

. 2554 

.3217 

.3597 

.3763 

.3772 

.3669 

.3489 

.3260 

.3002 

17 

2 

. C 130 

. 0443 

.0846 

.1274 

.1583 

-2047 

.2348 

.2579 

• 2741 

• 2835 

16 

3 

. C 0 Q 7 

. 0048 

.0140 

. 0283 

.04 73 

. 0697 

.0942 

.1196 

.1446 

.1680 

i > 

4 

. 0000 

. 0004 

.0016 

• 0 044 

.0393 

.0167 

.0266 

-0390 

.0536 

.0700 

14 

5 

. 0000 

. 0000 

. 0001 

. 0 005 

.0 014 

.0030 

.0056 

.0095 

.0148 

.0218 

13 

6 

. 0000 

• OQUQ 

.0000 

. 0000 

.0302 

. 0004 

.0009 

.0018 

.0032 

.0052 

12 

T 

. 0000 

. 0000 

.OOQO 

. 0 000 

• 0000 

.0000 

• 0001 

• 0003 

• QQQ 5 

.0010 

il 

3 

. cood 

.0000 

. 0000 

. 0 000 

.0003 

. 0000 

• OOQO 

. 0000 

.0001 

.0002 

13 


.99 

.98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 

P 


R 

P .11 

.12 

• 13 

.14 

.15 

.16 

.17 

.13 

.19 

.20 


0 

.1227 

. 1002 

.0815 

. 0662 

.0533 

.0434 

.0349 

.0281 

.0225 

.0180 

18 

1 

.2731 

. 2458 

.2193 

.1940 

.17 04 

.1486 

. 1288 

.1110 

.0951 

.0 811 

17 

2 

.2869 

. 2850 

.2785 

.2685 

.2555 

.2407 

.2243 

.2071 

.1897 

.1723 

IS 

3 

.1891 

.2072 

.2220 

.2331 

.2406 

.2445 

.2450 

.2425 

.2373 

.2297 

15 

4 

.0877 

. 1060 

.1244 

. 1423 

.1592 

.1746 

.1882 

.1996 

.2087 

.2153 

14 

5 

.0303 

. 0405 

.0520 

. 0649 

.0787 

.0931 

.1079 

.1227 

.1371 

.1507 

13 

6 

.0081 

. 0120 

.0168 

. 0229 

.0301 

. 0384 

.0479 

.0584 

.0697 

.0816 

12 

7 

. 0017 

. 0028 

.0043 

. 0064 

.0091 

.0126 

.0168 

.0220 

.0280 

.0350 

11 

8 

. 0003 

. 0005 

.0009 

. 0014 

.0022 

.0033 

.0047 

.0066 

.0090 

.0120 

10 

9 

. 0000 

. 0001 

.0001 

. 0003 

.0004 

. 0007 

. 0011 

.0016 

.0024 

. 0 033 

9 

10 

. 0000 

. 000 0 

.0000 

. 0000 

. 0001 

. 0001 

. 0002 

. 0003 

.0005 

. 0 00 3 

3 

11 

. 0000 

. 000 0 

.0000 

. 0000 

.0300 

. 0000 

• QOOO 

. OOOl 

.0001 

.0 001 

7 


.89 

.88 

. 87 

. 86 

.35 

.84 

.83 

.82 

.81 

.80 

P R 



P 

.21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

.29 

.30 


0 


. 0144 

. 0114 

.0091 

. 0072 

.0356 

. 0044 

. 0035 

. 0027 

. 0021 

. 0 016 

13 

1 


. C 687 

. 0580 

.0487 

.0407 

.0333 

. 0280 

.0231 

.0189 

.0155 

.0126 

17 

2 


.1553 

. 1390 

.1236 

.1092 

.0958 

.0836 

.0725 

.0626 

.0537 

.0458 

16 

3 


.2202 

.2091 

.1969 

.1839 

.1704 

.1567 

.1431 

.1296 

.1169 

.1046 

15 

4 


.2195 

. 2212 

.2205 

.2177 

.2130 

.2065 

.1935 

.1892 

.1790 

.1681 

14 

5 


.1634 

. 1747 

.1845 

.1925 

.1933 

.2031 

.2055 

.2061 

.2048 

.2017 

13 

6 


. 0941 

.1067 

.1194 

.1317 

.1435 

.1546 

.1647 

.1736 

.1812 

.1873 

12 

7 


. 0429 

. 0516 

.0611 

.0713 

.0520 

.0931 

• 1044 

.1157 

.1269 

.1376 

11 

8 


.0157 

. 0200 

, 0251 

.0310 

.0375 

. 0450 

.0531 

.0619 

.0713 

.0811 

10 

9 


. 0046 

. 0063 

. 0083 

.0109 

.0139 

.0176 

.0218 

.0267 

.0323 

.0 386 

9 

10 


. 0011 

.0016 

. 0022 

. 0031 

.0042 

. 0 0 56 

. 0073 

.00 94 

.0119 

.0149 

3 

11 


. 0002 

. 0 003 

. 0005 

. 0007 

.0310 

.0014 

.0020 

.0026 

.0035 

.0046 

7 

12 


. 0000 

. 0001 

. 0 001 

. 0001 

.0002 

.0003 

.0004 

.00 06 

.0008 

. 0012 

6 

13 


. 0000 

. 000 0 

. 0000 

. 0 000 

.0300 

. 0000 

. 0001 

.0001 

.0002 

. 0002 

5 



-79 

.78 

.77 

. 76 

.75 

. 74 

.73 

.72 

.71 

.70 

? ^2 


R 

P 

.31 

.32 

.33 

.34 

.35 

.36 

.37 

.38 

.39 

.40 


0 


.0013 

. QQIO 

.0007 

. 0006 

. 00 04 

. 0003 

. 0002 

.0002 

.0001 

.0001 

13 

1 


.0102 

. 0082 

. 0066 

.0052 

.0342 

.0033 

.0026 

.0020 

.0016 

.0 012 

17 

2 


. 0388 

. 0327 

.0275 

.0229 

.0190 

.0157 

.0129 

• 0105 

• 0066 

.0 069 

IS 

3 


. 0930 

. 0822 

.0722 

. 0630 

.0547 

.0471 

.0404 

.0344 

.0292 

.0246 

15 

4 


.1567 

.1450 

.1333 

. 1217 

.1104 

.0994 

• 0890 

.0791 

. 0699 

.0614 

14 

5 


.1971 

. 1911 

.1836 

. 1755 

.1664 

.1566 

.1463 

.1358 

.1252 

.1146 

13 

6 


.1919 

.1948 

.1962 

.1959 

.1941 

.1908 

.1862 

.1803 

.1734 

.1655 

12 

7 


.1478 

. 1572 

.1656 

.1730 

.17 92 

.1840 

.1875 

.1895 

.1900 

.1892 

It 

8 


. 0913 

. 1017 

.1122 

. 1226 

.1527 

.1423 

. 1514 

.1597 

.1671 

.1734 

10 

9 


. 0456 

. 0532 

.0614 

. 0701 

.07 94 

• 0890 

.0938 

.1087 

.1187 

.1284 

9 

iu 


.0184 

. 0225 

.0272 

. 0325 

. 03 35 

.0450 

. 0522 

. Q&QC 

. 0685 

.0771 

a 

11 


. 0060 

. 0077 

. 0 097 

. 0122 

.0151 

.0184 

.0223 

.0267 

.0318 

.0374 

7 

12 


. 0016 

. 0021 

. 0 028 

. 0037 

.0047 

.0060 

.0076 

.00 96 

.0116 

.0145 

6 

13 


. 00 03 

. 0005 

. 0 006 

. 00 09 

.0012 

.0016 

.0021 

.0027 

.0035 

. 0045 

5 

14 


. 0001 

. 0001 

. 0 001 

. 0002 

.0302 

• 00 03 

.0004 

. 00 06 

. Q 0 Q 8 

.0011 

4 

15 


. 0000 

. 0000 

. 0000 

. 0000 

.0000 

. 00 00 

.0001 

• 0001 

.0001 

.0002 

3 


.69 

.68 

.67 

.66 

.55 

.64 

.63 

.62 

.61 

.60 

P R 
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Table B-8 Binomial distribution (Continued) 


R 

P .41 

.42 

.43 

• 44 

.45 

• 46 

.47 

.48 

.49 

.50 


Q 

.0001 

.0001 

.1000 

.0300 

.0 300 

.0300 

.0000 

. 0000 

. 0000 

. JOQO 

13 

1 

.00 09 

.0,00 7 

.0005 

.0004 

.3303 

.0002 

. 0002 

. 0001 

.0001 

. 0001 

17 

2 

.1055 

. 0044 

. 0 0,35 

.0028 

.0322 

.0017 

.0013 

• OOiC 

.00 0 8 

. 3006 

15 

3 

.0206 

• 1171 

.0141 

.0116 

.0395 

.0377 

.0052 

.0 050 

.0039 

.0031 

15 

4 

.0536 

. 0464 

.0400 

. 0342 

.0291 

.0246 

.0206 

.0172 

.0142 

.0117 


5 

• ±0%2 

.0941 

.0844 

.0753 

a 0 S&S 

.0586 

.0512 

.0444 

.0382 

.0327 

li 

6 

.1569 

.14/7 

.1380 

.1281 

.list 

.10 81 

.0983 

.0887 

.0796 

.0708 

12 

7 

• 1869 

.1833 

.1765 

.1726 

.1557 

.1579 

.1494 

.1404 

.1310 

.1214 

11 

8 

.1786 

.182 5 

.1852 

. 1864 

.1354 

.1850 

.1822 

.1782 

.1731 

.1669 

10 

9 

.1379 

.1469 

.1552 

.1628 

.1594 

.1751 

.1795 

.1828 

.1848 

.1855 

9 

li 

.0862 

.1957 

.1054 

.1151 

.1243 

.1342 

.1433 

.1519 

.1598 

.1669 

3 

11 

• 0436 

.050'4 

.0578 

.0658 

.3742 

.0831 

.0924 

.1020 

.1117 

.1214 

7 

12 

..0177 

.0,213 

.1254 

.0 301 

.0354 

.0413 

.0478 

.0549 

.0626 

.0708 

6 

13 

• 0157 

.1071 

.1089 

.0109 

.0134 

.0162 

.0196 

.0234 

.0278 

.0327 

5 

1% 

.0014 

,. 0018 

.0024 

.0031 

.0339 

.0049 

.0062 

.0077 

.0095 

.0117 

4 

15 

• OOS3 

.1004 

.0005 

.0 006 

.0309 

.0011 

.0015 

.0019 

.0024 

.0031 

3 

IS 

.00 00 

.00^0:0 

.0101 

.0001 

.0331 

.0002 

.0002 

• 0003 

.0004 

. 0 006 

2 

17 

.80 00 

.0000 

.1000 

.0300 

.0303 

. 0300 

.0000 

.0000 

.QCQQ 

. 0001 

1 


.59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

.50 

P ^ 


M = 19 


R 

P 

.01 

.02 

.03 

.04 

.05 

• 06 

.07 

.08 

.09 

.10 



a . 


. 6262 

.6812 

.5606 

.4604 

.3774 

.3086 

.2519 

.2051 

.1666 

.1351 


19 

1 


.1586 

.2642 

.3294 

.3645 

.3774 

.3743 

.3602 

.3389 

.3131 

.2852 


13 

2 


.0144 

.0435 

.0917 

.1367 

.1737 

.2150 

.2440 

.2652 

.2787 

.2352 


17 

3 


.0008 

• Q 056 

.0161 

.0323 

.0533 

.0773 

.1041 

.1307 

.1562 

.1796 


15 

4 


.0000 

.8005 

.0020 

. 0 054 

.0112 

.0199 

.0313 

.0455 

.0618 

.0798 


15 

5 


.QQOO 

• QQOO 

.0002 

.0307 

.0313 

.8338 

.0971 

.0119 

.0183 

.3 266 


14 

6 


• QOOO 

. 0000 

.0000 

.0801 

.0802 

.0006 

.0012 

.0024 

.0042 

.0 069 


13 

7 


.00 00 

.8000 

.0000 

• 0000 

• 0800 

.0001 

. 0032 

.0004 

.0008 

.0014 


12 

8 


*0000 

. 0000 

.CCOQ 

.0 30 0 

.3833 

. 0000 

. 0300 

.0091 

.0001 

. 0802 


11 



.99 

» 98 

.97 

.96 

.95 

.94 

.93 

.92 

.91 

. 90 

3 


R 

P 

.11 

.12 

.13 

.14 

.15 

.16 

.17 

.15 

.19 

.20 



s 


.1092 

.8881 

.0709 

.0569 

. 345 S 

.0364 

.0290 

.0230 

.0162 

.3144 


19 

1 


.2565 

.2284 

.2014 

.1761 

.1529 

.1313 

.1129 

.0961 

.0613 

.0685 


13 

2 


.2854 

.2803 

.2708 

.2551 

.2425 

.2259 

.2081 

.1898 

.1717 

.1540 


1 / 

3 


• 1999 

.2166 

.2293 

.2381 

.2423 

.2439 

.2415 

.2361 

.2262 

.2182 


15 

4 


.§988 

.1181 

.1371 

.1550 

.1714 

,1853 

.1979 

.2073 

.2141 

.2132 


15 

5 


.0366 

.048 3 

.0614 

. 0757 

. 098 / 

.1062 

.1216 

.1365 

.1507 

• 1636 


14 

6 


.§106 

. 0154 

.0214 

.0255 

.8374 

.0472 

.0551 

.9699 

.0825 

. 3955 


15 

7 


.0824 

.0039 

.0059 

.0057 

.8122 

.0167 

.0221 

.0285 

.0359 

.0443 


12 

8 


.,0084 

. 0008 

.0013 

.0021 

.3332 

.0043 

. 0058 

.0094 

.0126 

.3166 


11 

9 


.0001 

.0001 

.0002 

.0804 

.0807 

.0011 

.0017 

.0025 

.0036 

. 0851 


la 

IB 


.,§ 080 ' 

. 8000 

.0000 

.0001 

.0881 

. 0002 

. 0903 

.0006 

.0009 

.3 013 


9 

11 


.0000 

.0000 

.0000 

.0000 

.0800 

. 0008 

. 0001 

.0001 

. 00 02 

. 0 803 


8 



.89 

.88 

.87 

. 36 

.35 

.54 

.53 

.82 

.61 

. 80 

3 


R 

P 

.21 

.22 

.23 

.24 

• 25 

.26 

.27 

.28 

.29 

.30 



a 


.0113 

. 0089 

.,0070 

.0854 

.0042 

.0033 

. 0925 

• 0019 

.0015 

.0811 


19 

1 


.0573 

.8477 

.0396 

.0326 

.0253 

.0219 

.0178 

.0144 

.9116 

. 0093 


18 

2 


.1371 

.1212 

.1064 

.8927 

.0333 

.0692 

.0592 

.0503 

.0426 

.0358 


17 

3 


.2065 

• 1937 

.1800 

.1659 

.1517 

.1377 

.1240 

.1109 

.0985 

. 0869 


15 

4 


.2196 

.2185 

.2151 

.2396 

.2323 

.1935 

.1835 

.1726 

.1610 

. 1491 


15 

5 


.1751 

.1849 

.1928 

.1986 

.2823 

.2840 

.20 36 

.2013 

.1973 

. 1916 


14 

b 


.1086 

.1217 

.1343 

.1453 

.1574 

.15 72 

.1757 

.1827 

.1880 

. 1916 


13 

7 


.0536 

.0637 

.0 745 

.0 858 

.0974 

.1091 

.1297 

.1320 

.1426 

.1525 


12 

6 


-0214 

.027 0 

.0 334 

.040 6 

.0487 

.0575 

.0670 

.0770 

.0674 

. 0381 


11 

9 


.0069 

.8093 

.0122 

.0157 

.3198 

.0247 

.0303 

.0366 

.0436 

.0514 


10 

10 


.8018 

.0026 

.0 036 

. 0,050 

*0356 

.0037 

.0112 

.0142 

.0178 

.0220 


9 

11 


.0004 

.0005 

,.0009 

.0313 

.9313 

.0 025 

.0034 

.0045 

• 0060 

. 0077 


3 

12 


.0001 

.3001 

.0002 

.0003 

.0304 

.00 05 

.0008 

.0012 

.0016 

.0022 


7 

13 


• Q 080 

• 8000 

.0000 

• 08 QQ 

.3301 

.0001 

. 0002 

.0002 

. 0004 

. 0005 


5 

14 


.0080 

.8000 

.0000 

• 0000 

.0800 

.0089 

.00 90 

• 0000 

. 0001 

. 0001 


5 



.79 

.78 

.77 

.76 , 

.75 

.74 

.73 

.72 

.71 

.70 

? 
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Table B-8 Binomial distribution (Continued) 


R 

P .31 

,32 

.33 

.34 

.35 

.36 

.37 

.38 

.39 

.40 


0 

. 0009 

. 000 7 

.0005 

. 0004 

.0003 

.0002 

. 0002 

.0001 

.00 01 

. 0001 

19 

1 

• 0074 

. 0059 

.0 046 

. 0 036 

.0329 

.0022 

.0017 

,0013 

.0010 

.0003 

18 

2 

, 0299 

. 0249 

.0 206 

. 0169 

.0138 

.0112 

.0091 

.0073 

.0 05 8 

.0 046 

17 

3 

.0762 

. 066 4 

.0574 

. 0 494 

.0422 

.0358 

.0302 

.0253 

.0211 

.0175 

16 

4 

.1370 

. 1249 

.1131 

.1017 

• 0909 

. 0 806 

.0710 

.0621 

.0540 

.0467 

15 

5 

.1646 

.176 4 

.1672 

.1572 

.1463 

.1360 

.1251 

.1143 

.1036 

,0 933 

14 

6 

.1935 

.1936 

.1921 

. 1890 

.1344 

.1785 

.1714 

.1634 

.1546 

.1451 

13 

7 

.1615 

.1692 

.1757 

.1808 

.1344 

.1365 

.1870 

.1860 

.1835 

.1797 

12 

a 

. 1088 

. 1195 

.1298 

.1397 

.1489 

.1573 

.1647 

.1710 

.1760 

.1797 

11 

9 

.0597 

.0687 

.0782 

. 0 880 

.0980 

.1082 

.1182 

.1281 

.1375 

.1464 

10 

10 

.0268 

.0323 

.0385 

.0453 

.0528 

.0608 

.0694 

.0785 

.0679 

.0976 

9 

11 

. 00 99 

. 0124 

.0155 

.0191 

.0233 

.0280 

.0334 

. 0394 

.0460 

.0 532 

8 

12 

. 0030 

, 0039 

.0051 

.0066 

.0383 

. 0105 

.0131 

.0161 

. 0196 

.0237 

7 

13 

. 0007 

. 0010 

.0014 

.0018 

.0024 

.0032 

. 0041 

. 0053 

.0068 

.0 085 

6 

14 

. QOQl 

. 0002 

.0003 

.0004 

• 00 06 

.0008 

.0010 

.0014 

.0018 

.0 024 

5 

15 

. 00 00 

. OQQO 

.0000 

. 0001 

.0001 

.0001 

. 00 02 

.0003 

. GO 04 

.0005 

4 

16 

. 0000 

. 0000 

. 0000 

.0000 

.0303 

.0000 

.0000 

.0000 

.0001 

.0 001 

3 


.69 

.68 

,67 

.66 

.65 

• 64 

.63 

.62 

.61 

.60 

P 

R 

P .41 

.42 

.43 

. 44 

,45 

.46 

.47 

.43 

-49 

.50 


1 

. 0006 

. 0004 

.0003 

. 0002 

.0302 

.0 001 

.0001 

. 0001 

.00 01 

.0000 

18 

2 

. 0037 

. 0029 

.0022 

.0017 

.0313 

.0010 

.0008 

.0006 

.0004 

. 0003 

17 

3 

.0144 

.0118 

.0096 

. 0077 

.0362 

.0049 

.0039 

.0031 

.0024 

.0018 

16 

4 

. 0400 

.0341 

.0289 

.0 243 

.0203 

.0168 

.0138 

.0113 

.00 92 

• 0074 

15 

5 

.0834 

. 0741 

.0653 

. 0572 

• 0497 

.0429 

.0368 

.0313 

.0265 

.0222 

14 

6 

.1353 

.1252 

.1150 

.1049 

.0 949 

.0 853 

.0761 

.0674 

.0593 

.0518 

13 

/ 

.1746 

.1683 

.1611 

.1530 

.1443 

.1350 

.1254 

.1156 

.1058 

.0961 

12 

8 

.1820 

.1829 

.1823 

.1803 

.1771 

.1725 

.1668 

.1601 

• 1525 

.1442 

11 

9 

.1546 

.1618 

.1681 

.1732 

.1771 

.1796 

.1808 

.1806 

.1791 

.1762 

10 

10 

.1074 

.1172 

.1268 

.1361 

.1449 

.1530 

.1603 

.1667 

.1721 
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Table B-S Binomial distribution (Continued) 
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Taisle B-8 Binomial distribution CContinuod) 
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.0432 

.0540 

.0655 

• 0771 

. 0£82 

.0983 

33 

18 


. 0060 

. 0093 

.0177 

.0193 

.0264 

. 03 48 

.0444 

.0550 

.0661 

. 0772 

32 

19 


. 0027 

. 0044 

.0069 

.0103 

.0148 


.0277 

.0360 

.04 54 

.0558 

31 
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Table B-8 Bitiomiai distribution (Continued) 


20 

.0011 

.0019 

.0 032 

.0050 

,0377 

.0112 

.0159 

.0217 

.02 88 

. 0370 

33 

21 

.0004 

. 000 8 

.0014 

.0023 

.0 335 

.0056 

.0084 

.0121 

.0168 

.0227 

29 

22 

.0001 

• 000 3 

.0005 

.0009 

.0 016 

.0026 

.0041 

.0062 

. 0 G 90 

. 0128 

28 

23 

.0000 

. 0001 

.0002 

.0004 

.0005 

.0011 

.0018 

.0029 

, 0 C 45 

.0067 

27 

2 % 

.00 00 

. 000 0 

.0001 

.0001 

.0032 

. 0004 

.QQOS 

.0013 

.0021 

, 0032 

2 o 

25 

.0000 

.000 0 

.000 0 

.0000 

. 0301 

.0002 

.0033 

.0005 

. 00 09 

,0014 

25 

26 

• 0000 

.0000 

.0000 

.000 0 

. 0 330 

.0001 

.0031 

.0002 

.00 03 

. 0006 

24 

Z1 

.0000 

. 0000 

.0000 

• OOQG 

.0 000 

.0000 

.0000 

.0001 

. 00 01 

. 0002 

2 5 

28 

.0000 

. Q'QQ O 

.0000 

. 0000 

.0000 

.0000 

.0000 

. 0000 

.OCOO 

. 0001 

Zl 


.79 

• 75 

.77 

.76 

.75 

.74 

.73 

.72 

.71 

. 70 

P \ 


R 

P .31 

.32 

.33 

.34 

.35 

.36 

.37 

.38 

.39 

,40 


4 

.0001 

. 000 0 

,0000 

.0800 

.QOQQ 

.00 00 

.0000 

« OQOG 

.0000 

. 0000 

46 

5 

.0 003 

.000 2 

, C 0 C 1 

.0001 

.0030 

• 0000 

.0030 

.0000 

.00 00 

. 0000 

45 

6 

.CGll 

.11007 

.0005 

. 0003 

. 3032 

.0001 

.0001 

. 0000 

.0000 

. 0000 

44 

7 

.0032 

.0022 

.0014 

. 0009 

.0005 

.0004 

.0002 

. 0001 

.0001 

. 0000 

43 

8 

.0078 

. 0055 

.0037 

.0025 

.0017 

.0011 

. 0007 

. 0004 

. 00 03 

. 3 002 

42 

9 

.0164 

.0120 

.0086 

.0061 

.0 342 

.0029 

.0319 

.0013 

.0006 

. 0005 

41 

10 

.0301 

.0231 

.0174 

.0128 

.0 093 

.0 066 

.0046 

. 0032 

.0022 

,0014 

40 

11 

.0493 

.0395 

.0311 

.0240 

.0132 

.0136 

.0099 

.0071 

.0050 

.0035 

3 9 

12 

.0719 

. 0604 

.0498 

.0402 

.0319 

.0243 

.0159 

.0142 

.0105 

.0 076 

38 

13 

.0 944 

.0 831 

.0717 

.0606 

. 0532 

.0408 

.0325 

.0255 

.0195 

.0147 

37 

14 

.1121 

.1034 

.0 933 

. 0325 

.0 714 

.0607 

.0505 

. 0412 

.0330 

.0260 

35 

15 

.1209 

.1168 

.1103 

.1020 

.0923 

.0319 

.0712 

.0606 

.0507 

.0415 

35 

16 

.1188 

.1202 

.1189 

.1149 

.1333 

.1008 

.0914 

.0813 

. 0709 

.0606 

34 

17 

.1063 

.1132 

.1171 

.1134 

.1171 

.1133 

.1074 

. 0997 

.0906 

.0808 

33 

18 

.0880 

.0976 

.1057 

.1118 

.1155 

.1169 

.1155 

.1120 

.1062 

.0987 

32 

19 

.0666 

.0774 

.0877 

.0970 

.1343 

.1107 

.1144 

.1156 

.1144 

.1109 

31 

ZU 

.0463 

.0564 

.0670 

.0775 

.0 375 

.0955 

.1041 

.1098 

.1134 

.1146 

3 0 

21 

. 0297 

.0379 

.0471 

.0570 

.0573 

.0776 

.0874 

.0962 

.10 35 

.1091 

29 

22 

-0176 

.023 5 

.0306 

.0387 

.0473 

.0575 

.0576 

.0777 

• 0873 

.0959 

25 

23 

.0096 

.013 5 

.0183 

.0243 

.0 313 

.0 394 

.0434 

.0580 

.0679 

.0773 

27 

24 

.0049 

.0071 

,0102 

.0141 

.0193 

.0249 

.0319 

.0400 

.0489 

.0584 

25 

25 

.0023 

.0035 

.0052 

.0075 

. a 105 

.0145 

.0195 

.0255 

.0325 

.0405 

25 

.26 

.0010 

.0016 

.0025 

.0037 

.0055 

.0079 

.0110 

.0150 

.020 0 

.0259 

24 

2 ? 

.0004 

. Q 0 Q 7 

.0011 

.0017 

.0025 

.0039 

.0058 

. 00 62 

.0113 

.3154 

23 

28 

• QOQl 

.0003 

. GDG 4 

. 0007 

.0012 

.0018 

.0028 

.0041 

.0060 

. 0084 

22 

29 

. 0000 ^ 

.0001 

-0002 

.0003 

.0305 

. 0003 

.0312 

.0019 

.0029 

.0043 

21 

30 

.0000 

.0000 

.0001 

.0001 

.0002 

.0003 

.0005 

, 0008 

.0013 

. 0020 

20 

31 

.0000 

.0000 

.OQGO 

.0000 

.0001 

. 0001 

.0032 

. 0003 

.0005 

. 0009 

1 9 

32 

.0000 

.000 0 

.0000 

.0000 

• 0003 

• QOQQ 

.0031 

.0001 

.0002 

.0003 

13 

33 

.00 00 

.0000 

.0000 

. 0000 

.0 300 

.0000 

.0000 

. 0000 

.0001 

. 0001 

17 


.69 

.68 

.67 

.66 

.55 

• 64 

.63 

.62 

.61 

.60 

P R 


R 

P .41 

.42 

.47 

.44 

■ 45 

.46 

.47 

.48 

.49 

.50 


3 

• GGOl 

. 0001 

.COOQ 

. 0 Q Q 0 

.0303 

. 0000 

. 03 00 

. 0000 

. 000 0 

. 0300 

42 

9 

.0003 

. 0002 

.0001 

. 0001 

.0 333 

. 0303 

.OQQQ 

. 0000 

. 0000 

. 0003 

41 

13 

. CG 09 

. 0006 

.0004 

. 0002 

.3031 

. 0001 

.0301 

• 0 0 0 0 

. 000 0 

.0300 

43 

11 

.0024 

.0316 

• GC - 10 ' 

.0007 

.0304 

.0003 

. 0032 

. 0 001 

. 0001 

. 0000 

39 

12 

.0054 

.0037 

.0026 

.0017 

.0 311 

.0007 

.00 35 

.00 0 ? 

. 00 02 

. 0001 

33 

13 

.0109 

.0079 

.0057 

. 0040 

.0327 

.0013 

.0012 

.dOQS 

.0005 

.3303 

37 

14 

. 0200 

. 0152 

.0113 

.0082 

.0059 

. 0041 

.0029 

.0019 

.0013 

. 0008 

35 

15 

- C 334 

. 0254 

.0204 

.0155 

.0115 

. 0085 

.0061 

.0043 

.0030 

.0020 

35 

15 

.0503 

. Q 418 

.0377 

.0267 

.0207 

. Q 155 

.0113 

.00 86 

. 0062 

.3044 

34 

17 

.0706 

. 0805 

.0508 

.0419 

.0339 

. 0269 

. 0209 

.0159 

.0119 

. 3087 

35 

id 

,..0899 

. 0803 

.0703 

.0604 

.0538 

.0420 

,0340 

.0270 

.0210 

.0160 

32 

19 

.1053 

. 0979 

.0893 

.0 799 

• 0 700 

. 0602 

.8507 

.0419 

.0340 

.3 270 

31 

20 

.1134 

.1099 

.1044 

,0 973 

.3533 

, 0795 

.0697 

.0600 

. 0506 

.3419 

33 

21 

.1126 

.1137 

.1126 

.1092 

.1033 

. 0967 

.0834 

.0791 

.0695 

. 3 598 

29 

22 

. 1:031 

.10 86 

.1119 

.1131 

.1119 

.1036 

.1033 

.0963 

.0680 

.3788 

28 

23 

.0872 

.095 7 

.1028 

.1082 

.1115 

.1125 

.1115 

.10 82 

.1029 

.3960 

27 

24 

.0632 

.078 0 

.0872 

.0956 

.1025 

. 1079 

.1112 

.1124 

.1112 

.1380 

25 

25 

.0493 

,.058 7 

.0684 

,0781 

.0 373 

,0956 

.1026 

.1079 

.1112 

,1123 

25 

26 

.0329 

. 0,40 9 

.0497 

.0590 

.0537 

.0783 

.0875 

.0957 

.10 2 7 

.1080 

24 

27 

.0203 

.0263 

,.0333 

.0412 

.0503 

.0593 

.0690 

.0786 

. 0677 

.3960 

25 

28 

.0116 

.015 7 

-0206 

• 0266 

.0335 

.0415 

. 050,2 

.0596 

.0692 

.0788 

22 

29 

.0061 

.0086 

.0118 

.0159 

■UMiliM 
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Table B-8 Binomial distribution (Continued) 


30 

. G 030 

. 0044 

.0062 

. 0087 

.0119 

. 0160 

.0210 

.0270 

.0339 

.0419 

20 

31 

.0013 

. 0020 

.0030 

. 0 044 

.0063 

. 0088 

.0120 

.0161 

.0210 

.0270 

19 

3 ^ 

. 0006 

. 0 009 

.0014 

. 0021 

.0 031 

.00 44 

.0063 

.0088 

.0120 

.0160 

18 

33 

. 0002 

. 0003 

.0006 

. 0 009 

.0 014 

. 0021 

.0031 

.0044 

.00 63 

.0 087 

17 

34 

.0001 

. 0001 

.0 002 

. 0003 

» 0 □ 0 6 

. 00 09 

.0014 

.0020 

.0030 

.0 044 

16 

35 

.0000 

. OQUQ 

.0001 

. 0001 

.0 002 

. 0003 

. 0005 

. 0 009 

.0013 

-0 020 

15 

36 

. 0000 

.0000 

.0 000 

. 0000 

.0001 

. 0001 

. 0002 

• 0003 

.0005 

.0008 

14 

37 

. 0000 

. OQOO 

.0000 

. 0000 

.0000 

. 0000 

.0001 

. 0001 

.0002 

.0003 

13 

38 

. 0000 

. OOOO 

.0000 

.0000 

.0003 

. 0000 

. 0000 

. 0000 

.0001 

.0 001 

12 


.59 

.58 

.57 

.56 

.55 

.54 

.53 

.52 

.51 

.50 

o R 


N = lOD 


R 

P .01 

.02 

.03 

.04 

.05 

.06 

.07 

.08 

.09 

. 10 


0 

.3660 

. 132 6 

.0476 

.0169 

.0 059 

• 0021 

.0007 

. 0002 

.0001 

• OOOO 

100 

1 

.3697 

.270 7 

.1471 

.0703 

.0312 

.0131 

.0053 

.0021 

.0008 

*0003 

99 

2 

. 1849 

. 2734 

.2252 

.1450 

.0 312 

.0414 

.0198 

.0090 

.00 39 

.0016 

98 

3 

. 0610 

. 1823 

.2275 

.1973 

.1396 

. 0864 

.0486 

.0 254 

.0125 

. 0059 

97 

4 

. 0149 

. 0902 

.1706 

.1994 

.1781 

.1338 

• 0888 

.0536 

. 03 01 

.0159 

95 

5 

. 0029 

. 0353 

.1013 

.1595 

.1800 

.1639 

.1283 

.0895 

.0571 

.0339 

95 

fa 

. 0005 

. 0114 

.0496 

.1052 

.1500 

.1657 

.1529 

.1233 

.06 95 

.0596 

94 

7 

. 0001 

. 0031 

.0206 

.0589 

.1060 

.1420 

.1545 

.1440 

.1188 

.0389 

93 

fi 

, OQOO 

. 0007 

. 0074 

. 0205 

.0649 

.1054 

.1352 

.1455 

.1366 

.1148 

92 

9 

. 0000 

. 0002 

.0023 

.0121 

.0 349 

♦ 0687 

. 1040 

.1293 

.1381 

.1304 

91 

i:' 

. 0000 

. onoo 

. 0007 

• 0046 

.0167 

.0 399 

.0712 

.1024 

.1243 

.1319 

90 

11 

.0000 

.OQUQ 

. 0002 

. 0 016 

.0072 

. 0209 

.0439 

.0728 

.1006 

.1199 

89 

12 

. 0000 

. 0000 

. 0 C 0 0 

. 0005 

.0023 

.0099 

.0245 

.0 470 

.0738 

.0988 

as 

li 

. 0000 

.0000 

.0000 

. 0001 

.0010 

.0043 

.0125 

.0276 

.0494 

.0 743 

57 

14 

.0000 

• OOUQ 

.0000 

• OQOO 

.0003 

.0017 

. 0058 

.0149 

.0204 

.0513 

86 

15 

. 0000 

. 000 0 

.oroo 

. OQOO 

.0 001 

. 00 06 

. 0025 

.0074 

.0172 

.0327 

55 

16 

.0000 

. OQUQ 

. 0000 

. OOOQ 

.OQQU 

.0002 

.0010 

.0034 

.0090 

. 3 193 

84 

17 

0 

. OOU 0 

. 0000 

. GOOD 

. 0000 

.0001 

.0004 

.0015 

• 0044 

.0106 

83 

18 

0 

. OQUQ 

.0000 

. 0000 

. 0000 

.0000 

.0001 

• 0006 

.0020 

.0054 

82 

19 

0 

. OOU 0 

.0000 

. OOOQ 

. 0003 

. 0000 

.0000 

. 0002 

. 0009 

.0026 

81 

20 

0 

. 000 0 

.0000 

. 0000 

. 0003 

. 0000 

.0000 

.0001 

.0003 

• 0012 

80 

21 

0 

0 

.0000 

. 000 0 

. 0 003 

. 0000 

• OOOQ 

,0000 

.OCDl 

.0005 

79 

22 

0 

0 

.ODCQ 

. 0000 

. 0003 

. OOOQ 

.0000 

.QQQL 

.QGOO 

.0002 

78 

23 

0 

0 

.OCCO 

. 0000 

.0 003 

. 00 00 

.0000 

. 0000 

.0000 

.0001 

77 


.99 

.98 

. 97 

.96 

.95 

.94 

.93 

.92 

.91 

.90 

? R 


R 

P .11 

.12 

.13 

. 14 

.15 

.16 

.17 

.18 

.19 

.20 


1 

. 0001 

. OOOO 

. 0000 

. 0000 

.0000 

. 0000 

. 0300 

. OQOO 

.0000 

• OOOQ 

99 

2 

. 0007 

. 0003 

.OCDl 

.OOOO 

.0 000 

.0000 

. OOOO 

. OQOO 

.00 00 

• OOOQ 

95 

3 

. 0027 

. 0012 

.0005 

. 0002 

.0001 

. OQOO 

. 00 00 

. OQOO 

. 00 00 

.0000 

97 

4 

. 0080 

.0038 

.0018 

.0008 

. 0003 

. 0001 

. 0001 

. 00 QC 

. 00 0 0 

.0000 

95 

5 

.0189 

. 0100 

. 0050 

.0 024 

.0 011 

.0005 

. 0002 

. 0001 

. 00 00 

.0000 

95 

6 

. C 369 

. 0215 

.0119 

.0063 

. 3331 

.0015 

.0007 

. 0003 

. 0001 

.0001 

94 

7 

.0613 

. 0394 

.0278 

.0137 

. 0 '37 5 

.0039 

, 00 ?Q 

. 0009 

.0004 

. 0002 

93 

8 

.0881 

. 0625 

.0414 

.0259 

.0153 

. 0086 

.0047 

.0024 

.0012 

.0006 

92 

9 

.1112 

.0871 

. C 632 

.0430 

.0 276 

.0168 

.0098 

.0054 

.0029 

.0015 

91 

lu 

.1251 

.1080 

. C 8 E 0 

.0637 

• 0 444 

.0 292 

.0182 

.0106 

.0062 

. QU 34 

90 

11 

.1265 

.1205 

.1051 

.0849 

.0 640 

.0 454 

.0305 

.0194 

.0118 

.0069 

89 

12 

.1160 

.1219 

.1165 

.1025 

. 0 338 

. 0 642 

.0453 

. 0.316 

.0206 

.0123 

88 

13 

. 0970 

.1125 

.1179 

.1130 

.1001 

. 0827 

.0642 

.0470 

.0227 

• 0216 

87 

14 

.0745 

. 0954 

.1094 

.1143 

.1098 

.0 979 

.0817 

.0641 

.0476 

.0335 

85 

15 

. 0528 

. 0745 

.0938 

.1067 

.1111 

.1070 

.0960 

.0807 

.0640 

.0481 

85 

lb 

. 0347 

. 0540 

,0744 

. 0922 

.1041 

.10 82 

.1044 

.0941 

.0798 

.0638 

84 

17 

.0212 

. 0364 

.0549 

. 0 742 

.0903 

.1019 

.1057 

.1021 

.0924 

.0789 

8 3 

la 

.0121 

. 0229 

.0379 

. 0557 

. 0739 

. 0 895 

.0998 

.1033 

.1000 

.0909 

82 

19 

. 0064 

. 0135 

.0244 

. 0391 

.0563 

.0736 

.0382 

. 0 979 

.1012 

.0981 

81 

2 J 

. 0032 

. 0074 

.0148 

. 0258 

.0 432 

.0567 

.0732 

. 0870 

.0962 

.0993 

80 

21 

.0015 

. 0039 

.0 084 

.0160 

.0270 

. 0412 

. 0571 

.0728 

.0 659 

.0946 

79 

22 

. 0007 

. 0019 

.0045 

. 0094 

.0171 

. 0282 

. 0420 

.0574 

.0724 

.0849 

73 

23 

. 0003 

. 0009 

.0023 

. 0052 

.0105 

.0182 

. 0292 

.0427 

. 0576 

. 0720 

77 

24 

. 0001 

. 0004 

.0011 

. 0027 

.0055 

.0111 

.0192 

.0301 

. 0433 

.0577 

75 

?5 

. OOOO 

. 0002 

.0005 

. 0013 

.0031 

.0064 

.0119 

*0201 

. 0309 

.3439 

75 

26 

. OOOO 

. OOUl 

. 0002 

. 0006 

.0 016 

.0035 

.0071 

.0127 

. 0209 

.0316 

74 
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Table B-8 Binomial distribution (Continued) 


27 

.0800 

.000 0 

.OOCl 

.0003 

.0003 

. 0013 

.00 40 

.0076 

.0134 

.0217 

7 3 

28 

.QOSQ 

.0000 

.0000 

.0001 

. QaQ *» 

. 0009 

.0021 

.0044 

- 0 G 82 

.0141 

72 

29 

. 000:0 

.000 0 , 

• GGOO 

.000 0 

.0 002 

.0004 

.0011 

.0024 

.00 48 

. 0088 

71 

3 a 

• QOOO 

. QOOO ' 

• 0,000 

.0000 

. 0 001 

.0002 

.0005 

.0012 

.0027 

. 0052 

73 

31 

. 0000 , 

,0000 

.0000 

.000 0 

.0303 

.0001 

.0002 

. 00 06 

.0014 

.0029 

69 

32 

.0000 

.000 0 

.0000 

.0000 

.0300 

.0000 

.0001 

.0003 

. 0007 

. 0016 

68 

33 

.0000 

.0000 

• cooo 

. 000 0 

.0033 

• 00 00 

.0000 

.0001 

.00 03 

. 0008 

67 

3 %^ 

. 0,000 

.SOQO 

.0000 

.000 0 

.0003 

.0000 

.0000 

.0001 

.00 02 

• 0 004 

6 6 

35 

• 00,00 

.0000 

.0080 

.000 0 

.0003 

.0000 

.0000 

. 0000 

.0001 

. 0 002 

65 

36 , 

.0000 

.000 0 

.0000 

.0000 

.0003 

. 0000 

.00 00 

• QOOQ 

.0000 

. 0 001 

64 


• 89 

.8,8 

.87 

.86 

. 35 

.84 

.53 

.52 

.81 

.50 

P 


R 

P .21 

.22 

.23 

.24 

.25 

.26 

.27 

.28 

,29 

.30 


7 

.0001 

.0000 

.0000 

. QOOO 

.0000 

• GOOD 

.0000 

.0000 

.0000 

. 000 0 

93 

3 

.0803 

.8001 

.0001 

. 000 0 

.0003 

.QOOQ 

.0000 

.QOOQ 

• OCOQ 

• 0 00 0 

92 

9 

.OOGT 

.0003 

.0,002 

.0001 

.0 000 

. 0000 

.0000 

.0000 

• 00 00 

. 0000 

91 

18 

.0018 

.8009 

.0004 

. 000 2 

. 0001 

.0000 

.0000 

. 0000 

.00 00 

.QOOQ 

90 

11 

.0038 

.0021 

.0011 

.0005 
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Table B-8 Binomial distribytlon (Continued) 
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